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COMPOSITION OF FUNCTIONS
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ABSTRACT. We prove that if f and g are functions from the reals into the reals such that
the composition of g with f is continuous and f is both Darboux and surjective, then g is
continuous. We also prove that continuous and Darboux can be interchanged in the above
statement.
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1. Introduction. Throughout the paper, f and g are functions from the reals into
the reals. The composition of g with f is denoted by go f. It is easy to find examples
to show that if go f is continuous, then neither f nor g is continuous. The problem be-
comes more interesting if some restrictions are put on f. For example, a well-known
theorem states that if gof is continuous, and f is both continuous and surjective,
then g is continuous. However, it follows from our example that if “continuous” is
replaced by “open” or “Darboux” in the above statement, then the new statements are
no longer true. In this paper, we prove some interesting results concerning composi-
tion of functions. For example, we generalize the above well-known result by showing
that if go f is continuous, and f is both Darboux and surjective, then g is continuous.
This also improves [3, Theorem 3] which states that “if go f is continuous, f and g
are Darboux, and f is surjective, then g is continuous.” We also prove that continuous
and Darboux can be interchanged in the above statement of our result, i.e., if go f is
Darboux and f is both continuous and surjective, then g is Darboux.

DEFINITION 1.1. A function f from the reals into the reals is called Darboux if it
has the intermediate value property, i.e., if a and b are real numbers with a < b and
f(a) = f(b), then for any real number y between f(a) and f(b) there exists a real
number x between a and b such that f(x) = y.

Note that every continuous function is Darboux, but not every Darboux function is
continuous.

THEOREM 1.2. Let f and g be functions from the reals into the reals and let f be
surjective.
(i) Ifgo f is continuous and f is Darboux, then g is continuous.
(i) If go f is Darboux and f is continuous, then g is Darboux.

PROOF OF (i). Assume, to the contrary, that the function g is discontinuous at a
real number a, from the right. Since f is surjective, there are real numbers b and c
such that f(b) = a and f(c) > a. We consider the following two cases.
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CASE1 (c<b). Let X ={x <b: f(x)>a} and let d be the supremum of X. Then
c=<d<Db.If f(d) > a, then, since f is Darbouxand a = f(b) < f(d), there exists areal
number ¢ in the nonempty open interval (d,b) such that f(t) > a, which contradicts
that d is the supremum of X. Hence, f(d) < a and d ¢ X. Consequently, there exists a
sequence (dy) in X such that d,, < d for all n and (d, ) converges to d. (*) Since g is
discontinuous at a from the right, there exists a sequence (x,) converging to a such
that x,, > a for all n and no subsequence of (g(x;)) converges to g(a). Note that (x;)
converges to a, for all n, a < x, and a < f(d,). Hence, there exists a subsequence
(yn) of (x,,) suchthata < y,, < f(dy).Since f is Darboux and f(d) <a < y, < f(dn),
we have y, = f(t,) for some t, in the nonempty open interval (d,,d). Hence, (t,,)
converges to d. Since g o f is continuous at d, the sequence ((go f)(tn)) = (g(n))
converges to (g o f)(d). Consequently, by (%), g(f(d)) # g(a). Since f(d,) > a >
f(a) for all n and f is Darboux, there exists a real number s, in the nonempty open
interval (d,,d) such that f(s,) = a. Hence, (s,) converges to d. Again, since go f is
continuous at d and (go f)(sn) = g(f(sn)) = g(a), we have g(a) = g(f(d)), which is
impossible.

CASE2 (c > b). LetX ={x>Db: f(x)>a} andlet d be the infimum of X. As shown
in Case 1, it is not hard to show that this case is impossible.

Thus g is continuous at a from the right. Similarly, g is continuous at a from the
left. Thus g is continuous. O

PROOF OF (ii). Let a and b be real numbers and a < b. Suppose y is a real number
between g(a) and g(b). Since f is surjective, f~!(a) and f~1(b) are nonempty sets.
Let c € f~1(a) and d € f~1(b). Let H be the intersection of the set f~1(a) and the
closed interval having ¢ and d as end points, and let K be the intersection of the set
f~1(b) and the closed interval having ¢ and d as end points. Since f is continuous,
H and K are disjoint nonempty compact sets. It is easy to see that there exist h € H
and k € K such that |h — k| = dist(H,K) = min{|s —t| : s € H and t € K}. Since
(gof)(h)=g(f(h)) =g(a),(gof)(k) =g(b), yisbetween g(a) and g(b),and go f
is Darboux, there exists a real number  between h and k such that (go f)(r) = y.
The proof is complete if we show that a < f(r) < b. To prove this, suppose, to the
contrary, that f(r) < a. Because f is Darboux and f(v) < a < f(k), a = f(x) for
some x between r and k, or x = r. Consequently, x € H and |x — k| < |h — k|, which
contradicts that |h — k| = dist(H,K). Hence, f(¥) > a. Similarly, f(r) < b. Because
a< f(r)y<bandg(f(r)) =y, gis Darboux. O

Note that [1, Theorem 1] is the following corollary.

COROLLORY 1.3. Ifgo f is continuous and f is both continuous and surjective, then
g Is continuous.

[3, Theorem 3] states that if g o f is continuous, f is surjective, and f and g are
Darboux, then g is continuous. Note that our theorem shows that “g is Darboux” is
not needed in [3, Theorem 3].

REMARK 1.4. If “continuous” and “Darboux” are interchanged in statement (i) of
Theorem 1.2, we get statement (ii) of Theorem 1.2. If “Darboux” is replaced by “open”
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in statement (i) of Theorem 1.2, then the new statement “If g o f is continuous, and f
is both open and surjective, then g is continuous” is true. Proof of this proposition is
straightforward. If “Darboux” is replaced by “open” in statement (ii) of Theorem 1.2,
then the new statement “If go f is open, and f is both continuous and surjective, then
g is open” is true. This is an exercise in [2]. It follows from the following examples
that if “continuous” is replaced by “Darboux” or “open” in statements (i) and (ii) of
Theorem 1.2, then the new statements are no longer true.

EXAMPLE 1.5. There are functions f and g from the reals into the reals such that f
is surjective, f is both open and Darboux, and g o f is both open and Darboux, but g is
neither open nor Darboux. For, let f: R — R be a function that maps every nonempty
open interval onto R. Such a function can be easily constructed by transfinite induc-
tion. Let g(1) =2, g(2) =1,and g(x) = x when 1 # x # 2.

It is interesting to compare the following example with (i) and (ii) of Theorem 1.2.

EXAMPLE 1.6. There are functions f and g from the reals into the reals such that
g is surjective, g o f is continuous, and g is both Darboux and open, but f is neither
Darboux (hence f is not continuous) nor open.

For, let g : R — R be a function that maps every nonempty open interval onto R.
Then there exist two distinct real numbers a and b such that g(a) = g(b) = 0. Let
f R — R be a function with two-element range {a,b}.

REMARK 1.7. For an injective function g, it is not hard to show that the statements
g is continuous, g is open, and g is Darboux are equivalent. Using the fact that g~!
is continuous and the composition of continuous functions is continuous, Darboux
functions is Darboux, and open functions is open, we have the following.

Let f and g be functions from the reals into the reals and let g be injective.

(i) If go f is continuous and g is Darboux, then f is continuous.
(ii) If go f is Darboux and g is Darboux, then f is Darboux.
(iii) If go f is open and g is open, then f is open.

EXAMPLE 1.8. There are functions f and g from the reals into the reals such that
go f is both open and continuous, and g is continuous, but f is neither Darboux nor
open.

For, let f(x) = x+1 when x > -1 and f(x) = x when x < —1. Let g(x) = —x? - x
when x < 0 and g(x) = x when x > 0. Then f is neither Darboux nor open, because

f((=2,0)) = (=2,-1)uU[0,1). (1.1)

However, if f and g are functions from the reals into the reals such that g o f and
g are both open and continuous, then f is open and continuous. This follows from
Remark 1.7 and the fact that if g is both open and continuous, then g is injective
(otherwise g has a local extreme value on some open interval and consequently g is
not open).
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