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ABSTRACT. The Hyers-Ulam stability, the Hyers-Ulam-Rassias stability, and also the sta-
bility in the spirit of Gavruta for each of the following quadratic functional equations
fx+y)+fx—y)=2f(x)+2f(y), fix+y+2)+fx—-y)+f(y—-2)+f(z-x) =
3f(X)+3f (V) +3f(2), fix+y+2)+f )+ f () +f(2) =fx+y)+f(y+2)+f(z+x)
are investigated.

2000 Mathematics Subject Classification. Primary 39B52, 39B72, 39B82.

1. Introduction. The stability problem of functional equations was originally raised
by Ulam [8] in 1940. He posed the following problem: under what conditions does
there exist an additive mapping near an approximately additive mapping? In 1941,
this problem was solved by Hyers [1] in the case of Banach space. Thereafter, we
call that type the Hyers-Ulam stability. In 1978, Rassias [6] extended the Hyers-Ulam
stability by considering variables. In 1994, it also has been generalized to the function
case by Gavruta [3]. Throughout this paper, let X and Y be a real normed space and
a real Banach space, respectively. Also R and N stand for the set of all real numbers
and natural numbers, respectively.

The quadratic function f(x) = x? is a solution of each of the following functional
equations

fx+y)+fx—y)=2f(x)+2f(y), (1.1)
fx+y+2)+fx=-)+f(y-2)+f(z-x) =3f(x)+3f(y)+3f(2), 1.2)
S+y+2)+f )+ f)+f(2) = fFx+y)+f(y+2)+ f(z+x). (1.3)

So, it is natural that each equation is called a quadratic functional equation. In partic-
ular, every solution of the “original” quadratic functional equation (1.1) is said to be
a quadratic function.

For the quadratic functional equation some results are contained in [1, 2, 4, 7].
Skof [7] and Cholewa [1] proved a Hyers-Ulam stability theorem of the quadratic func-
tional equation (1.1) in different domains. Czerwik proved in [2] a Hyers-Ulam-Rassias
stability for (1.1) which contains the following theorem as a particular case.

THEOREM 1.1. Let 6 > 0 be fixed. If f : X — Y satisfies the inequality

[f(x+y)+flx-y)-2f(x)-2f(»)||<6 VxeX, (1.4)
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then there exists a unique quadratic mapping g : X — Y such that

NS

[lg(x) = f(x)] < Vx € X. (1.5)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
gtx) =t%2g(x) forallx € X and t € R.

The stability in the sense of Rassias for (1.1) on a restricted domain and for (1.3) is
proved by Jung [4]. In Section 2, the stability in the spirit of Gavruta of (1.1) (more gen-
erally, modified Hyers-Ulam-Rassias stability) is investigated. In Section 3, the Hyers-
Ulam stability, the Hyers-Ulam-Rassias stability, and the stability in the spirit of
Gavruta of (1.2) are investigated. In Section 4, the stability in the spirit of Gavruta
of (1.3) under the approximately even (or odd) condition is treated.

2. Stability in the spirit of Gavruta of (1.1). The stability of the quadratic func-

tional equation (1.1) is proved under the spirit of Gavruta. Let mappings @ and
®: XXX — [0,00) satisfy the inequality

1 o1
d)(x,y)=6cp(0,0)+zmq)(2kx,2ky) <o Vx,yeX. (2.1)
k=0

By using an idea in Gdvruta [3] we can prove the following results.

LEMMA 2.1. Assume that f : X — Y satisfies the inequality
If(x+)+ flx=2)=2f(x)-2f DM < @(x,) Vx,¥€X. (2.2)

Then, for all x € X andn € N,

n-1 n-1
IIf(2"x) =4 f(x)|| < > 4’%@(0,0) + > akp(2n-tkx 2n-1oky), (2.3)
k=0 k=0

PROOF. Put x =y =0 in(2.2) and conclude that
1
If (O < 5(1)(0,0). (2.4)
For x = y the inequality (2.2) again implies
1
||f(2x)—4f(x)||sim(0,0)+(p(x,x) VxeX (2.5)

which proves the inequality (2.3) for n = 1. For the induction, we assume that (2.3)
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holds for some n € N. Then, for any x € X, we have, for n+1,
ILf (2" x) —4m L FOo)|| < [|f(2-2"x) —4f (2"x) [+ 4][f (2" x) — 4™ f (x)]]
< fcp(0,0)+cp(2"x,2"x)
+4(Z4k2(p(0 0)+Z4k 211 1- kx on- 1- kx)) (26)

k=0 k=0
n

= > 4k (p(O 0) + Z 4k (27 kx, 2nkx)
k=0 k=0
which proves the inequality (2.3) for all natural n. O

THEOREM 2.2. If f: X — Y satisfies the inequality (2.2), then there exists a unique
quadratic mapping g : X — Y such that

[lg(x) = f(x)]| <®(x,x) VxeEX. (2.7)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t2g(x) forallx € X and t € R.

PROOF. For any x € X and for every positive integer n € N, we define
Gn(x) =47"f(2"x). (2.8)

From (2.3), we have, for n > m,

lgn (x) = gm ()| = 47"|lf (2" ™ x - 2™ x) 4" f (27 x) |
1

n-m-1 1 n-m-—
n( Z 4k§(p(0’0) Z 2n1kx,2n1kx))
n 1 1 n-m-1 (2.9)
— -n+k q)(o 0) + Z 4—n+k(p(2n—l—kx’2n—l—kx)
k=0

ﬂp(o 0)+ Z 47k (2K 1x, 2k x).

k=m+1

PR
i

By (2.1), since the right-hand side of the above inequality tends to zero as m tends
to infinity, the sequence {g,(x)} is a Cauchy sequence for all x € X. Since Y is a
Banach space, we define a function g: X — Y by

g(x) = lim g, (x) VxeX. (2.10)
From the inequality (2.2), it follows that

[|[gn(x+ ) +gn(x =) —2gn(x) =290 (¥)]|
=4I F 2+ 2ny) + F (20 —2ny) —2F (") —2f @) oy

1
< 44n+1 @ (2"x,2"y)
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for all x,y € X and n € N. Therefore, by letting n — o in the last inequality we obtain
(1.1) from (2.1). Moreover, from Lemma 2.1, for all x € X and n € N we have the
inequality:

lgn () = f(x)]| = 47" f (2" x) —4" f (x|

S ] T ko (onel—ks oR_l-K
<4 >4 Ecp(0,0)+24 @(2 x,2 x)
k=0 k=0

(2.12)
n-1 1 n-1
_ Z 4—n+k7q)(0’0)+ Z 4—n+km(2n—l—kxyzn—l—kx).
2
k=0 k=0
Hence from (2.1) we see that (2.7) holds true. O

If h: X — Y is another function which satisfies (1.1) and (2.7), since g(0) = 0 = h(0),
then by (1.1) we have

g(2"x) =4"g(x), h(2"x) =4"h(x) (2.13)
for all x € X and n € N. Hence, by (2.7) it follows that

lg () —h(x)|| =47"|g(2"x) - h(2"x)]]
<47 (lg(2"x) = f(2"x)[|+|[f (2"x) = h(2"x)]])

20 (2"x,2"x)
<

(2.14)

for all x € X and n € N. By letting n — o in the preceding inequality, we immediately
see the uniqueness of g. The proof of the last assertion in the theorem goes through
in the same way as that of Theorem 1.1 (see [2, Theorem 1]).

NOTE. The last assertion in all results of this paper goes through in the same way
as that of Theorem 1.1 (see [2, Theorem 1]).

The following corollary is the Hyers-Ulam stability of quadratic functional equa-
tion (1.1) which is the result of Skof [7] and Cholewa [1]. Applying Theorem 2.2 with
@(x,y) =06, we get the following corollary.

COROLLARY 2.3. If f : X — Y satisfies the inequality
If (x+y)+ flx=y)=2f(x)-2f ()| <6, (2.15)

then there exists a quadratic mapping g : X — Y satisfying (1.1) and such that

N |

llgx)-fx)]| <> VxeX. (2.16)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t2g(x) forallx € X and t € R.

The following theorem is the Hyers-Ulam-Rassias stability of quadratic functional
equation (1.1).
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THEOREM 2.4. Let X be a normed space and Y a Banach space and let €,0 > 0 and
p < 2 be given real numbers. Let f : X — Y be a function satisfying the inequality

If e+ ) +f(x—y)=2f(x) -2f W[ =g+ 0(IxIIP+]¥IP) Vx,y€X. (2.17)

Then there exists exactly one quadratic mapping g : X — Y such that
1 _
1900 —f )| < E+2(4-27) 0llx]l?, x €X. (2.18)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t2g(x) forallx € X and t € R.

Theorem 2.4 is easily proved using Theorem 2.2.

COROLLARY 2.5 [2, Theorem 1]. Let X be a normed space and Y a Banach space and
let §,0 > 0 and p < 2 be given real numbers. Let f : X — Y be a function satisfying the
inequality

If (x+ )+ flx=y)=2f () =2f [ <E+0(lIxIP+IyIIP)  Vx,¥ € X\{0}. (2.19)
Then there exists exactly one quadratic mapping g : X — Y such that
llg(x) = f0)| < M +2(4-27)""0|x|I?, xe€X\{0}. (2.20)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t2g(x) forallx € X and t € R.

PROOF. For x =y € X\ {0} the inequality (2.2) in Lemma 2.1 implies
IIf(2x)=4f )| < IF O +@(x,x) VxeX\{0}, (2.21)

then we have

n-1 n-1
Lf(2"x) —=4nf ()| <= D 4kI£ )1+ D akp(2n1kx,2n17kx)  vx € X\ {0}.
k=0 k=0

(2.22)
By applying Theorem 2.2 with @ (x,y) = 0(|lx||” + ||v|IF) for p < 2, the proof of the
corollary is complete. O

3. Three types stability of (1.2). In this section, we investigate the Hyers-Ulam sta-
bility, Hyers-Ulam-Rassias stability, and the stability in the spirit of Gavruta for (1.2).

LEMMA 3.1. Assume that f : X — Y satisfies the inequality
[f(x+y+2)+fx-y)+f(y-2)+f(z=x)=-3f(x)-3f(¥)-3f(2)]|<6 (3.1

forall x,y,ze X and 6 = 0. Then for x € X andn € N,

F("x) -3 (ol = 353 320D, (3.2)
k=1
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PROOF. Put x =y =z =01in (3.1) and conclude that
£l = 2. (33)
For x = y = z, the inequality (3.1) again implies
1FBx)=32F (Il = 6+31F () = 55 (3.4)

which proves the inequality (3.2) for n = 1. For the induction, we assume that (3.2)
holds for some n € N. Then, for any x € X, by (3.4) we have, for n+1,

Hf 3n+1 32 n+1)f(x)||
S||f (3-3"x) =32 (3"x) || +3%[Lf (3"x) = 3°" f ()|

8 g & 3 n+1 n+l1 3.5)
2 22 2(k-1) | = 2 2(k-1) 2(k-1)
<20+3 (56;13 ) 55<1+kzz3 ) 523

which proves the inequality (3.2) for all natural n. O

THEOREM 3.2. Assume that a mapping f : X — Y satisfies the inequality (3.1). Then
there exists a unique quadratic mapping g : X — Y satisfying (1.2) and the inequality

é

[lg(x) - f(x)|| < VxeX. (3.6)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t2g(x) forallx € X and t € R.

PROOF. For any x € X and for every positive integer n € N, we define
gn(x) =372 f(3"x). 3.7)
From (3.4), we have
[gne1 () = gn ()| = 372D £(3-37x) =32 £(3"x) || < 3-2“““%6 (3.8)

for all n > N and for all x € X. Hence we have, for n > m,

n-1
[|gn () —=gm ()| = D ||gj1(x)—g;(x)]| <*6 z 3720+ 0 (3.9)
Jj=m j=m

for all n > N and for all x € X as m — c. We see that the sequence {g,(x)} is a
Cauchy sequence. Hence, we can define a function g: X — Y by

g(x) = lim gn(x) VxeX. (3.10)
Then for all x,y,z € X and n € N, we have, from (3.1),
lgn(x + 3 +2) + gn(x =)+ gn(y = 2) + gn(z = X) = 3gn(x) = 3gn(¥) —3gn(2)||
=37 |f B (x+y+2) + f(3"(x =) +f(3"(y-2)) + f(3"(z-x))
~3£(3"0) ~3£(3"y) ~3F(3"2)]] = 50y
(3.11)
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Letting n tend to infinity, we obtain (1.2). Moreover, from Lemma 3.1, we have

llgn(x) = £ 0)]| = 372" £ (3"x) = 32" £ (x)|

<3- 2n 6232(1( 1 _ 6%372}(
k=1 =

(3.12)

for all x,y € X and n € N. By letting » tend to infinity, we obtain the inequality (3.6).
The proof of the uniqueness is the same way as that of Theorem 2.2 by applying
g(3"x) =32"g(x) and h(3"x) = 3°"h(x). Hence, the proof is complete. O

Let the mappings @ and @ : X X X X X — [0, c0) satisfy the inequality
®(x,y,2) = 1§0(p0+23 Sk (3k1x, 3k 1y, 3%12) < 0. (3.13)

For simplicity of calcuation in this section, we use the notation @, = @ (x,x,x).

LEMMA 3.3. Assume that f : X — Y satisfies the inequality

If(x+y+2)+fx=»)+f(y-2)+f(z=x)=3f(x)-3f(¥)-3f(2)]| < (x,¥,2)

(3.14)
for all x,y,z € X. It then holds that for all x € X and for all n € N,
3 n n
IIF(3"x) =33" f(x)|| < =®o D> 33k 333K, (3.15)
k=1 k=1
PROOF. Put x =y =z =01in (3.14) and conclude that
1
LFO)II < < o. (3.16)
For x = y = z, the inequality (3.14) again implies
3
1£3) =32 GO < 3IF O+ Px < = Po+ Px (3.17)

which proves the inequality (3.15) for n = 1. For the induction, we assume that (3.15)
holds for some n € N and for all x € X. Then by (3.17) we have, for n+1,

[1£(3m+1x) =330 £(x) || < |L£(3-3"x) - 33 £(3"x) ||+ 33| £ (3"x) - 33" £ (x)]|

3 3 _ _
- 5(1)0+(P3nx+33(5q)0 S 33D 4 z 33(n k)(p3klx>

k=1 k=1
3 n+1 n+1
,(p Z 33(k 1)+ Z 33(n k)
k=1 k=1
(3.18)
which proves the inequality (3.15) for all natural n. O

THEOREM 3.4. Assume that a mapping f : X — Y satisfies the equality (3.14). Then
there exists a unique quadratic mapping g : X — Y that satisfies (1.2) and the inequality

lg(x)=f(x)||<dx VxeEX. (3.19)
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If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t2g(x) forallx € X and t € R.

PROOF. For every positive integer n, we define
gn(x)=373"f(3"x) VxeX. (3.20)
By (3.17), we have

lgns1(x) = gn(x)|] = 3730 D|| £(3-3"x) - 33 F(3"x)||

] 3 ) (3.21)
< 3—3(n+1)§q90+3—3(n+1)(p3nx
for all n € N and for all x € X. Hence by (3.21) we have, for n > m,
n-1
192 (0) =gm ([ < 3 [lgjs1 () =g, ()|
s (3.22)
3 nil 3(j+1) nil 3-30j+1)
<<-®o 2, 3" + - P3i
5 j=m j=m *

for all x € X. By (3.13) since the right-hand side of the preceding inequality tends
to zero as m tends to infinity, we see that the sequence {g, (x)} is a Cauchy sequence.
Hence we can define a function g: X — Y by

g(x) = lim gn(x) VxeX. (3.23)
Then for all x,y,z € X and n € N, we have

[[gn(X+Y+2) +Gn(x =) +gn(¥ —2) + Gn(z = X) = 3gn(x) =3gn(¥) —3gn(2)||
=373 f(3"(x+y+2)+f(3"(x-»)) + f(3" (¥ —2)) + f(3"(z—x))
- ®(3"x,3"y,3"z)

~3£(3"x) -3/ (3"y) -3 (3"2) | = L
(3.24)
Letting n tend to infinity, we obtain (1.2). Moreover, from Lemma 3.3, we have
[lgn (x) = £ (|| = 373" f(3"x) = 33" £ (x0) |
3 n n
< 3—3"<<p0 > 33kh L Y 33<"-’<)q93k_1x>

S k=1

(3.25)

3 n n
— g(PO z 373(n7k+1) + z 373k(P3k—1X
k=1 k=1

3 (1 1 )(p + i 373k
=—(1-5=|®o 3k-1y
130\ 3m)P0T &

forall x € X and n € N.From (3.13) as n tend to infinity we obtain the inequality (3.19).
The proof of the uniqueness is the same way as that of Theorem 2.2 by applying
g(3"x) =32"g(x) and h(3"x) = 3°"h(x). Hence, the proof is complete. O
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The following theorem is the Hyers-Ulam-Rassias stability of quadratic functional
equation (1.2).

THEOREM 3.5. Assume that a mapping f : X — Y satisfies the equality

If (x+y+2)+f(x=y)+f(y—2)+f(z-x) =3 f(x)-3f(¥)-3f(2)]|

(3.26)
< 0(lx 1P+ 1P +11z17)

for all x, v,z € X and p < 3. Then there exists a unique quadratic mapping g:X — Y
satisfies (1.2) and the inequality

llg(x)—f(x)|| <3]3°=37| '0Ix|I? VxeX. (3.27)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t’g(x) forallx € X and t € R.

PROOF. Apply Theorem 3.2, with @ (x,y,z) = 0(||x||” + |»|IP + [|z]|?), and (3.13).
Then we obtain

®(x,x,x) = > 37K 0|35 x| +[|3% x| + [|3* x| |”) |
= (3.28)

[

=30lx|? Y 3733k-Dr = 3(33 -37) g x||”.

k=1 =

4. Stability in the spirit of Gavruta of (1.3). In this section, the stability of another
quadratic (1.3) is investigated under the spirit of Gavruta. The Hyers-Ulam-Rassias
stability of (1.3) can be found in [4].

Let the mappings @ and ®: X x X X X — [0, o) satisfy the inequality

o 2k+1
D(x,7,2) = 29(0,0,0)+ ¥ ST (28 1x, 261y, -2k 2)

k=0 4.1)

) k_
+> 222T11q>(72"*1x,72k*1y,2"*lz) <o Vx€EX.
k=0

For simplicity of calculation in this section, we use the notation Q=@ (x,x,—Xx).
LEMMA 4.1. Assume that a mapping f : X — Y satisfies the following inequality:
Ifx+y+2)+ fFCO+fON)+f (@)~ fFx+2) - f(y+2) - f(z+0)]| < @(x,¥,2) (4.2)

for all x,y,z € X. It then holds that

oo - S @ + St r(-2n)|

4.
-1 2k+1 2k—1 @-3)
Skz 261 PO Dot Pkt ¥ ooy Pokoix

=1

forall x,y,ze X and n € N.
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PROOF. Putx =y =z =0in(4.2) and conclude that || f(0)|| < @¢. And also putting
X =y =-z1in (4.2) yields

|13 () + £ (=x) = £(2x)|| < 20 + Px. (4.4)
Substitute —x for x in (4.4), we obtain
(13 (=x) + f () = f (=2x)]| < 290 + P_x. 4.5)
We use induction on n to prove our lemma. By (4.4) and (4.5), we have
lr =3 fex)+ L r-ax)|
§H3f<x>+f< x) = f(2x)]|+ f||3f( xX)+f0)-f(=2x)]] (4.6

w

1 3 1
= 5 2P0+ @) + 2P0+ @) = Qo+ gPx+ gPx

which proves the validity of the inequality (4.3) for the case n = 1. Now assume that
the inequality (4.3) holds true for some n € N. By using (4.4) and (4.5), we have the
following relation:

e}

[roo- Bt pen + 2t x|
=|[£e0 - G f @) + g (-2
+2;n%||3f(2"x) +f(=2"x) - f M x|
B e B (- 2m0) + f(27x) - (-2 )| @7

&1 2k +1 2k -1
= Z k-1 PO T Hopr Pkl Hapay P-ok-1x
2n+1 +1 2n+1 -1
o3 (2o + @anx) + 3 (2@o + @ _anx)
(S| 2k 41 2k—1
= kzl (WQQO + W(pqux + Wm,qux
which proves the inequality (4.3) for n + 1. O
THEOREM 4.2. Assume that a mapping f : X — Y satisfies the inequalities (4.2) and
If(x)—f(=x)l[ <0 (4.8)

for0 = 0 and forall x,y,z € X. Then there exists a unique quadratic mappingg : X — Y
satisfying (1.3) such that

lg(x) = f(x)]| <®(x) VxeX. 4.9)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t’g(x) forallx € X and t € R.
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PROOF. For any x € X and for every positive integer n, we define
Gn(x) =27 f(2"x). (4.10)
From (4.4) and (4.8), we have

||gn+l(x) _gn(x)H
=272 (20 2mx) = 22 (2"x) |

(4.11)
<272 D(|[3f(2"x) + f (= 2"x) = f(2- 2"x) | + ]| f (2"x) = f (= 2"x)])
<2720 D (2@g + @ony + 0)
for all x € X and for all n € N. Therefore we have, for n > m,
n-1
190 () = gm (O] < 3 [1gjs1 () =g, ()|
j=m
n-1 )
< > 2720 (2@ + @y +0) (4.12)
j=m

< (2po+0) Z 2720+ 4 Z 272U g

j=m

for all x € X. By (4.1), since the right-hand side of the inequality (4.12) tends to zero
as m tends to infinity, the sequence {g, (x)} is a Cauchy sequence for all x € X, and
hence we define a function g: X — Y by

g(x):}lizgogn(x) Vx e X. (4.13)
The inequality (4.2) implies that

[[gn (2" (x+ Y +2)) +gn(2"x) + Gn(2"y) + gn(2"2) = gn (2" (x + )

—gn(2M"(y+2)) = gn(2"(z+x))|| < 27"@(2"x, 2"y, 2" 2) “.14)

for all x,y,z € X and n € N. Letting n tend to infinity in the last inequality, then by
(4.1) we obtain (1.3). Analogously, by (4.8), we can see that g is even. By substituting
— for z in (1.3) and by taking account of g(0) = 0, we see that g as an even solution
of (1.3) is quadratic. From (4.3) and (4.8), we have

2n 41 on -1
ILf (x) = gn ()|l < Hf(x)— 22,:1 f@2"x) + S5 f(—Z”X)H

_ 2" 41 2n—1
+1[2 2"f(Z"x)—Wf(znx)Jr 22Mf(—znx)

(4.15)

2k 41 2k -1 2"—16
Z 1(p0 okt P2k-lx T oapat P2k ix |+ 5o

for all x € X and for all n € N.

According to (4.1) and (4.15), the inequality (4.9) holds true.

The proof of the uniqueness is similar to that of Theorem 2.2 by applying g (2" x) =
4"g(x) and h(2"x) = 4™h(x). Hence, the proof is complete. O
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Corollaries 4.3 and 4.5 are the Hyers-Ulam stability of quadratic functional equa-
tion (1.3) under the approximately even or odd condition which is the result of Jung
[4]. For the proof, apply Theorems 3.5 and 4.2 with @ (x,y,z) =

COROLLARY 4.3. Assume a mapping f : X — Y satisfies the inequality

If(x+y+2)+f)+fON+f(2) - fx+y)—f(y+z)-fz+x)|| <6,

4.16
£ Ge) - f(—x)]| < 6, *-16)

for some 6,0 > 0 and for all x,y,z € X. Then there exists a unique quadratic mapping
g : X — Y satisfying (1.3) and the inequality
[lg(x) - f(x)||<46 VxeX. 4.17)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
gtx) =t*>g(x) forallx € X and t € R.

THEOREM 4.4. Assume that a mapping f : X — Y satisfies the inequalities (4.2) and
IF0)+f(=x)]| <@ (4.18)

for 8 = 0 and for all x,y,z € X. Then there exists a unique additive mappingg: X — Y
satisfying (1.1) and
[lg(x)-f(x)]|<®(x) VxeLX. (4.19)

If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X, then
g(tx) =t2g(x) forallx € X and t € R.

PROOF. For any x € X and for every positive integer n, we define
In(x)=2""f(2"x). (4.20)
From (4.4) and (4.18), we have

|gn1(x) = gn ()|
=27 DI (2-27x) - 2f (2" |

4.21
<2 (B (M) + f(—2) — £(2- 2% |+ @) + f(—2ml)
<27 (20 + @ony +0)

for all x € X and for all n € N. Therefore we have, for n > m,
n-1
lgn (x) = gm (O] = > 11gj+1(x) =g, (%)
j=m
n-1
< > 27U 2@o+ @y, +0) (4.22)
j=m

n-1 n-1

<(2po+0) > 27Ut L N 2-Uth g,

j=m j=m
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for all x € X. By definition (4.1) of ®, since the right-hand side of the inequality (4.22)
tends to zero as m tends to infinity, the sequence {g, (x)} is a Cauchy sequence for
all x € X, and hence we define a function g: X — Y by

g(x) = lim gn(x) Vx€X. (4.23)

Similarly, as in the proof of Theorem 4.2, due to (4.18), we see that the mapping g
satisfies (1.3) and is odd. By putting z = — in (1.3) and considering the oddness of g
and letting u =x+y, v =x -y, we get

2g<u;v) =g(u)+g(v). (4.24)

According to [5], since g(0) = 0, the mapping g is additive. Similarly—as in the proof
of (4.9) of Theorem 4.2—from Lemma 4.1, (4.18), and (4.1), we directly see that (4.19)
holds true.

The proof of the uniqueness is similar to that of Theorem 2.2 by applying g(2"x) =
2"g(x) and h(2"x) = 2"h(x). Hence, the proof is complete. O

COROLLARY 4.5. Assume a mapping f : X — Y satisfies the inequality
If(x+y+2)+ fF(X)+f () +f(2) - fx+y)-f(y+2) - fz+x)|| <6,
Ilf o)+ f(=0)] <6,

for some 6,0 > 0 and for all x,y,z € X. Then there exists a unique additive mapping
g : X — Y satisfying the inequality

(4.25)

[lg(x) - f(x)||<46 VxeX. (4.26)
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