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GLOBAL ATTRACTIVITY IN A GENOTYPE SELECTION MODEL
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We obtain a sufficient condition for the global attractivity of the genotype selection model
Vsl = ynePn=2Yn-k) /(1 =y + ypePn1-2Yn-1)) 1 € N. Our results improve the results
established by Grove et al. (1994) and Kocic¢ and Ladas (1993).
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1. Introduction. Let Z denote the set of all integers. For a,b € 7, define N(a) =
{a,a+1,...}, N=N(0), and N(a,b) = {a,a+1,...,b} when a < b.
Consider the following nonlinear delay difference equation:

yneﬂn(lfzynfk)

Yn+1 = neN, (1.1)

1-v, +yneﬁn(1—2yn7k) ’

where k € N and {,} is a sequence of positive real numbers.

When k = 0 and 8, = B forall n € N, (1.1) was introduced by May [2, pages 513-560]
as an example of a map generated by a simple model for frequency-dependent natural
selection. The local stability of the equilibrium y = 1/2 of (1.1) was investigated by
May [2]. In [1] (see also [3]), Grove further investigated the stability of the equilibrium
v =1/2 of (1.1) and proved that when B,, = B, the equilibrium y = 1/2 of (1.1) is
locally asymptotically stable if 0 < 8 < 4cos(kmr/(2k +1)) and is unstable if 0 < 8 <
4cos(ktr/(2k +1)). Furthermore, if

0<B< k e N(1). (1.2)

2
E;
Then this equilibrium is a global attractor of all solution {y,} of (1.1) with initial
conditions ¥_k,Y_k+1,---, Y0 € (0,1).

On the basis of computer observations, the authors of [1] also observe that condition
(1.2) is probably far from sharp when k € N(2). Therefore, it is highly desirable to
improve condition (1.2).

The purpose of this paper is to obtain new sufficient conditions for the global at-
tractivity of the equilibrium ¥ = 1/2 of (1.1). Our main result is the following theorem.

THEOREM 1.1. Assume that {B,} is a positive sequence which satisfies

o 1

> Bi<3 (1.3)
“ne

+—!
o) k+1
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for all large n, and
Z Bi = . (1.4)

Then every solution {yy} of (1.1) with initial conditions y_,¥_k+1,---,Y0 € (0,1) will
tendtoy =1/2.

COROLLARY 1.2. Assume that B, = for allm € N and

B<i+ 1
T k+1  (k+1)2°

(1.5)

Then every solution {y,} of (1.1) with initial conditions y_x,yY—_k+1,-.-,Y0 € (0,1) will
tendtoy =1/2.

It is easy to see that when k € N(2), (1.5) is an improvement on (1.2).

By a solution of (1.1), we mean a sequence {y,} that is defined for n € N(—k) and
that satisfies (1.1) forn e N.If a_x,a_x+1,...,a0 are k+ 1 given constants, then (1.1)
has a unique solution satisfying the initial conditions

x;=a; forieN(-k,O0). (1.6)

For the sake of convenience, throughout, we use the convention

J
Z rn =0, whenever j <i-—1. (1.7)

n=i

2. Proof of Theorem 1.1. Let {y,} be a solution of (1.1) with initial conditions y_g,
V_k+1,---»Y0 € (0,1). Then clearly, v, € (0,1) for all n € N(—k). By introducing the
substitution

Xn=In—2" neN(—k), @2.1)
1-yn
we obtain
Axp +¥nf(xn-k) =0, neEN, 2.2)
Xk, X—k+1y--+, X0 € (—00,00), (2.3)
where
Axy = Xns1 - Yu=Bu  fl)=2-- (2.4)
Xn = Xn+1 — Xn, n=5bn X) = 1 .
It is easy to see that
f(0) =0, xf(x)>0 VxeR, (2.5)
X
f'(x)=4L2 Vx eR. (2.6)

(ex+1)
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Thus, f is increasing, we also have

4e*

f(x) < WZI for x =0, 2.7)

which implies that
|f(x)] <Ix| forx =+ 0. (2.8)

Define h as follows
h(x) =max{f(x),-f(-x)} forx>0. (2.9)

We have from (2.5), (2.8), and the increasing property of f that h(x) is increasing
in [0, ), and

|f(x)] <h(lx]) <|x| forx #0. (2.10)
We will now prove that
ylligloxn =0. (2.11)

There are two cases to consider.

CASE 1. The sequence {x,} is eventually nonnegative or eventually nonpositive. We
assume that {x,} is eventually nonnegative, then there exists an integer ny € N(k)
such that x;,_; > 0 for all n € N(ng). By (2.2), we have Ax, <0 for all n € N(ng) and
there exists a > 0 such that

lim x,, = a. (2.12)

Nn—oo

If a > 0, by the increasing property of f, it follows that
Axy < —1pf(a) VneN(ng+k). (2.13)

Summing (2.13) from 1y + k to n—1 and using (1.4), we have

n-1
Xn—Xng+k < —f(@) > ¥i— -0 asn— , (2.14)
i=ng+k

which contradicts (2.12). The case when {x,} is eventually nonpositive can be dealt
with similarly.

CASE 2. The sequence {x,} is oscillatory. By (1.3) and (2.4), then there exists an
integer n* € N(2k) such that

1

m, neN(n*—Zk), (2.15)

1

i Vi< = 3 +
<=
=n-k 2

Xnp*_1Xn* <0, xpx #= 0. (2.16)
By virtue of the choice of n*, there exists a real number A € [0,1) such that

xn*,1+2\(xn*—xn*,1) =0. (2.17)
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Let [ be a positive constant such that

max |xn| <L (2.18)
neNm*-2k-1,n*-1)

By (2.2), (2.10), (2.18), and the increasing property of h, we have
|Axp| <rnh(l), neNn*-1,n*+k-1). (2.19)

Which, together with (2.17), implies that

[Xn-k| = | Xn-k —Xnx-1—A(xnx —Xnx_1) |
n*-2
== > Axj—AAxpr
j=n-k (2.20)
n*-2
sh(l)( > rJ+Arn*1), neNmn*-1,n*+k-1).
j=n-k
In view of (2.2), (2.10), and (2.20), we obtain
n*-2
| Axy | <rnh(l)( > rjmrn*l), neNm*-1,n*+k-1). (2.21)
j=n-k
Now we show that
|xn| <h(l) VneNm*n*+k). (2.22)

There are two possible cases to consider.
CASE 1. Suppose thatd = Z?:J*k"l ¥i+(1=A)rp+ 1 < 1.By(2.15), (2.17), and (2.21)
we have for n e N(n*,n* + k)

|Xn| = |Xn_xn*—l_)\(xn* _xn*71)|
n-1
=| > Axi+(1-A)Axpx
i=n*

IA

n*+k-1 n*-2 n*-2
Z Tih(l)( z Tj+/\7’n*_1)+(lA)Tn*_lh(l)< z Tj+)\7’n*_1)

i=n* j=i-k j=n*—k-1

J

n*+k-1
= h(l) Z Ti|:

i=n*

Z vi— Z Tj-(l-/\)?’n*_l]

k j=n*

n*-1

+h()(1 =)y { > ri-(1 —A)WI}

Jj=n*-k-1
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B n*+k-1 i
sh(D)|ad— > 7 > Tj—(l—A)Tn*—ld]

i=n* j=n*

B * 2 *
n*+k-1 1 n*+k-1
:hU)adZ( > rJ -5 > rf(anﬁAd}
i=n*

i=n*

[ 1 1 n*+k-1 ]
=h® "‘d"dz——( Sorka (-0 1)}

2 2\~
L 1=n
(2.23)
Since
n*+k-1 1 n*+k-1 2 42
‘Z¥1f+(lin%ﬁhlzk+1(‘§; n+(1mnﬁ4) e (2.24)
=n i=n
We obtain
1 1 5
[xnl < h(l)[“d_ (2 * 2(k+1))d ]
(! 1 (2.25)
= h(l)[“ (2 o+ 1))]

=h(l).

CASE 2. Suppose that d = z?j,:*k’l ¥i+(1—=A)ry+_1 > 1. In this case, there exists an

integer m € N(n*,n* + k) such that

n*+k-1 n*+k-1
> risl, > ri>1 (2.26)
i=m i=m-1

Therefore, there is an n € (0,1] such that
n*+k-1
S v+ A-mrm =1 (2.27)
i=m

By (2.15), (2.17), (2.19), and (2.21), we have for n € N(n*,n* + k)

[xn| = |xn—Xn*-1—AAXp*_1 |

n-1
> Axi+(1=A)Axp+ 1

i=n*

n*+k-1
> Ax; |+ (1=A) [ Axpr 1|

j=n
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m—2 n*+k-1
=(1-A)|Axps_1] + Z [Axj|+n|Axm-1 |+ (1 =n)|Axm-1] + Z |Ax; |
Jj=n* Jj=m

m-2 n*-2
shU)Ol—Ah%&4+ Z’n+nnw4)+hUMl—nwm4< > n+Anﬁ4>

Jj=n* j=m-1-k

n*+k-1 n*-2
+h() > rj( > n+2\m*1)

j=m i=j—k

m-1
=hu>P1—An%*1+ Zjn~«1—nnw4

jen*

m-1 m-1
+hUﬂ1—nwm][ > or- z:n—(y—mrﬁ4

j=m-1-k Jj=n*

n*+k-1 J J m-1
+h(l) Z Tj|: vi— z vi— Z Ti—(l—A)Tn*_1:|

j=m i=j—-k i=m i=n*

r n*+k—-1 J
sh()|x—Q-mMrm-1— z ¥y Zﬂ}

B Jj=m i=m

_ " 2 *

1 n*+k-1 ln +k-1 )

=h(D| o= (A=mrm-1-5 ,Z L —ng ¥

B j=m J=m

= A &= A=)~ 5 (= (L= 1) = 3

3
<. *
Il +
3 Mw

|

)

2
a

B 11 n*+k-1 ]
=h() 0(—2—2( > 7’12+(1—f7)27’fn1)]'

L j=m
(2.28)
Since
n*+k-1 1 n*+k-1 2 1
2 2.2

jgﬂ ri+ (1=, = m( J-:Z,:n Tj+(1—n)rml) > o1 (2.29)

We obtain

1 1

bl <) (0= = 5757 ) = O (2.30)

Furthermore, we can prove that

[xn| <h(l) VneN(n*). (2.31)
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Assume, for the sake of contradiction, that (2.31) is not true. Then there exists m; €
N(n* +k+1) such that [x,,, | > h(l) and |x,| < h(l) for n € N(n*,m; —1). Set

my =max {n e N(n*,my) : xy_1xn < 0,x, = 0}. (2.32)
In case m; < my + k. From (2.10), we have

L lnl =R <L (2.33)

max
neN(@myp-2k—-1,myp—
By a similar method to the proof of (2.22), we obtain
|xn| <h(l) VneN(my,my+k) (2.34)

which contradicts the definition of m,. In case m; —1 > m» + k, it follows from the
choice of m; and m, that

xpn>0 or x,<0 VneN(mym). (2.35)

Assume that x,, > 0 for all n € N(mp,m). (In case x,, < 0, the proof is similar.)
From (2.2) we have

Ax, <0 forneN(m;—1,m;+k) (2.36)
which implies that
Xmy < Xmy-1 < h(l). (2.37)
This contradicts the definition of m,. Thus (2.31) holds.
From the argument above, we can establish a sequence {n;} of positive integers
with n; = n*, ni;1 —n; > 2k such that

Xn;-1Xn; =0, Xy, #0, (2.38)

and a sequence {z;} with z; =, z;;1 = h(z;) such that

neN(nir_r%k_lyni_” [xn| <zi, |xn|l <zis1 VYneN(mn). (2.39)

By (2.10), we obtain
ian}g zi=0 (2.40)
which, together with (2.39), implies that lim, . X, = 0. The proof is complete. O
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