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A NOTE ON THE COMPARISON OF TOPOLOGIES

MARTIN M. KOVAR

(Received 5 July 2000)

ABSTRACT. A considerable problem of some bitopological covering properties is the bitopo-
logical unstability with respect to the presence of the pairwise Hausdorff separation ax-
iom. For instance, if the space is RR-pairwise paracompact, its two topologies will collapse
and revert to the unitopological case. We introduce a new bitopological separation axiom
7520 which is appropriate for the study of the bitopological collapse. We also show that
the property that may cause the collapse is much weaker than some modifications of pair-
wise paracompactness and we generalize several results of T. G. Raghavan and L. L. Reilly
(1977) regarding the comparison of topologies.

2000 Mathematics Subject Classification. 54E55, 54A10.

1. Preliminaries. The term space is referred to as a set with one, two, or three
topologies, depending on the context. Let X be a set with three topologies T, o, and
p. Recall that X is said to be (T — o) paracompact with respect to p (see [6]) if every
T-open cover of X has a o-open refinement which is locally finite with respect to the
topology p. We say that x € X is a (0, p)-0-cluster point (see [4]) of a filter base ®
in X if for every V € o such that x € V and every F € &, the intersection Fncl, V is
nonempty. If ® has a cluster point with respect to the topology T, we say that ® has
a T-cluster point. Recall that X is called (T,0,p)-0-regular if X satisfies any of the
following equivalent conditions (see [4]):

(i) For every T-open cover Q of X and each x € X there is a o-open neighborhood
U of x such that cl, U can be covered by a finite subfamily of Q.
(ii) Every T-closed filter base ® with a (o, p)-0-cluster point has a T-cluster point.

(iii) Every filter base ® with a (o, p)-0-cluster point has a T-cluster point.

(iv) For every filter base ® in X with no T-cluster point and every x € X there are
Ueo,Vep,and FedsuchthatxeU,FcV,andUNnV = Q.

For example, a space which is (T — p) paracompact with respect to o is (1,0,p)-
O-regular. Let (X, T,0) be a bitopological space. Recall that X is said to be TRy if the
topology T is Ry, that is, if x € U € T implies cl:{x} < U. We say that the space X is
TRo (see [6]))if foreachx € X, cl:{x} =N{V|IVeo, xeV}={d:V|Veo, xe
V}. Recall that the space X is called T locally compact with respect to o (see [5]) if
each point x € X has a neighborhood in o, which is compact in T. We say that X
is T paracompact with respect to o (see [5]) if each T-open cover of X has a T-open
refinement which is locally finite with respect to o, that is, if X is (T —T) paracompact
withrespect to 0. The space X is said to be T x-paracompact with respect to o (see [6])
if every T-open cover of X admits a (T v 0)-open refinement which is locally finite with
respect to o. The bitopological space X is said to be x-pairwise paracompact (see [6])
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if X is (T — (7 v 0)) paracompact with respect to o and (0 — (T v o)) paracompact
with respect to 7. The space X is called RR-pairwise paracompact (see [6]) if X is
(T —T) paracompact with respect to o and (0 — o) paracompact with respect to T.
Finally, we say that X is FHP-pairwise paracompact (see [2]) if X (T — 0") paracompact
with respect to o and (o0 — T) paracompact with respect to T. Note that most of
the previous bitopological notions were introduced by T. G. Raghavan and I. L. Reilly
[5], with one exception—the concept of FHP-pairwise paracompactness is due to P.
Fletcher, H. B. Hoyle III, and C. W. Patty [2].

2. Main results. I. L. Reilly and T. G. Raghavan in [6] used TRo axiom in the con-
junction with TRy to replace pairwise Hausdorff axiom in some comparative and coin-
cidence theorems for the topologies of bitopological spaces which satisfy some modi-
fications of pairwise paracompactness. However, some relatively large classes of topo-
logical spaces were unfortunately excluded from Raghavan-Reilly’s results. The main
occasion was that pairwise paracompactness is too strong and global property for
characterizing the essential reasons of the bitopological collapse in a sufficiently soft
setting. The second occasion was that TRo axiom is also rather strong—it contains
the condition N{V |V e o, x eV} ={cl; V|V € 0, x € V} which is useless in this
context. We introduce a new concept that is a generalization of the conjunction of
TRo and TR, and is more appropriate for studying the bitopological collapse. Our
new axiom is inspired by S> axiom of [1] (which is also equivalent to the well-known
Ry—see [3] for the definition).

DEFINITION 2.1. Let (X, T,0) be a bitopological space. We say that X is 75,0 if for
every x,y € X and for each U € T with x € U, v ¢ U there exist V € o, W € T such
thatx eV, yeW,andVnW = 2.

DEFINITION 2.2. Let (X, T,0) be a bitopological space. We say that X is pairwise S»
if Xis TS,0 and 0S5, T.

PROPOSITION 2.3. A bitopological space (X, T,0) is TS»0 if and only if X is TRy and
cr{xt=N{cl:V|Veao, xeV} forevery x € X.

PROOF. Suppose that X is 7S»0 and let y € U = X\ cl{x}. Since X is TS>0, there
existVeo,Wetsuchthaty eV, x e W,and VnW = &. Then y ¢ W. Applying the
TS0 axiom again, we get some P € 0, Q € T suchthat x e P, y € Q,and PnQ = @.
Then cl; P = X\ Q which implies that y ¢ cl P.Hence, ye X\({cl;V |Veo, xeV}.
Therefore, cl: {x} =N{cl; V|V eo, x eV}

Now, let U € T be a T-neighborhood of some x € X. Since X is 75,0, for any
yeX\U, thereexistVeo,WeTsuchthat x eV, y e W,and VnW = &. Then
v ¢ cle{x}, which implies that cl; {x} < U. Hence X is TRy.

Conversely, suppose that X is TRy and cl+ {x} =N{cl:V |V € 0, x € V} for every
x € X.Let x e U and U € 1. Then cl:{x} = N{cl.V |V € 0, x € V} c U, which
implies, for any vy € X\ U, that y ¢ ({cl:V |V € 0, x € V}. Then there exist V € o,
WetsuchthatxeV,yeW,and VNnW = &. Hence X is TS»0. O

COROLLARY 2.4. Let (X,T,0) be a TRy and TRo space. Then (X,T,0) is a TS0
space.
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The following two simple examples show that TS>0 and TRo (without TR() are
independent bitopological properties. We leave it to the reader to verify that the con-
structed spaces have the requested features.

EXAMPLE 2.5. Let X ={1,2,3}. Let T be a topology on X with the base 1y ={{1, 2}, {3}}
and let o be the discrete topology on X. Then (X, T,0) is a bitopological space which
is TS»0 but not TRo.

EXAMPLE 2.6. Let X = {0,1} and let T = {@, {0}, X}, 0 = {J,{1},X} be the dual
Sierpinski topologies on X. Then (X, T,0) is a bitopological space which is TRo but
not tS>o.

It is a natural question whether there exists a TS»0 non-TRo space with the topol-
ogy T satisfying at least Ty axiom. Proposition 2.7 answers this question in negative.
However, in this case both properties coincide with pairwise Hausdorff, so the nega-
tive answer does not disqualify TS>0 relative to TR0 in conjunction with TRy as an
irrelevant generalization.

PROPOSITION 2.7. Let (X,T,0) be a bitopological space with T satisfying the Ty
axiom. The following statements are equivalent:
(i) X is pairwise Hausdorf(f.
(i) X is TRy and TRo.
(iii) X isTS-0.

PROOF. The implications (i)=(ii)=>(iii) are clear. Suppose that X is tS,0. Let x,y €
X. Since T is Ty topology, we can assume, without loss of generality, that there exist
U e T with x € U, v ¢ U. By Definition 2.1, there exist V€ o, W € T such that x € V,
yeW,and VW = @. In particular, x ¢ W. To complete the proof, it is sufficient to
exchange the role of x,y and repeat the previous consideration. Hence X is pairwise
Hausdorff. O

Therefore, both TS>0 and TR0 (in a conjunction with TR) are significant for spaces
(X, T,0) with non-Ty topologies T only.

COROLLARY 2.8. Let (X,T,0) be a bitopological space. Suppose that at least one of
the topologies T, o is To. Then X is pairwise S» if and only if X is pairwise Hausdorf{f.

THEOREM 2.9. Let T,0,p be topologies on X. Suppose that X is tS>0 and (1,0,p)-
O-regular. Then T < 0.

PROOF. Let x € U € 7. Then for every y € X\ U there exist V,, c c and U, € T
such that x € V,,, y € Uy, and V, nU, = &. Then Q = {U} U {U, | y € X\ U} is
a T-open cover of X. Hence, there exist V € ¢ and yi,y2,...,¥x € X\ U such that
d,VeUu(UL,Uy,). Let W=V (N5, Vy,). Clearly, x e W e 0, W s UU (UL, Uy,),
and WnU,, =@ fori=1,2,...,k. Then x € W < U which implies that U € ¢. Hence
TCO. O

REMARK 2.10. Note that, one can take any topology on X as p. For example, p = 1y,
where 1y is the discrete topology on X.
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REMARK 2.11. The space constructed in Example 2.6 is TRo and (1, 0, p)-0-regular,
where p is any topology on X, but T ¢ o. Hence TR0, without TRy, cannot replace
TSo0 in Theorem 2.9.

The following result is independently (see [5]) due to P. Fletcher et al. [2], R. A.
Stoltenberg [7], and J. D. Weston [8].

COROLLARY 2.12 (see [2, 7, 8]). Let (X, T,0) be pairwise Hausdorff and T be compact.
Thent co.

Taking tS5>0 instead of pairwise Hausdorff and T locally compact with respect to
o instead of T compact, the previous result can be improved.

COROLLARY 2.13. Suppose that (X,T,0) is TS>0 and T locally compact with respect
too.Thentco.

PROOF. If X is T locally compact with respect to o, then for every x € X there
is T-compact H < X with x € inty H. Then U = int, H is a o-open neighborhood of
x which can be covered by a finite subfamily of any T-open cover of X. Hence, X is
(T,0,1x)-0-regular and 1520, so T < o by Theorem 2.9. O

COROLLARY 2.14 (see [5]). If (X, T,0) is pairwise regular, pairwise Hausdor{f and T
locally compact with respect to o, then T < 0.

Regarding bitopological paracompactness, we have the following corollary of
Theorem 2.9.

COROLLARY 2.15. Let (X,T,0) be TS>0 and suppose that every T-open cover of X
has a refinement which is locally finite with respect to 0. Then T < 0.

PROOF. Since X is (1,0,1x)-0-regular by the definition and tS5»0, the corollary
now follows from Theorem 2.9. O

COROLLARY 2.16. Let (X,T,0) be TS,0 and T «-paracompact with respect to o.
Then T coO.

COROLLARY 2.17 (see [6]). If (X,T,0) is TRg,TRO, and T «x-paracompact with re-
specttoo,thenT c 0.

COROLLARY 2.18 (see [5]). If (X, T,0) is pairwise Hausdorff and T paracompact with
respectto o, thent 0.

COROLLARY 2.19. Let (X, T,0) be tS»0 and (t'—p’) paracompact with respect to o’.
Iftrect'ando’' co,thent co.

The following three originally independent results of [6] now immediately follow
from Corollary 2.19. We repeat them because of completeness.

COROLLARY 2.20 (see [6]). If (X, T,0) is TRy, TRo, and (T’ —p') paracompact with
respecttoo’,thentcoiftct cTvoandTAro S0’ SO.

COROLLARY 2.21 (see [6]). Let (X,T,0) be pairwise Hausdorff and (T’ — p') para-
compact with respecttoo’. Thent o iftrectT €cTVvOo andtAro o' c0.
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COROLLARY 2.22 (see [6]). Let (X,T,0) be pairwise Hausdorff and (T’ — p’) para-
compact with respecttoc’. Thentco iftctT cTvoandTtAanocp’,0 co.

DEFINITION 2.23. Let (X, T,0) be a bitopological space. We say that the topologies
T and o are K-equivalent if X is (7,0,1x)-0-regular and (o, T, 1x)-0-regular.

REMARK 2.24. Note that, from the definition of (T, 0, 1x)-0-regularity it follows that
two topologies on a set X are K-equivalent if and only if any filter base in X which
has a cluster point in one topology has a (not necessarily the same) cluster point in
the other topology; or equivalently, if for every cover of X open in one topology and
every point x € X there is a neighborhood of x open in the other topology which
can be covered by finitely many members of the cover. Of course, the property of
K-equivalence is an equivalence relation on the set of all topologies on X.

COROLLARY 2.25. Let (X, T,0) be pairwise S,. Then T = o if and only if the topolo-
gies T,0 are K-equivalent.

According to Remark 2.11, one can easily check that x-pairwise paracompact and
then also RR-pairwise paracompact and FHP-pairwise paracompact bitopological
spaces have K-equivalent topologies. Hence these modifications of bitopological para-
compactness will revert to the unitopological setting in presence of pairwise S» sepa-
ration axiom.

COROLLARY 2.26 (see [6]). Let (X,T,0) be pairwise Hausdorff and x-pairwise para-
compact. Then T = 0.
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