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The existence, uniqueness, and continuous dependence of a mild solution of an impulsive
functional-differential evolution nonlocal Cauchy problem in general Banach spaces are
studied. Methods of fixed point theorems, of a Cy semigroup of operators and the Banach
contraction theorem are applied.
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1. Introduction. In this paper, we study the existence, uniqueness, and continuous
dependence of a mild solution of a nonlocal Cauchy problem for impulsive functional-
differential evolution equation. Such problems arise in some physical applications as a
natural generalization of the classical initial value problems. The results for semilinear
functional-differential evolution nonlocal problem [2] are extended for the case of
impulse effect. We consider the nonlocal Cauchy problem in the form

u(t) = Au(t) + f(t,u), te(0,al,t+ Ty,
u(te+0) = Qru(ty) = u(7y) +Liu(ty), k=1,2,...,kK, (1.1)
u(t) + (g (uey,...,ur,)) () = p(t), tel-r,0],

where0 <t <---<tp,<a,peN,Aand Iy (k=1,2,...,K) are linear operators acting
in a Banach space E; f, g, and ¢ are given functions satisfying some assumptions,
ur(s) :=u(t+s) fort € [0,al, s € [-r,0], [ryu(ty) = u(te +0) —u(ty — 0) and the
impulsive moments Ty are suchthat 0 < T; < Ty < -+ - < T < - - < T <a, K EN.

Theorems about the existence, uniqueness, and stability of solutions of differen-
tial and functional-differential abstract evolution Cauchy problems were studied in
[1, 2, 3]. The results presented in this paper are a generalization and a continua-
tion of some results reported in [1, 2, 3]. We consider classical impulsive functional-
differential equation in the case of nonlocal condition, reduced to the classical initial
functional value problem.

As usual, in the theory of impulsive differential equations [4, 5] at the points of
discontinuity T; of the solution t — u(t) we assume that u(t;) = u(t; —0). It is clear
that, in general, the derivatives 11(T;) do not exist. On the other hand, according to the
first equality of (1.1) there exist the limits 1 (T; ¥0). According to the above convention,
we assume 1 (1;) = u(t; —0).
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Throughout, we assume that E is a Banach space with norm || - ||, A is the infinites-
imal generator of a Cy semigroup {T(t)}¢~o on E, D(A) is the domain of A, and

M:= sup {[|T(0)]lpep - (1.2)
tel0,al

Let f:[0,a]xC([-7,0],E) — E. Introduce the following assumptions:
(H1) for every w € C([-7,al,E) and t € [0,a], f(-,w;) € C([0,al,E);
(H2) there exists a constant L > 0 such that

Hf(t,Wt) 7f(t!wl’)||E

<Lillw-w||¢q_ypp forw,weC([-r,alE),te[0,al, 03
1.
|Ikv||p < Lollvllg forv €E, k=1,2,...,K,

L=max{Li,L,}.

Letg:[C([-7,0],E)]? — C([-7,0],E). Then we have the following assumptions:
(H3) there exists a constant K > 0 such that

||(,g(th,...,th))(t)* (g(wtp:wtp))(t)n S]<||u}77'1’}’|C([*‘I’,tl],f) (1.4)
for w,w € C([-r,al,E), t € [-1,0];

(H4) assume that ¢ € C([-7,0],E).
A function u € C([-7,a],E) satisfying the following conditions:

u(t) =T(E)0) =T () [(g(ue,...,ut,))(0)]

t
+LT(t—s)f(s,us)ds+ > T(t—Tk)ku(Ty), t €[0,al, (1.5)

O<TE<t

u(t) +(g(uey,...,ue,)) () = p(t), tel-r,0),
is said to be a mild solution of the nonlocal Cauchy problem (1.1).

2. Existence and uniqueness of a mild solution

THEOREM 2.1. Suppose that assumptions (H1)-(H4) are satisfied and
M[K+L(a+1)] <1. (2.1)

Then the impulsive nonlocal Cauchy problem (1.1) has a unique mild solution.

PROOF. The mild solution of the impulsive system (1.1) with nonlocal condition
can be written in the form

u(t; ) = (Fu)(t), (2.2)
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where

o) - (g(wry,...,we,)) (1), te[-7,0),

T(t)$p(0)-T(t)[(g(wry,...,wr,))(0)]

(Fw)(t) := (2.3)

+JtT(t—s)f(s,wS)ds+ > T(t-t)hw(tk), tel0,al,
0

O<Tg <t

such that w € C([-r,al,E) and F : C([-7,al,E) — C([-7r,a],E). Now, we show that
F is a contraction mapping on C([—-7,a],E). Therefore,
(9 (Wt 1,) () = (g (Wi, ... w,) (E)

for w,w € C([-r,al,E), t € [-7,0),

T [(g(Wry,...,10t,)) (0) = (g(wey, ..., we,)) (0)]

OO 1)) - f (5100 s ey
+ > T(t—T) [Law () — Ik (k)]
0<Tk<ftor w,w € C([-r,al,E), t €[0,a].
From (2.4), we have
1Fw) (O~ (F@) O] < [T [0 (@1y,--181,))(0) ~ (g (w1, O
[Tl w) (5,0 s @5)

+ > ITt =7l [Ihew (Th) = Law (1) |

O<T <t

for w,w € C([-r,al,E), t € [0,a]. Because of (2.5), in view of (1.2), and applying
assumptions (H1)-(H4) we obtain

|(Fw) (8) = (Fw) (8)]| < MK|lw =@ |lc -y a1,

t
+ML, Jo llw =10l r.arpdS + MLa||w (1) =10 (T3) ||

(2.6)
< (MK +MaLy+ML)|[w =9|lc_r.arp)
<M[K+L(a+D)]-[[w-=19lcq ranp

for w,w € C([-7,al,E), t € [0,a], which implies that
[Fw —FWllcqyarp <Bllw=w|lc( yarp, w,weC([-7,alE), (2.7)

where f:= M[K +L(a+1)]. The operator F satisfies all the assumptions of the Banach
contraction theorem, and therefore, in the space C([-7,al,E) there is only one fixed
point of F and this is the mild solution of the nonlocal Cauchy problem with impulse
effect. This completes the proof of the theorem. |
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3. Continuous dependence of a mild solution

THEOREM 3.1. Suppose that the functions f, g, and Iy(u), k =1, 2,...,k, satisfy the
assumptions (H1)-(H4) and M[K + L(a+1)] < 1. Then, for each ¢1,¢p» € C([-7,al,E),
and for the corresponding mild solutions u,, u, of the problems,

u(t) = Au(t) + f(t,us), te(0,al,t+ Ty,
u(te+0) = Qru(ty) = u(vk) + Lru(tr), k=1,2,...,kK, (3.1)
u(t) +(g(uey,...,ur,)) (t) = pi(t) (i=1,2), te[-r,0],

the following inequality holds:

l[ur —uzlle—yaye < Me™E(1 +ML)K{||¢1 = ®2ller0.p +Kllwr _u2||C([—r,a],E)}'

(3.2)
Additionally, if
K< e*“ML(lM—+ML)*K, (3.3)
then
|11 _u2||C([—r,a],E) = 1 7]\;[:];1\215;;(\41&1{];\21‘;),( |1 _(bZHC([—r,O],E)' (3.4)

PROOF. Assume that ¢p; € C([-7,0],E) (i = 1,2) are arbitrary functions and let u;
(i =1,2) be the mild solutions of problem (3.1). Then

up(t) —uz(t) = T(t)[$1(0) - p2(0)]
_T(t){[g((ul)tla"'v(ul)tp)](o)_ [g((MZ)tla""(uZ)tp)](O)}

LT ) - s, ) s &5
+ > T(t—T) [T (Tk) — Ieuz (k) ]
O<T <t

fort € [0,a] and

ur () —uz(t) = pr(6) =2 () = {[g ((U2) sr (u2), ) () = [g ((U1) .., (ur) )] (D)}

(3.6)
for t € [-7,0). From (3.5), (1.2), and using (H2) we get
[[u1(8) —u2(®)|[<M|[b1 = b2llc—r01.5) + MK|lur —v2|lc -y a1.p)
3
+ML1J llur=wallcqysmds+MLy > JJu (te) —ua ()|
0 0<Ty<E 3.7)

<M||p1—b2llc—ro1p + MKlu1 —w2llc_ya1p)

t
+MLy IO s =zl o rggpdS+MLy > [Juy (i) —ua (Tl

O<TE<t
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for 0 < €& <t < a. With this result, by virtue of (H3) it follows that
sup |[ui(€) —u2(8)||
&e[0,t]

= M||p1 = palleqr 01,5+ MK[[ur —zllc iy a1 (3.8)

t
+ML,y JO lur = wlle g pds+MLy D [fun (Tr) —u2 (i) ||

O<TE<t

for t € [0,a]. At the same time, by (3.6) and (H3) we have
l[ur (t) —u2 ()] < Ml|p1 = ballcr0.p) + MK =2l ¢y ay.p) (3.9)
for t € [-7,0). Formulas (3.8) and (3.9) imply that

[[ur (t) —u2 ()| < Ml|p1 — b2l _r01.0) + MK|[ur —uzller a1 p)

t (3.10)
+ML‘UO||u1—u2||C([—r,s],E>d5+ > Hul(Tk)_UZ(Tk)HE}'

0<Tg <t

Applying Gronwall’s inequality for discontinuous functions (see [5]), from (3.10) it
follows that

s (8) =2 )¢ ar.p) < <{M||<I51 —d2lleqorone

(3.11)
+ MK|[ur =12l y a5 fME (1 + ML)

and therefore, (3.2) holds. Inequality (3.4) is a consequence of (3.2). This completes
the proof of the theorem. |

REMARK 3.2. If K = k =0, then (3.2) is reduced to the classical inequality

s (6) = w2 (B)lle (a1, < Me™ b1 = d2llc—r 00,5, (3.12)

which is characteristic for the continuous dependence of the semilinear functional-
differential evolution Cauchy problem with the classical initial condition.
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