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RATE PRESERVATION OF DOUBLE SEQUENCES
UNDER [-l TYPE TRANSFORMATION
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Following the concepts of divergent rate preservation for ordinary sequences, we present a
notion of rates preservation of divergent double sequences under [-1 type transformations.
Definitions for Pringsheim limit inferior and superior are also presented. These definitions
and the notion of asymptotically equivalent double sequences, are used to present neces-
sary and sufficient conditions on the entries of a four-dimensional matrix such that, the
rate of divergence is preserved for a given double sequences under [-1 type mapping where
L=:{xp1: g 1oy 1Xk1] < ool

2000 Mathematics Subject Classification: 42B15, 40C05.

1. Introduction. The concepts of rates preservation for P-convergence and P-diver-
gence of asymptotically equivalent of double sequences under four-dimensional ma-
trix transformation is presented in [2]. This paper presents necessary and sufficient
conditions on the entries of a four-dimensional matrix such that the asymptotic prop-
erties of the given sequences are preserved under [-l type mapping where [ =: {xy, :
Srisi Xkl < oo}

2. Definitions, notation, and preliminary results

DEFINITION 2.1 (see [5]). A double sequence [x] = {xi,;} has Pringsheim limit L
(denoted by P-limx = L) provided that given € > 0 there exists N € N such that
[xk1—L| < € whenever k > N and [ > N. We will describe such an [x] more briefly
as “P-convergent.”

A double sequence [x] is bounded if and only if there exists a positive number M
such that |xy ;| < M for all k and L. Note that a convergent double sequence need not
be bounded. In 1900, Pringsheim gave the following definition: a double sequence [x]
is called definite divergent if for every (arbitrarily large) G > 0, there exist two natural
numbers n; and n, such that [x, k| > G for n = ny, k = n,. This definition is clearly
equivalent to P-lim[|x|] = co.

DEFINITION 2.2 (see [4]). Anumber fis called a Pringsheim limit point of the double
sequence [x] = {x,} provided that there exists a sequence [Y] = {¥Vnk} of {xXnx}
that has Pringsheim limit B : P-lim y, x = .

DEFINITION 2.3 (see [4]). The double sequence [y ] is a double subsequence of the
sequence [x] provided that there exist two increasing double index sequences {n;}
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and {k;} such thatif {z;} = {xnj,kj}, then [y] is formed by

Z1 Z2 Z5 Z10
Z4 Z3 Zg —
z9 28 zZ7 —

REMARK 2.4. The definition of a Pringsheim limit point can also be stated as fol-
lows: B is a Pringsheim limit point of x provided that there exist two increasing index
sequences {n;} and {k;} such that lim; x,, x;, = B. In addition to this reformulation of
subsequence definition it should be noted that a finite number of unbounded rows
and/or columns does not affect the P-convergence or P-divergence of [x] and its
subsequences.

DEFINITION 2.5 (see [4]). A double sequence [x] is divergent in the Pringsheim
sense (P-divergent) provided that [x] does not converge in the Pringsheim sense
(P-convergent).

We consider the following notation: I = {xy;: 3;}Z; | Ixx1l < o} denoted by 1,
da = {xg1 : the P-limy, n 3117, | Amn ki Xk, exists}, Ps is the set of all real double
number sequences such that xx; = 6 > 0 for all k, and [}, and Py is the set of all
nonnegative sequences which have at most a finite number of columns and/or rows
with zero entries.

DEFINITION 2.6 (see [2]). Two nonnegative double sequences [x] and [y ] are said
to be asymptotically equivalent if

P-lim kL 1 @2.1)
Kl Vi

(denoted by x £ »).

DEFINITION 2.7. For any double sequence [x], let [Sx] denote the sequence of
partial double sums whose m and nth term is given by

SmanXi= > | Xkl (2.2)

k,l=mn

DEFINITION 2.8 (see [3]). Let [x] = {xx,;} be a double sequence of real numbers
and for each n, let &, = sup,, {xx,;:k >n = and | = n}. The Pringsheim limit superior
of [x] is defined as follows:

(1) if @ = +oo for each n, then P-limsup[x] := +oo;

(2) if x < o for some n, then P-limsup[x]:=inf, {«,}.
Similarly, let 8,, = inf,, {x%,1: k = n and [ = n} then the Pringsheim limit inferior of [x]
is defined as follows:

(1) if B, = — for each n, then P-liminf[x] := —oo;

(2) if By > —oo for some n, then P-liminf[x] := sup,, {Bx}.
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3. Main results. For sequences x and y notin l = {xy: >, |Xk| < 0o}, Marouf in
[1] used partial sum to characterize divergence rate preserving for such sequences
under [-l transformation. The following theorem is a multiple-dimensional analog of
Marouf theorem.

THEOREM 3.1. If A is a nonnegative real four-dimensional matrix, then the following
statements are equivalent:
(1) if [x] and [y] are bounded double sequences such that x L v, [x] € Py, and
[v] € Ps for some 6 > 0, then
(@ [Ax] and [Ay] are notinl"” and
(B) Smn(AX) £ Smn(AY)
(2) (a)

{ > am,n,k,l} ¢l; (3.1)
m,n

k=11

(b) for some p and q

o, B
zm,nzl,l Amn,p.q } =0. (32)

P_lg(nl;l{za'ﬁ Zoo,oo a
’ mmn=1,1 £k,l=1,1 “mnk,l

PROOF. We will begin by proving that (2) implies (1). Suppose (2) holds and [x] and
[v] are such that x L v, [x] € Py, and [y] € Ps for some 6 > 0. First we will show
that [Ax] and [Ay] are not in [”. Since [y ] is in Ps and 2(a) grant us that

00,00 00,00

Z Ammkl = +0, 3.3)
mmn=1,1k,l=1,1

we obtain the following inequality

0,00 00,00 00,00 0,00 00,00
Z (AY)mn = Z Z Ammn,k1Vkl = ) z Z aAmmn,k,l- (3.4)
mmn=1,1 mmn=1,1k,l=1,1 mmn=1,1k,l=1,1

Thus [Ay] is not in [". Also since x L v, given € > 0 there exist K and L such that
|Xk,1/Vki— 1] < € whenever k > K and [ > L. This implies that

(1-e)ykr<xx1<(1+e)yk; fork>K,1>L. (3.5)

As a consequence of (3.5), the following inequality holds:

00,00 00,00 00,00

Z (Ax)m,n = Z Z Amn k1 Xk,
mn=1,1 mn=1,1k,l=1,1
00,00 00,00
2(1-€¢) > > amnkikl
mmn=1,1k,l=1,1 (3.6)

>1-08 S Y dmmn

m,n=1,1k,l=1,1

= +00,
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Thus [Ax] ¢ I”". Second we show that Sy, , (Ax) ~ Sm n(Ay). Consider the following:

o,p 00,00
Sap(Ax) = > (AX)mn = Z > AmnkiXkl
mmn=1,1 mmn=1,1 k,l=1,1
o K-1,L-1 00,00
= Z Z Amnk, 1 Xk T Z Z Amn,k, 1 Xk,
mmn=1,1 k,l=1,1 mn=1,1k 1=K,L
0o, L—1 oB  K-1,0
+ Z z Amnk 1 Xk + Z Z Amn,k, 1 Xk,
mn=11 g |=K,1 mn=1,1k,1=1,L
K-1,1-1 o,pB
< > xk D max  {amnxi}
ki=1,1 mmn=1,1 1<k<K;l1<Il<L

o, 00,00

+(1+e) D D ammkiVil
mmn=1,1 k1=K ,L

00,[—1 o,B

+ > Xk > sup {ammki)
k1=K,1 mmn=1,1 K<k<oo;l<leo

K-1,00 o, B

+ Z Xk, Z sup  {a@mnk,l}-

kil=1L mmn=1,11<K<k;L<lo

As a consequence of the last inequality, we obtain the following:

K- lL 1 s
Sap(AX) _ ( Ki=1.1 Xkl)(Z;:@,Bn1,1maX15k<K;1sl<i {am,n,k,l}>

Sap(AY) o Zz{l,gn:u Sz Amn kil

Zkz leklzmn 1,1 SUPR <k <ol <loo {amnii}

+(1+€)+
Zm,n:l,l Shic11 Amnkl

K-1,
N P ﬁxklgmn 113UP1<K<kL<loo{amnkl}

B
Zm,n:l,l zk,z:m Am,n,k,l

Observe that condition 2(b) implies the following:

Zm n=1,1 MaAX] <k <g:1<l<L {am,n,k,l}

P-lim — =0,
xp zm,nzl,l 2ki=1,1 Amnkl
co,L—1 o, B
Pl Zk,lzgll zm,n:l,l SUPEK <k<oo;1<loo {ammnr1} 0
- l =
o,B 00,00 ’
B Zmn—llzkz—llamnkl
K—-1,00

Xklz sup {amnkl}

. k,l=1,L m,n=1,1 1<K<k;L<loo

P-lim =0
«p erl,n:l,l ko1 Amnkl

(3.7)

(3.8)

(3.9)
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Therefore,
S (AX) (3.10)

P-lim— < (1+e€
B Sa,p(AY) ( )-

Similar to the above inequalities we obtain

o,B 00,00 o K-1,L-1
z Amn,k, 1 Xk, T Z Z Amn,k 1 XK1+ z Z Am,n,k, 1 Xk,

Sap(Ax)=
mmn=1,1k,l=1,1 mmn=1,1 k,l=1,1 mmn=1,1k 1=K ,[
oo, L—1 o K-1,0

+ Z Z Amn,k 1 Xk, + Z Z Am,n,k, 1 Xk,
mn=1,1k 1=K, mn=1,1k =1L
D(B 00,00

K-1,1-1 B
> Xkl D, min = {amnrit+(1-€) > D AmnkiVii
1 1=k<K;l=I<L ML kR L

k,l=1,1 mmn=1,
K-1,00 o,pB

00, [—1 o,B
+ > xk >, inf Aamaritt D xk D
k1=Kl m‘n:LlKSk<oo;lSloo =y mn=1,1

K-1,L-1 «,p

inf {amnii}
1<K<k;L<loo

> Xkl min = {amnk}
mn=1.1 1<k<K;1<l<L
o,B 00,00 o, K-1,1-1
+(1-€) > D ammkiyi—(1-€) > > Amnk Vil
m,n=1,1k,l=1,1 m,n=1,1 k,l=1,1
o oo,L-1 oB  K-1,00
—1-e) > D ammkiVki—(1-€) D> D AmnkiVl
mmn=1,1k1=K,1 mn=1,1kl=1,L
00, L—1 «,B K-1,00 o.B
+ > x>, inf {amnkilt D Xk D, inf  {amnkil,
KI=K1 mn=1,1 K <k<oo;1<loo k=1L mmn=1,1 1<K<k;L<loo
1 L 1 o8 .
Su,B(Ax) (Zkl Xk,l) <2mn 1,1 MYy g <Ri1<1<L {am,n,k,l} )
00,00
zm n=1,1 2k o1,1 Am,nk,l

Sap(Ay) SUPg 1 Vi,
K-1,0-1
Vil Zmn 11 A g1 <1<f A Amnk i}

1—€) 2501

+(1+€)—
6 Zwi N1 2kiet 1 Akl

00,1
(I_E)Zkl K13’k12mn 1lsupK<k<oo1<loo{amnkl}

0 ZmBn:I 1 2k Amnkl
(d-e ka<l llooLykl S 1,1 SUP) i < <o {Am,n bt}
g Zm no11 2kie1,1 Amonk,l
" Zz‘l]::;zll Xk,l Zs(yll,gnzl,l iansk«vo;lsloo {am,n,k,l}
Ef(riﬁn:l 1 2kl Amnkl

K-1,0
Xk, Zm n=1 llnflst};igloo {am,n,k,l}

k=1L
’00
Zm n=1,1 Zk,l:l,l Ammn,k,l

(3.11)
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Condition 2(b) implies that each of the nonconstant terms of the last inequality has
a Pringsheim limit of zero this yields

Sw,p(AX)

P-lm———>1-e. 3.12
B Sap(AY) ( )
Therefore,
. SaB(AX)
P-lim—""——— = 3.13
M Sap(Ay) G-13)

(that is, Sm,n(Ax) L Smn(Ay)). This completes the sufficiency part of this theorem.
To establish the necessary part of this theorem (that is, (1) implies (2)). We form two
double sequences [x] and [y ] such that x L v, 1(a) and 1(b) holds but [Sy; » (Ax)] is
not asymptotically equivalent to [Syn(Ay)]. Let yx,; =1 for all k and [ and

(3.14)

1, ifk>wo, L= B;
Xkl = .
0, otherwise.

Observe that x 2 v, [x] € Py, and [y] € P;. Assume that condition 2(a) does not hold.
Also let  and « be two fixed positive integers and consider the following inequality

p,a p.q 00,00
Spa(Ax) = > (AX)mm= D D AmuklXkl
mmn=1,1 m,n=1,1k,l=1,1
p,a 00,00 p.d 0,00
= Z Z Ammik,l = Z Z Am,n,k,l
mmn=1,1kl=0,B mn=1,1k,l=1,1
pa  o,p-1 pd  a-1l,0 pa «-1-1
- > D Amnki— . Q. Amaki— Q. > Amnki (3.15)
mmn=1,1kl=c,1 mn=1,1k,l=1, mmn=1,1 k,l=1,1
p.a 00,00 pr.a
< Z z Ammnk,l — Z Amn,o,B-1
mmn=1,1k,l=1,1 mmn=1,1
p,a p.q
- Z Ammn,a-1,8— z Amn,o—1,-1-
mmn=1,1 mmn=1,1
This inequality implies
r.q
Sp,q (Ax) mmn=1,1 dmmn,x,p-1
T NPa 0,00
Spa(AY) 2mn—1,1 2ki=1,1 Emnk,l

nyi,qn:1,1 Ammn,a-1,8
- r.4q 0,00
2mn—1,1 2k =11 Fmnk,l
Efn‘,?}’[:l’l Amn,x—-1,-1
- r.q 0,00 .
Zm,nzl,l Zk,l:l,l Ammn,k,l

(3.16)
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Thus,
Sy a(Ax pa o a _
P-liminf SpalAX) < 1-P-limsup p%m‘”_l‘loo OT'"'O('B !
pa  Spq(AY) P, =11 2k i=1,1 Amnk,l
fyiqnzl 1Amn,x-1,8
—P-limsup =57 o (3.17)
p.a mmn=1,1 zk,lzl,l Am,n,k,l
— P-limsup =1, G 11
P.a fri,qnzl,l Skt Amn il
Therefore,
Spa(Ax
P-hminfM <1. (3.18)
pa  Spq(Ay)

This implies that [Sy,n (Ax)] is not asymptotically equivalent to [Sy,n(Ay)]. We need
only to show that 2(a) holds. If we let yy; =1 for all k and [, then

00,00

(AY)mn = Z Ammn,k,l- (3.19)
k,l

Since [Ay] ¢ I” then

{ > am,n,k,l} ¢l; (3.20)
m,n

k,=1,1
thus (1) implies (2). This completes the proof of this theorem. O
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