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QUADRATIC FUNCTIONAL EQUATIONS OF PEXIDER TYPE
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ABSTRACT. First, the quadratic functional equation of Pexider type will be solved. By ap-
plying this result, we will also solve some functional equations of Pexider type which are
closely associated with the quadratic equation.
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1. Introduction. Itis easy to see that the quadratic function f(x) = x? is a solution
of each of the following functional equations

fx+y)+flx—y)=2f0)+2f(y), (1.1)
fix+y+2)+fxX)+fO)+f@)=fx+y)+f(y+2)+f(z+x), (1.2)
fx-y-2)+f)+fO)+f(@)=fx-»)+f(y+2)+f(z-Xx), (1.3)
fx+y+z2)+fx—y+z)+fx+y—2z)+f(-x+y+2)
A0 +af () +afz). Y

So, it is natural that each equation is called a quadratic functional equation. In par-
ticular, every solution of the “original” quadratic functional equation (1.1) is said to
be a quadratic function.

It is well known that a function f between real vector spaces is quadratic if and only
if there exists a unique symmetric biadditive function B such that f(x) = B(x,x) for
all x (see[1, 2, 3, 6, 7]).

The functional equation (1.2) was first solved by Kannappan. In fact, he proved that
a functional on a real vector space is a solution of (1.2) if and only if there exist a
symmetric biadditive function B and an additive function A such that f(x) = B(x,x) +
A(x) for any x (see [6]), while the author investigated, in [4, 5], the stability problems of
(1.2) and (1.3) on restricted domains and applied the result to the study of asymptotic
behaviors of the quadratic functions. Moreover, the quadratic functional equation (1.2)
was “pexiderized” and solved by Kannappan (see [6]).

The functional equation (1.2) is different from (1.3), and (1.4) in a sense that every
non-zero additive function is a solution of (1.2), but it is not a solution of either (1.3)
or (1.4).

In Section 2, we will show that each of the functional equations (1.1), (1.3), and (1.4)
is equivalent to the other. The general solutions of the quadratic functional equation
of Pexider type,
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Six+y)+ frlx—y) =2f3(x)+2f4(y), (1.5)

will be investigated in Section 3. In Sections 4 and 5, the result of Section 3 will be
applied to the study of the general solutions of the functional equations

filx—y=-2)+ LX)+ f5(0)+f1(2) = 5(x =)+ fo (¥ +2) + fr(z—x), (1.6)
filx+y+z2)+ folx—y+2)+ filx+y—-2)+fa(-x+y+2) w7
=4f5(x) +4f6(y) +4f7(2) '

which are “pexiderized” forms of (1.3) and (1.4).

2. Solutions of equations (1.3) and (1.4). Itis a natural thing to expect that both the
functional equations (1.3) and (1.4) are equivalent to the “original” quadratic equation
(1.1). In fact, it is so as we shall see in the following theorem.

THEOREM 2.1. Let X and Y be vector spaces over fields of characteristic different
from 2, respectively. If f : X — Y satisfies the functional equations (1.1), (1.3), and (1.4),
then each of the equations (1.1), (1.3), and (1.4) is equivalent to the other.

PROOF. First, we will prove the equivalence of (1.1) and (1.3). Suppose (1.3) holds.
If we put x =y =z =0 in (1.3), we get f(0) = 0. By putting y = z =0 in (1.3) we see
that every solution of (1.3) is even.

Replacing z by —y in (1.3) and using the evenness of f and f(0) = 0, we can trans-
form (1.3) into (1.1).

Conversely, assume a function f : X — Y is a solution of (1.1). Clearly, we see that
f(0) =0, f is even,

For+f@ =2 (252 ) v2r (252), £(3) = 3r00. @.1)

So,

Fx=y=2)+fx)+f()+f(2) :2f<x‘y;2)+2f<¥)+4f<ygz) 2.2)

=fx-y)+f(x—-2)+f(y+2).

This implies the equivalence of the functional equations (1.1) and (1.3).

It remains to prove the equivalence of (1.1) and (1.4). If we put x = y =z =0 in
(1.4), we get f(0) = 0. By putting v = z = 0 in (1.4), we see that every solution of (1.4)
is even. By putting z = 0 in (1.4) and using the evenness of f and f(0) = 0, we can
transform (1.4) into (1.1).

Now, suppose a function f : X — Y satisfies (1.1) for all x,y,z € X. Then f is even.
Hence, we get

fx+y+2)+fx-y+2)+fx+y-2)+f(-x+y+2)

2.3
=2f(x+z)+2f () +2f(x—2)+2f(y) =2(Q2f (x)+2f(2)) +4f (). 2-3)

This means the equivalence of (1.1) and (1.4). O
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3. Solutions of equation (1.5). In the following theorem, we will find out the gen-
eral solutions of the functional equation (1.5) which is a “pexiderized” form of the
quadratic functional equation (1.1). This result will be applied to the proofs of The-
orems 4.1 and 5.1 in which the quadratic functional equations of Pexider type, (1.6)
and (1.7), are solved.

THEOREM 3.1. Let X and Y be vector spaces over fields of characteristic different
from 2, respectively. The functions f1, f>, f3, fa : X — Y satisfy the functional equation
(1.5) for all x,y € X if and only if there exist a quadratic function Q : X — Y, additive
functions ai,a» : X — Y, and constants cy,c2,c3,c4 € Y such that

S1(x) =Q(x)+a1(x) +ax(x)+c,

So(x) =Q(x)+a;(x)—ax(x) +cz,

3.1
S3(x) =Q(x)+a1(x) +c3, 3.1
Sa(x) =Q(x)+ax(x)+cy
with
C1+Cp =2C3+2¢4. 3.2)

PROOF. We first assume that f1, f>, f3, f4 are solutions of the functional equation
(1.5). If we define c; = f;(0), then we can verify by putting x = y = 0 in (1.5) that the
relation (3.2) is true.

We now define Fi(x) = fi(x) —c¢; and denote by F{ and F; the even part and the odd
partof F; (i =1,2,3,4).

Clearly, Fy,F»,F3,F4 are solutions of (1.5). By replacing x and by —x and —y in
(1.5) for the F;’s and then adding (subtracting) the resulting equation to (from) the
original equation (1.5), we have

Fi(x+y)+F; (x=y) = 2F5(x) + 2F{ (y),

3.3
F{(x+y)+F5(x~y) =2F{(x) + 2F{ (). G-

By putting v =0, x =0, ¥ = x, and ¥ = —x in (3.3) separately, we get
F{(x)+F5(x) = 2F5 (x), FY(x) +F3(x) = 2F§ (x), (3.4)
Fi(x)+F5(x) = 2F§(x), FY(x) —F3(x) = 2F] (x), (3.5)
Fy(2x) = 2F5(x) + 2F§ (x), FY(2x) = 2F§ (x) + 2F] (x), (3.6)
F5(2x) = 2F5(x) + 2F{ (x), F3?(2x) = 2F§ (x) —2FJ (x). (3.7)

From (3.4) and (3.5) we obtain F§ = F{. Similarly, by (3.6) and (3.7) we may conclude
that Ff = F5. Applying these facts to (3.3) and putting v = 0 in the resulting equation,
we see that there exists a quadratic function Q : X — Y with

Fy =F5 =F{=F{ =Q. (3.8)
By the second equations in (3.4) and (3.5) we have

FO=FO+F0,  FS=F0—F2. (3.9)
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From the second equations in (3.6) and (3.7) and from (3.9) it follows that

F9(2x) +F2(2x) = 2F9 (x) + 2F¢ (x),

F§(2x) —F{(2x) = 2F§ (x) —2F] (x). (3.10)
By the last two equations in (3.10) we get
F§(2x) = 2F§ (x), F{(2x) = 2F) (x). (3.11)
By using (3.9) and the second equation in (3.3), we obtain
F{(x+y)+Fl(x+y)+F{(x—y)—FJ(x—y) =2F)(x)+2F{(y). (3.12)

If we replace 7y in (3.12) by —y and if we add the resulting equation to (3.12), then by
(3.11) we get

F{(x+y)+F(x—-y)=F{(2x), (3.13)
that is, F§ is an additive function, say
F{ =a,, (3.14)

where a; : X — Y is an additive function. By (3.11) and (3.12) we may conclude that F{
is also additive, say

F? =ay, (3.15)

where a, : X — Y is an additive function.

Consequently, the relations in (3.1) are true in view of the equations in (3.8), (3.9),
(3.14), and (3.15).

Conversely, if there exist a quadratic function Q : X — Y, additive functions a,a> :
X — Y, and constants c1,c2,c3,c4 € Y with the relations in (3.1) and (3.2), we may
easily check that the f;’s satisfy (1.5). O

4. Solutions of equation (1.6). In this section, we will solve the functional equation
(1.6) which is a “pexiderized” form of (1.3).

THEOREM 4.1. Let X and Y be vector spaces over fields of characteristic different
from 2, respectively. The functions f; : X — Y (i = 1,...,7) satisfy the functional equa-
tion (1.6) if and only if there exist a quadratic function Q : X — Y, constants c; € Y
(i=1,...,7), and additive functions a;: X — Y (i =1,...,4) such that

f1(x) = Q(x)+ai(x) —az(x)—az(x) +ci,

f2(x) = Q(x) —ai(x) +2a3(x) +as(x) +cz,

f3(x) = Q(x) +ai1(x) —as(x) +cs,

Sfa(x) = Q(x) +ai(x) +ax(x) —az(x) +ca, (4.1)
S5(x) =Q(x) +aa(x)+cs,

fo6(x) = Q(x) +az(x) +asz(x) +cg,

J7(x) =Q(x)+az(x)—as(x) +c7
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with
C1+Cp+C3+Cq4=C5+Cg+C7. 4.2)

PROOF. First, assume that the f;’s are solutions of (1.6). Define ¢; = f;(0) for i =
1,...,7.Putting x = y = z = 0in (1.6) yields relation (4.2). For i = 1,...,7 define F;(x) =
fi(x) —c; for all x € X. Then we have F;(0) = 0 for i = 1,...,7. It follows from (1.6)
and (4.2) that the F;’s satisfy (1.6).

Denote by F{(x) and F{ (x) the even part and the odd part of F;(x), respectively. If
we replace x, v, z in (1.6) by —x, —y, —z, respectively, and if we add (subtract) the
resulting equation to (from) (1.6), we see that the F{’s as well as the F{’s also satisfy
(1.6).

We now consider (1.6) for the F{’s:

FR(x—-y-2z)+F(x)+F§(y)+F{(z2) =F2(x—-y)+F{(y+2)+Ff(z—x). (4.3)

We note that F{(0) =0 and FY(-x) = —F/(x) for i = 1,...,7 and for all x in X. If we
put x = 0 in (4.3), then we have

—-F{(y+2)+F§(y)+F}(z) = —F2(y)+ F{(y +2) +F{(2) (4.4)
or
(F{ +Fg) (y +2) = (F§ + F{) (y) + (F{ - F7) (2) (4.5)
which is the Pexider equation—so that
FY+FS =F{+FS =F)—-Ff =a, (4.6)
where a; : X — Y is an additive function. Then,
Fl=a,-F, F{=a,-F, F{=a;+F. 4.7)
Combining (4.3) and (4.7), we get

a(x)-F§(x-y—-2)+F(x)—F2(y)+F2(z2) =F2 (x - )+ F{(y +2) + F? (z — x).
(4.8)

Put y = x in (4.8) to get
F(x+2)+F(z—x)=(FQ+F2)(z)+ (F§ —F+a1)(x). (4.9)
According to Theorem 3.1, there exist additive functions a,,as : X — Y such that
F¢ =az+as, F? =a;—as, F$ —F¢ +a; = 2as, (4.10)
since F{’s are odd functions. Applying (4.7) and (4.10) to (4.3), we have

Fe(x)-F(y) =F(x-y), 4.11)
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that is, F? is additive, say
F¢ = ay. (4.12)

Consequently, (4.7), (4.10), and (4.12) give the F? (i=1,...,7).
We will now use (1.6) for the F{’s:

F{(x—y—-2)+F5(x)+F§(y)+F{(z) =Fé(x —y)+F{(y +2)+F5(z—x). (4.13)
By putting z = 0 in (4.13), we have
(Ff—F&)(x—y)=(F¢—F5)(x)— (F§—F¢)(») (4.14)

which is the Pexider equation. Hence, there exists an additive function a : X - Y
such that

F{—F¢ =F¢—F{ =F{—F¢ = a. (4.15)

However, the first three left-hand sides are even while the right-hand side is odd.
Hence, we may conclude that a = 0 and

Fe=F¢,  FS=F¢,  F{=F. (4.16)

By applying the equations in (4.16) to (4.13) and by putting x = 0 in the resulting
equation, we get

(F§ —F§) (v +2) = (F§ —F§) (y) + (F; = F{) (2) (4.17)
which is the Pexider equation. By the same reason, we obtain
F¢=FS,  F=F¢. (4.18)
By applying (4.16) and (4.18) to (4.13), we have
FE(x—y—2)+F5(x)+F(y)+Fs(2) = F§(x — )+ F{(y +2) + Fs (z—x).  (4.19)

If we put z = —y in (4.19), we get

F§ +F¢ F§ +F¢
Fé(x+y)+F¢(x-y)=2 62 T (x)+2 62 ~(y). (4.20)

According to Theorem 3.1, there exists a quadratic function Q : X — Y with
F¢=F¢=Q, (4.21)

since F¢ and F$ are even functions and F¢ (0) = F5(0) = 0.
Therefore, equations (4.16), (4.18), and (4.21) imply

F{=F$=F{=F,=F =F, =F¢ = Q. (4.22)

Conversely, if there exist a quadratic function Q : X — Y, constants ¢; € Y (i =
1,...,7) with (4.2) and additive functions a; : X - Y (i = 1,...,4) such that each of the
equations in (4.1) holds true, it is obvious that the f;’s satisfy the functional equation
(1.6). O
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5. Solutions of equation (1.7). We will now solve the functional equation (1.7)
which is a “pexiderized” form of (1.4) in the class of functions between vector spaces.

THEOREM 5.1. Assume that X and Y are vector spaces over fields of characteristic
different from 2, respectively. The functions f; : X — Y (i = 1,...,7) satisfy the func-
tional equation (1.7) if and only if there exist a quadratic function Q : X — Y, constants
cieY (i=1,...,7) and additive functionsa;: X — Y (i =1,...,4) such that

f1(x) = Q(x) +2a1(x) +az(x) +az(x) —as(x) +c1,
Sf2(x) = Q(x) —az(x) +az(x) +as(x) +cz,
f3(x) = Q(x) +a»(x) —az(x) +as(x) +c3,
fi(x) = Q(x) —2a1(x) +az(x) +az(x) +as(x) +cy, (5.1)
f5(x) =Q(x)+ai(x)+cs,
Sfo(x) = Q(x)+az(x) +cs,
f7(x) =Q(x)+az(x)+c;
with
C1+Cr+cC3+cy =4cs5+4cg+4cy. (5.2)

PROOF. Define ¢; = f;(0) fori=1,...,7. By letting x = v = z=01in (1.7) it is clear
that the ¢;’s satisfy the relation (5.2). For i = 1,...,7 define F;(x) = fi(x) —¢;. It then
follows from (1.7) and (5.2) that the F;’s satisfy the functional equation (1.7) with
F;(0) =0.

Denote by Ff(x) and F{ (x) the even part and the odd part of F;(x), respectively.
If we replace x, y, z in (1.7) by —x, —y, —z, respectively, and if we add (subtract)
the resulting equation to (from) (1.7), we can see that the F{’s as well as the F{’s also

satisfy (1.7).
Let us consider (1.7) for the F{’s:

FP(x+y+z)+F(x—y+z)+F{(x+y—-2z)+F{(-x+y +2z)

=4F2(x) +4F§(y) +4F7 (z). (5-3)
Put z = 0 in (5.3) to obtain a quadratic equation of Pexider type,
(FP+F)(x+y)+ (FS—F§)(x—y) =2(2F2) (x) + 2(2F§) (»). (5.4)
By Theorem 3.1, there exist additive functions a;,a; : X — Y such that
FY+F§ =2a; +2ay, F§ —F{ =2a; —2ax, F¢ =ay, F¢ =ao, (5.5)
since the F{’s are odd functions.
If we put y =0 in (5.3), then
(FP+F9)(x+2z)+ (F§—F))(x—2z)=2(2F2)(x)+2(2F?)(2) (5.6)

which is also a quadratic function of Pexider type. Similarly, there is an additive func-
tion az : X — Y with

Flo +F§ = 2(11 +26{3, Fé) —FX = 26{1 —26{3, F? =das. (57)
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Analogously, putting z = —y in (5.3) yields

Fo 0
F§’=a2—a3+a4, F§’=—a2+a3+a4, 2011—?14-74:014, (5.8)

where a4 : X — Y is also an additive function. Therefore, (5.5), (5.7), and (5.8) give the
F’s (i=1,...,7).
We will now deal with (1.7) associated with the F{’s:

Fi(x+y+2)+F5(x—y+2z)+F{(x+y—-z)+F;(-x+y +2)

=4FE(x) +4F§(y) +4F¢(2). -9
By putting z = 0 in (5.9), we obtain
(FE+F$) (x+ )+ (FS +F§) (x — ) = 2(2F8) (x) + 2(2F&) (). (5.10)
Hence, by Theorem 3.1 again, there is a quadratic function Q : X — Y with
F{+F§ = F§ + F§ = 2F¢ = 2F¢ = 2Q, (5.11)
since the F{’s are even and F7(0) = 0.
By setting v = 0 in (5.9) and then using Theorem 3.1, we get
F{+F§ = F$ + F§ = 2F¢ = 2F¢ = 2Q. (5.12)
Analogously, by putting x = 0 in (5.9) we have
F{+F§ = F§ + F$ = 2F¢ = 2F¢ = 2Q, (5.13)
and (5.11) and (5.12), together with (5.13), imply
F¢=2Q-F, Fi=F=F, F=F=F=Q. (5.14)
Applying (5.14) to (5.9) and setting v = z = 0 in the resulting equation, we have
F{ =F$ =F§=F{ =F¢ =F¢ =F¢ = Q. (5.15)

Conversely, if there exists a quadratic function Q : X — Y, constants ¢c; € Y (i =
1,...,7) with (5.2) and if there exist additive functions a;: X - Y (i = 1,...,4) such
that each of the equations in (5.1) holds true, it is obvious that the fi’s satisfy the
functional equation (1.7). O

REMARK 5.2. Finally, it is worthwhile to remark that each of (1.5), (1.6), and (1.7)
is not equivalent to the other, while (1.1), (1.3), and (1.4) are equivalent.
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