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SUBORDINATION BY CONVEX FUNCTIONS
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ABSTRACT. Let K (), 0 < & < 1, denote the class of functions g(z) = z+>.,,_» anz™ which
are regular and univalently convex of order « in the unit disc U. Pursuing the problem
initiated by Robinson in the present paper, among other things, we prove that if f is
regular in U, f(0) =0, and f(z) +zf'(z) < g(z) + zg'(z) in U, then (i) f(z) < g(z) at
least in |z| < 79, Yo = /5/3 = 0.745... if f € K; and (ii) f(z) < g(z) at least in |z| < 71,
11 ((51-24+/2)/23)1/2 =0.8612... if g € K(1/2).
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1. Introduction. Let S denote the class of functions f(z) = z+>,_,a,z" that are
regular and univalent in the unit disc U = {z/|z| < 1}. For a given &, 0 < & < 1, denote
by K () the subclass of S consisting of functions f which satisfy the condition

zf"(2)

f(2)
K () is called the class of convex functions of order & and K = K(0) is the class of
convex functions.

Suppose that f and g are regular in |z| < p and f(0) = g(0). In addition, suppose
that g is also univalent in |z| < p. We say that f is subordinate to g in |z| < p (in
symbols, f(z) < g(z) in |z| < p)if f(Iz] <p) Cg(lz] <p).

In 1947, Robinson [2] proved thatif g(z) +zg’(z) isin S and f(z) +zf'(z) < g(z) +
zg'(z)in |z]| < 1, then f(z) < g(z) atleastin |z| <7y = 1/5. Subsequently, Singh and
Singh [4] increased the constant 7y to 2 —+/3 = 0.268... . Miller, Mocanu, and Read [1]
further increased the constant to 4 — /13 = 0.3944....

Here, we consider the problem of Robinson when g € K and K(1/2), respectively. (It
is easy to see that g(z) +zg’(z) is close-to-convex and hence univalent in |z| < 1 when
g € K.) We remark that our method works even when g € K («). However, calculations
in this general case become so cumbersome that the result obtained does not com-
mensurate with the input labour. We, therefore, confine ourselves to the particular
cases x=0and x=1/2.

Re<1+ ) >x, zeU. (1.1)

2. Preliminaries. We need the following results.

LEMMA 2.1. Suppose that f and g are regular in U, f(0) = g(0), and g’ (0) # 0.
Suppose further that

Re(1+z‘g (Z)> >—;,

e >, zeUl. (2.1)
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Then if f(z) < g(z) in U, we have

1(° 1 (*
Ejof(t)dt<gjog(t)dt, zeU. (2.2)

We observe that (2.1) implies that g is close-to-convex and hence univalent in U and
that the right-hand side function in (2.2) is convex in U [3]. Lemma 2.1 is due to Miller,

Mocanu, and Reade [1].
The underlying idea of the following result is essentially due to Zomorvic [6] (also,

see [5]).

LEMMA 2.2. Let P be regular in U, P(0) =1, and ReP(z) > 0 in U. Let u and A be
fixed real numbers, —o < < o0, A >0, and |z| =7 < 1. Then

( 2 Ala+A)
—(\/A(H+1)—\/(a+?\)), lfmzﬂ‘f‘l
Ala+A)
' T (a+p+A)?’
P'(z)
Re [uP(z)+ z ]2<
P(z)+A _ __r ; _Aa+d)
(a p)(u a—p+2\>' ifu+1> @a-ptANE
p , Ala+A)
~(a+p)(u+a+p+)\>, utl< (a+p+A)2°
(2.3)
wherea = (1+7v2)/(1-7%) and p = 2v /(1 -72).
PROOF. Making use of the inequality (2.3) (see [5])
205 _ 2 2
‘zP'(z)—P (ZZ) l‘sp Zpo, (2.4)

where |P(z) —a| = po < p, we get

zP'(2) P@)-A (N-DP@+N]  p*-pd
Re[“P(Z”P(z)M}ZRQ[“P(Z” 2 T 2IP(z)+Al } 21P(2) + Al
2.5)

Taking P(z) = a+&+in and R? = (a+E+A)2 +n?, we get

zP'(2) a+&-A (A2-1)(a+&+A) p2-g2-_p?
Re [uP(z)+P(Z)+A} >pu(a+&)+ > + ZRf - 2R,

= S(E!ﬂ)

(2.6)

Now it is easy to see that 3S(&,n)/on =0 and 92S(&,n)/on% > 0 at n = 0. Therefore,
mninS(E,n) =5(&,0)

3 a+&-A AZ-1 p?—¢&2
SHAH ) T T S TR YA 2(atELA) o
- (u+1)R+M“R+A) —(u+2)A-a

= L(R),
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where R = a + & + A. Now, using the fact that |[R(z) —a| < p, we obtain the inequality
a-p+A<R=<a+p+A. (2.8)

It is observed that at R = Ry = (A(a+A)/(u+1))1/2, 0L(R)/0R = 0 and 02L(R)/0R? >
0. Thus, R = Ry gives the minimum value of L(R) provided Ry lies in the range of R.
In view of (2.8), this is the case if the inequality

Ala+A) - - Ala+A)

(a—p+r2 KT = Gaiprae (2.9)
is satisfied. Thus, if (2.9) holds, we have
. 2
H]klnL(R)—L(RO)——<w/A(u+1 —VA+a). (2.10)

Also, it is easy to check that when p+1 > A(a+A)/(a—p+A)2, L(R) is an increasing
function of R. Therefore, in this case,

. _ _ o _ 4
n}?lnL(R)—L(a p+A)=(a p)(u 7a—p+)\)' (2.11)

On the other hand, when p+1 < A(a+A)/(a+p+A)2, L(R) is a decreasing function
of R. Therefore, in this case,

. _ _ p
n}‘}nL(R)—L(a+p+A)—(a+p)<u+7a+p+}\>. (2.12)

This completes the proof of Lemma 2.2. O

3. Theorems and their proofs

THEOREM 3.1. Let f be regular in U with f(0) =0 and let g € K. Suppose that
f(2)+zf (2)<g(z)+zg'(z) inU. (3.1)

Then f(z) < g(z) at least in |z| < rg, where rq = /5/3 = 0.745....

PROOF. Let us take

h(z) =g(z)+zg'(z). (3.2)
Since g € K, we can put
142972 _pyy. (3.3)
g9'(2)

where P(z) is regular in U, P(0) = 1, and ReP(z) > 0 in U. Now, from (3.2) and (3.3),
we get
zh" (z) zP'(z)

i PO o 1

1+ (34)
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Taking y = A =1 in Lemma 2.2, we easily obtain
1-2r
zh'' (2) 1+7
Wz |- a 1% .3
—2[1— ], if = <r<1,
V1-72 5
where |z| = ¥ < 1. Now, it is easy to verify that for 0 < < 3/5,Re(1+zh”" (z)/h’'(z)) >
—1/2andfor3/5<v% <1,Re(l1+zh”(z)/h'(z)) > —1/2 whenever 9v*+22¥2-15 <0
or whenever r < 7y, where 7y = +/5/3 is the smallest positive root of 9v% +22+2 — 15 =0.
The assertion of our theorem now follows from Lemma 2.1. O

3
’ fo— =
1 <7’<5

Re <1+ (3.5)

THEOREM 3.2. Let f be regular in U with f(0) =0 and let g € K(1/2). Suppose that
f(2)+zf (2)<g(z)+zg'(z) inU. (3.6)
Then
f(2)<g(2) (3.7
at least in |z| <71, where r; = ((51 —24+/2)/23)1/2 =0.8612....
PROOF. Let us put
h(z) =g(z)+zg'(z). (3.8)

Since g € K(1/2), we can write

zg"(z) _P(z2)+1
gz 2 7 39

where P(z) is regular in U, P(0) = 1, and ReP(z) > 0 in U. From (3.8) and (3.9), we
obtain

zh' (z) _ 1 P(2) zP'(z)
1+ nz) —2+ > +P(z)+3' (3.10)

Using Lemma 2.2 (with g = 1/2 and A = 3), we obtain, after some calculations,

2 o<y < LY
zh'' (z2) 1+r)2+7) 2
Re| 1+ — > (3.11)
h(z) s[2772 )7 (432 15 .
[1—72] a (1—1/2 )’ ! 2 =r<L

where |z| =7 < 1.

Now, we can easily check thatfor 0 <v < (-1++/5)/2,Re(1+zh" (z)/h'(2)) > —1/2
and for (-1++/5)/2 <7 <1,Re(1+zh’'(z)/h'(z)) > —1/2 whenever 23r*-102r2 +
63 > 0 or whenever r < 71, where 1 = ((51 —24+/2)/23)1/? is the smallest positive
root of 237* —10272 + 63 = 0. The desired result now follows from Lemma 2.1. O

In the following theorem, we take for g some distinguished members of K.

THEOREM 3.3. Let f be regular in U with f(0) =0 and let f(z)+zf'(z) < g(z) +
zg'(z) inU. Then
@ f(2)<g(2)inUifg(z)=z/(1-2);
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(b) f(z) <g(z)atleastin|z| <p;=((28—87)/7)1/2=0.98... ifg(z) = -log(1-z);
(© f(z2)<g(z2)inUifg(z)=z+Az% |A| <1/5;
(d) f(z)<g(z) atleastin|z| < p,=(9-/33)/4=0.8138... ifg(z) =e?—1.
We observe that the functions g defined in (a), (b), (c), and (d) belong to K, K(1/2),
K(1/3), and K, respectively.

PROOF. We omit the proofs of parts (a), (c), and (d) and proceed to prove part (b).
Let h(z) = g(z) + zg'(z), where g(z) = —log(1 — z). Then h(0) = 0 and h'(0) # 0. A
simple computation shows that the condition

zh" (z) 1
Re (1+ Wiz ) >-5 (3.12)
is equivalent to
2 1
kel mhzms 20 G139

Ifwelet z=7e¥, 0 <7 <1and 0 < 6 < 2m, then condition (3.13) takes the form
@(x) =16v2x> —6r(4+7r2)x +r*+7r2+12 >0, (3.14)

where x = cos0, 0 < 0 < 2m. For v = 0, (3.14) is obviously satisfied. We, therefore,
let ¥ # 0. Now, it can be readily verified that at x = xo = (12 + 372)/16¥, we have
@'(x)=0and " (x) > 0.

Thus, x = x¢ gives the minimum value of @ (x) provided —1 < x¢ < 1. This is true
if ¥ = py = (8—+/28)/3 = 0.9028.... Therefore, for r € [po, 1],

7r*—567r2+48

16 (3.15)

min @ (x) = @(xg) =
xe[-1,1]
Hence, in this case, (3.14) is satisfied if 774 — 5672 +48 > 0, i.e,, if ¥ < p; = ((28 —
8/7)/7)1/2 =0.98.... Also, for » € [0, py), we can easily verify that @ (x) is a decreas-
ing function of x. Hence, in this case,
min ]cp(x) =@(l)=*-63+172-24+12

xe[-1,1

(3.16)
=(1-mQR-7r)(r?-3r+6)>0.
Therefore, we conclude that for 0 < r < p,,
zh" (z) ) 1
Re(1+ Wz > -5 (3.17)
Conclusion (b) now follows in view of Lemma 2.1. O
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