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ABSTRACT. An initial (final) value Abelian theorem concerning transforms of func-
tions is a result in which known behavior of the function as its domain variable
approaches zero (approaches =) is used to infer the behavior of the transform as
its domain variable approaches zero (approaches «). We obtain such theorems in
this paper concerning the Stieltjes transform. In our results all parameters are
complex; the variable s of the transform is complex in the right half plane; and
the initial (final) yalue Abelian theorems are obtained as |s| + 0 (|s| + ») with-
in an arbitrary wedge in the right half plane.
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1. INTRODUCTION.

The analysis of [1] extended the Abelian theorems of Widder [2, pp. 183-185]
and Misra [3, Theorems 3.1.1 and 4.1.1] for the generalized Stieltjes transform

F(s) = E £(e) (s+0) P71 g (1.1)

of a function f(t) with p being real to the case that s is a complex variable. Re-
cently Tiwari [4, pp. 52-57] obtained a further extension by considering the gener-
alized Stieltjes transform as studied by Byrne and Love [5] in which case the para-
meter p 1s complex as well. In this paper we obtain initial and final value Abelian

theorems for the generalized Stieltjes transform of functions which have as special
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cases all of the corresponding results of [1] - [4]; in addition to both s and p
being complex here, a generalizing assumption is placed on the function f(t) in
(1.1) in our present results. Further, we obtain completely new Abelian theorems
by putting a new limit assumption on the function f(t) in (1.1) as t > O+ and as
t >+ o,

Throughout this paper t will denote a real variable. s = 0 + iw,
P =P + ip2 , and n = nl + in2 will be complex numbers. The set of all complex
numbers will be denoted by C, and 2n(t) will denote the natural logarithm of
t > 0. In this paper all powers will be principal value powers. Log(s) and Arg(s)
will denote the usual principal value of the logarithm and argument of the complex
variable s, -m < Arg(s) < m, respectively. Following Carlson [6, p. 291] we put
C, ={seC:s#0, |arg(s)| < m/2} and Co = {secC:s#0, |Arg(s)| < m}. Thus

C> is the open right half plane and C, is the complex plane cut along the non-

0
positive real axis. The gamma and beta functions will be denoted by I'(x) and

B(x,y), respectively, for suitable variables x and y.

In this paper the generalized Stieltjes transform F(s) of a complex valued
function f(t) of the real variable t > 0 refers to the transform defined in (1.1)
with the stated values of the complex number p being given in the various results.
Notice that we have taken the power on the (s+t) term in (1.1) to be —p-1; whereas
Byrne and Love [5] and Tiwari [4], for example, take this power to be -p. We prefer
to use the power -p-1 in (1.1) in this paper for typographic convenience with
respect to our analysis in sections 3 and 4. If one preferred to take the power
in (1.1) to be -p, which is usually done, the results of sections 3 and 4 remain
valid by simply replacing p by p-1 in the hypotheses and conclusions of the results
of these sections; for example the hypothesis in Theorem 3.1 that (p - n) € C>
would be changed to (p - n=-1) € C, 3 and p would be replaced by p-1 in the
conclusion (3.2) of Theorem 3.1 with similar changes in Theorems 3.2, 4.1, and
4.2, The corresponding results are equivalent whether -p-1 or -p is chosen as the

power on (s+t) in (1.1).
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2.  PRELIMINARIES.

In this section we obtain results which we shall use in the proofs of our
Abelian theorems. The following result extends [1l, Lemma] and [4, p. 40, Lemma
1.5]. The proof which we give here is based on properties of Carlson's R function
[6, p. 97, Definition 5.9-1; p. 137, Corollary 6.3-4; and p. 153, Theorem 6.8-1].

LEMMA 2.1. Let p and n be complex numbers such that p - n € C and n +1¢€

C_. Let s € CO. We have

>
P J‘; " (s+t) P dt = B(p-n,nt1) = HR_—TI]-)(I)_I,‘_{—;’H) . (2.1)

PROOF. In [6, p. 154, (6)] let a=p -nand a' =N+ 1; let k=2 and z =

(z,,2z,) where z, = s and z, = 1. Further, let b = (b,,b,) where b, = a + a' =
1°72 1 2 1’72 1

p+1landb, =0. For t > 0 and z, = s € C, we have |Arg(t+s)| < m; and obviously

2
|Arg(t+zz)[ < 7 since z

1 0

9 = 1. Thus by [6, p. 154, (6)] we have

; S S n -p-1 2.2
Rﬂ-P(wl’O’s’l) B(p_n’n_'_l) Et (t+s) dt . (2.2)

But because of [6, p. 136, (3)] and the definition of Rt(b;z) for k =1 [6, p. 97,
Definition 5.9-1] we have

n-
R _,(@+1,038,1) = R\ (p+13s) = s L (2.3)

The first equality in (2.1) is now obtained by combining (2.2) and (2.3). The
second equality in (2.1) follows by [6, p. 60, Definition 4.2-1]. The proof is
complete.

We correct an error and misprints in the proof of [1, Lemma]. In [1, Lemma]
we assumed that p and n are real numbers such that -1 < n < p. Thus because of
the possible values for p and n a more complicated contour should have been chosen
with which to apply the Cauchy theorem in the proof. Under the assumption that

w=Im(s) >0, s ¢ CO’ in the proof of [l1, Lemma], we obtain the first equality
\J e'

of [1, (3)] as before. Now let a = rele and A = Re" , 0' = Arg(1l/s), 0 < r < R.

Let Tl denote the straight line segment from a to A; let T2 be the arc of circum-

ference z = Reie, B' <8 <0, fromz = A to z = R; let ') be the straight line

3

segment along the real axis from z = R to z = r; and let FA be the arc of circum-
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ference z = reie, 8'< 6 <0, fromz = r to z = a. Finally let ' be the union of

r.,, r F3, and T,. Cauchy's theorem can now be applied with respect to I' and the

1’ "2 4°
n -p-1
integrand (z (1+z) ), and we obtain

R
J N 0P ax = ¢ J + I + J ) 2 (+2) P dz , z = xHy. (2.4)
r
Fl F2 T4
Straightforward estimates show that
lim J zn (1+z)-p--1 dz = 0 = 1lim J zn (1+z)-p_l dz .
o0 7 e
4 2

Hence upon letting r » O+ and R > © in (2.4), the proof is completed for the case
w=1Imn(s) >0, s € C0 , as in [1, Lemma] using the first equality of [1, (3)]. The
proof for the case w = Im(s) < 0 in [1, Lemma] proceeds analogously.

The following two lemmas contain some inequalities which we shall use later.
P = p1 + ip2 , N = nl + inz , and s = 0 + iw are complex numbers in these lemmas
and throughout the remainder of the paper.

LEMMA 2.2. Let t > O be a real number. Let p, N, and s be complex numbers

such that p - n € C,,n+ le C> , and s € C, . We have

n
] = 1 (2.5)
-p-1 P
| (s+t) | < |st+t] exp(ﬂlp2|/2)
(2.6)
< (o+t) exp(m|p,|/2) ;
-p-1 “Pp”
|(s+t) | < |s+t| exp(ﬂ|p2|/2)
(2.7)
-p,-
< s exp(n|p,|/2) ;
- PN
1P < fsl Pt exptmp,nyl/2) (2.8)
Further, if t > y > 0 for fixed y > O then
-p,-1 -p,-1
|s+t| * <t 1, (2.9)

PROOF. All of the proofs follow easily by using the properties of the prin-
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cipal value power. As an example we prove (2.8) and leave the proofs for (2.5) -

(2.7) and (2.9) to the interested reader. We have

|27

|exp((p-n) Log(s))|

exp((p;-n;) n|s)) exp(-(p,=n,) Arg(s))

P,-N
lsll 1

|A

exp(|p,-n,| |Arg(s)])

P,-N
< lslt Tt expmlp,mnyl/2)
for s € C, , and (2.8) is obtained.
LEMMA 2.3.

I. Let s € C> and let n be any complex number. We have

_ -n
"7« |s] t exp(n|n,|/2) . (2.10)

II. Let n be a fixed complex number such that -1 < n, = Re(n) < 0 and let
s € C, such that 0 = Re(s) > 1 and n(0) > |7 ctn(nm)|. We have
|Log(s) - 7 cta(m |t < Q@) - |7 ctam )7L . (2.11)
ITII. Let n be a fixed complex number such that -1 < n = Re(n) < 0 and let
2n|s|

s € C, such that 0 < |s| < 1 and > |7 ctn(nm)|. We have

|Log(s) - m ctn(nn)l-l < (|fn]s]| - |m ctn(mr)l)_l . (2.12)

IV. Let n and s satisfy the assumptions of III and in addition assume that

for a given fixed K > 0, s € P = {s : s=0+1iw, 0 >0, |u| < Ko},

(o(1 + K2)l/2) < 1, and |2n(0(1 + K2)1/2)| > |W ctn(nﬂ)l. Then (2.12) can be

continued as

|Log(s) - ™ -:t:n(mr)[_1 < - | ct:n(mr)l)-1

(|ln|s|

(2.13)

Y2y noceaam D7

< (|20 + &%)
PROOF. For real r > O we know that |fn(r)| + « as r > O+ or as r > . Thus

> |7 cta(nm)| in III, and

nls|

the assumptions £n(0) > |7 ctn(nm)| in II,

1/2

[2n(o(1 + KZ) )| > |7 ctn(nm)| in IV are meaningful assumptions on 0 = Re(s) and

s for fixed n. Now the proof of (2.10) is like those used to prove Lemma 2.2 and is
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left to the reader. To prove (2.11) we note that under the stated hypotheses in
II we have )
|Log(s) - ctn(nﬂ)l > [Log(s)l - Iﬂ ctn(nﬂ)|
(2.14)
> fnls| - |7 cta(mm| > 2n(0) - |7 cta(mm)]| ,
and all differences are positive. (2.11) follows by taking reciprocals in (2.14).

To prove (2.12) we note that under the assumptions in III we have

|Log(s) -~ m ctn(nm)| > |Log(s)| - |7 cta(mm| > [fa|s|| - |7 ctn(nm)| (2.15)

with both differences being positive. (2.12) follows by taking reciprocals in
(2.15). We now prove (2.13). Under the assumptions in IV, s is in the wedge PK .

Thus |s| < o(1 + K?')l/2 2)1/2

2)1/2

. Since 0 < Isl <1 and (0(1 + K ) < 1 then lnlsl <

n(o(l + K ) and hence

tals|| > |t + kY% . (2.16)

The second inequality of (2.13) now follows by subtracting |m ctn(mm)| from both

sides of (2.16) and then taking reciprocals. The proof of Lemma 2.3 is complete.
We shall need the Stieltjes transform formula contained in [7, p. 218, (28)]

in section 4 of this paper, and we state this formula in the following lemma.
LEMMA 2.4. Let n be a complex number such that -1 < Re(n) < 0. Let 8 be a

complex number such that IArg(s)l < m. Then

fw t" 2n(t) (s+t:)-1 dt = -1 g csc(nm) (Log(s) - ™ ctn(nm)) .
0

The next lemma contains representations of two improper Riemann integrals
which we shall need in our analysis in section 4.

LEMMA 2.5. For 0 < 0 < 1 and -1 < 8 < 0 we have

©

1
J t? tne) @y ar = of taco) 7 -D¥ BHan T
0

k=0
- Ay DF e - T D 2 (2.17)
k=0 k=0

- P T DE et v BT k.
k=0 k=0
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For 1 < 0 < ® and -1 < B < 0 we have

o

r B @l ae = B e T D® @iyt
1 k=0
+ o T DM a2 ¢ T DR oL g2 (2.18)
k=0 k=0
+ 0 T ¥ en? + Pue T et
k=0 k=0

PROOF. First note that all series on the right of (2.17) and (2.18) are

(o]
convergent. We prove (2.17) now. The improper integral J t:B 2n(t) (o+t) ! dt ,
0

0 <0< 1, is defined to be the value of

o
1lim B -1
650 JG t- An(t) (o+t) dt .

Furthermore, since the integral of a Riemann integrable function is a continuous
function of its upper limit of integration [8, Theorem 7.32, pp. 161 - 162], we

have

o B c-€ B
t” 2n(t) _  lim t~ fn(t)
JG “ott dt = € Ja it dt , 0< 8§ <0< 1. (2.19)

Hence consider the integral over the interval § < t < o -€ 1in (2.19). For such

t we note that |t/c| < (6 - €)/0 < 1; hence the series

-]

1 (-1
k=0

k Btk -k 2n(t)

converges uniformly for § < t < 0 -~€ by the Weierstrass M-test [8, Theorem 9.6,
p. 223]. The interchange of integration and summation in the second line of the

following computation is therefore justified [8, Theorem 9.9, p. 226].

r’e & n(e) gt = o1 r" t? 2a(e) dt
8

o+t s 1+(t/0)
o-€ © © o-€
=0t J f one) (-t/0)F at = ) -1k oK1 J B gn(e) at
k=0 k=0 S
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7 DX o B! tace) - (e T2 (B
k=0 [
- -©P (] -D¥ ((0-€)/*T B+ ta(o-€) (2.20)
k=0
- 7 DX (- €)/F (BHe) D)

k=0

oL 6P (7 D¥ 6/0)F D) n(8)
k=0

©

- 1 DX Eo* @HenTH

k=0

The last step above is justified since all four series are convergent by the
alternating series test [8, Theorem 8.16, p. 188]. By Abel's theorem [8, Theorem
9.31, p. 245] we know that we can evaluate the limit as € ~+ O+ in (2.20) by
merely setting € = O in the last equality. Also since the last two series in
(2.20) converge uniformly in &, say for 0 < § < /2, and since B + 1 > 0, then

the product involving the last two series in (2.20) converges to zero as § > O+.

Thus first letting € - O+ and then letting § + O+ in (2.20) we obtain

o B © ©
J £ e 2 of pno) [ DX @ - F T D e L a2
o ¢ k=0 k=0

Using the same type of argument as in obtaining (2.21), the following computation

is also valid.

Jl ¢P fn(t) 4. . lm Jl P fn(t) ..
o o+t € 0+ o+e€ o+t
‘1_1,3_,_ Jl 21 g o}? o/t at
o+ € k=0
= Mmooy pkok Jl %L gnce) de (2.22)
€-0+ k=0 o+ €

I
=
[
8
o~
o
~
!
(o
N
~
Q
-
~~
|
~~
T
=
N
U
N
}
Q
+
m
N
w
(]
~
~
~~
T
=
N
!
[
x
=]
)
+
M
N
]
~~
T
x
N
1
N
N
N
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Ho 7 DR o* -0 - o+ € tnor€) T -1 0/ o+€)* Bt
€-or "0 k=0

+ @+ @f T ¥ ©roren® @17
k=0

B e R R T S LI L S A
k=0 k=0 k=0
The desired equality (2.17) is now obtained by combining (2.21) and (2.22).
The proof of (2.18) is completely analogous to that of (2.17). We split the
integral in (2.18) at g, 1 < 0 < », and proceed similarly as in the proof of
(2.17). We leave the now straightforward details to the interested reader. The

proof of Lemma 2.5 is complete.

3. ABELIAN THEOREMS GENERALIZING THOSE OF [1] - [4].

In the Abelian theorems for functions of [1] - [4], hypotheses are placed
on the quotient f(t:)/t:n for certain specified real n and then limit properties
are obtained for the generalized Stieltjes transform of f(t). In this section we
allow n to be complex in the assumptions on the quotient f(t)/tn; the Abelian
theorems for functions of [1] - [4] become spécial cases of the results presented
in this section. We note that there exist complex valued functions f(t) of the
real variable t > 0 which satisfy the hypotheses stated in both Theorem 3.1 and
Theorem 3.2 below.

Let K > 0 be an arbitrary but fixed real number. We recall the wedge PK =
{s : s=0+iw, 0 >0, |w| < Ko} in C, as defined in Lemma 2.3 (IV). Our initial
value Abelian theorem is as follows.

THEOREM 3.1. Let p and n be complex numbers such that p - n € c, and
n+1le C> . Let f(t) be a complex valued function of the real variable t > 0
such that the generalized Stieltjes transform F(s) of f(t) exists for s € C, and
such that (f(t)/tn) is bounded on y < t < « for all y > 0. Let o be a complex

number such that

—— = a .
t>0+ tn
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Then for each fixed K > 0,

1im p-Nn

F(s)
|s|-*0 S \8J a . (3.2)
SEPK B(P‘n ,T'H'l)

PROOF. Using (1.1) and Lemma 2.1 we have for any y > 0 that

y _..n
l f£(t) -a t dt

|sP™ F(s) - @ B(p-n,n+1)| < |[sP7T] J
0 (s+t)p+1

(3.3)

_ n
+ |sPT| Jm | 2352———%;%— I dt = I, +1,.
y (stt)

We first estimate Il. Let € > 0 be arbitrary. Applying the hypothesis (3.1),

there exists a § > 0 such that
f£(t) _ o
tT’I

< € if0<t<§ .

We now fix y in (3.3) such that 0 < y < § and obtain
I, < € I "] | (s+) P ae . (3.4)

Using (2.5), the second inequality of (2.6), (2.8), and Lemma 2.1, we obtain from

(3.4) that
PN y n -p,-1
I, < € em(nlp,|/2) exp(m|p,,|/2) [s| 1 f £l (o) 1 ode
0
(3.5)
|s] pl'"l
< € exp(n|p,|/2) exp(n|p, -n,|/2) B(p,-n; 0+ (o .
Now restrict s ¢ C> to PK; for s =0 + iw € PK
P,-N 1/2yp,-n 5 (P -ny )/2
('—:I—)llsi(‘”—‘(j’)——]ll= a+xh ! . (3.8
(3.5) and (3.6) yield
2 (pl-nl)/Z
I, < € exp(n[py|/2) exp(n|py=n,|/2) B(py-n,n;+1) (1 + K°) (3.7

for arbitrary € > O where s € PK .

For 12 we have
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sup

) 1P r 1] | (s+e)P7Y ae (3.8)
y

and the supremum is finite since by hypothesis (f(t)/tn) is bounded on y < t < =,

Now use (2.5), the first inequality of (2.6), and (2.8) in (3.8) to obtain

f(t)

== -

tﬂ

1 i ( sup

2 g< < ) exp(mlp,l/2) ¢

(3.9)

p,N n -p,-1
. exP(ﬂlpz—n2|/2) ls| 1 L [w e s+t 1 ae .
y
Recall that p - n € C, so that P - > 0. Using (2.9) in (3.9) and then perform-

ing the integration we have

sup f(t) .
L < (jepem e ) exp(n|p,|/2)
(3.10)
n,-p
171 P,-N
* exp(‘"lpz—nzl/z) le_n_l] lsl 11 .

(3.10) is valid for all s € C, and shows that I~ 0 as |s| » 0 in any manner in
C>. We now combine (3.3), (3.7), and (3.10) to obtain
lim sup
|s|+0 | F(s) - a B(p-n,n+1)|

SEPK

< € exp(n|p,|/2) exp(m|p,,|/2) B(p;~n;,n +1) (1 + K%

where € > 0 is arbitrary. The desired result (3.2) follows immediately, and the
proof is complete.
The initial value Abelian theorems [1, Theorem 1], [2, pp. 183 - 185],
[3, Theorem 3.1.1], and [4, Theorem 4.1] are all special cases of Theorem 3.1.
The approach of s to zero inside the wedge PK for arbitrary but fixed
K > 0 in Theorem 3.1 is a sufficient condition for the desired conclusion (3.2)
to hold but is not a necessary condition. The example of [1, p. 51] shows this.
We now prove our final value Abelian theorem.
THEOREM 3.2. Let p and n be complex numbers such that p - n € C> and

n+1ecC, . Let f(t) be a complex valued function of the real variable t > 0
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such that the generalized Stieltjes transform F(s) of f(t) exists for s € C, and
such that (f(t)/tn) is bounded on 0 < t <y for all y > 0. Let o be a complex

number such that

1lim f£(t) _
oo o = % (3.11)
t
Then for each fixed K > 0
lim p-n
s F(s)
>0 = qa. 3.12
lsl>> S (3.12)
sePK

PROOF. We begin with (3.3) exactly as in the proof of Theorem 3.1 where I1

and 12 are exactly as in (3.3). For arbitrary € > 0 we apply the hypothesis

(3.11) and choose a fixed y > 0 large enough to obtain

1, < € r [t |(s+t) P ac . (3.13)
y

Using (2.5), the second inequality of (2.6), and (2.8) in (3.13) we get

P My n -py1
I, < € exp(n|p,|/2) exp(m|p,~n,[/2) |s] r t © (o+t) dt
y (3.14)

p,-N n -p.-1
< € exp(mlp,|/2) exp(nlp,,|/2) (o+|w]) t * [w £l (o+e) T oae .
0

By the change of variable u = (t/0) and Lemma 2.1 we have

n -p,-1 -p,-1 n -p,-1
Jw tl(ott)y 1 dt = o 1 fw el @+ (/o)) T oae
0 0
(3.15)
n,-p
1Py
o} B(pl~n1,n1+1) .

Putting (3.15) into (3.14) and restricting s € C, to P K > 0 being arbitrary

K ’
but fixed, we have

P
I, < € exp(nlp,|/2) exp(nlp,n,|/2) @+ B0 T B -ny,n ) (3.16)

and € > 0 is arbitrary here.
Using the boundedness hypothesis of (f(t)/tn), (2.5), the second inequality

of (2.7), and (2.8) in I1 we obtain
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f(t)

——=-a

ay

sup

I < (oceey

) exp(mp,|/2) +

(3.17)
P,-N P y n
. exp(ﬁlpz-nZI/Z) |s| 1 |s] 1 JO t 1 de

with the supremum being finite. The integral in (3.17) is a Riemann integral if

nl > 0 and an improper integral if -1 < n, < 0. In either case the value is

- L,
tlae = L— (3.18).
0 1+,

for our fixed y > 0 since n + 1 € C, . A combination of (3.17) and (3.18) yields

f(t) _

en

sup

I 2 locesy a

) exp(m|p,|/2) -

(3.19)

W)
* exp(n|p,-n,|/2) 11+_nl Is

(3.19) shows that I, > 0 as |s| > « in any manner in C, . The desired result

1
(3.12) now follows by combining (3.3), (3.16), and (3.19) and using the same
limit superior argument as in the proof of Theorem 3.1. The proof is complete.
The final value Abelian theorems [1, Theorem 2], [2, pp. 183 - 185],
[3, Theorem 4.1.1], and [4, Theorem 4.2] are special cases of Theorem 3.2. Notice
that the conclusion of [1, Theorem 2] was obtained for Isl >, g€ SK -
{s : s =0+ 1iw, 0 >0, |w| < K}, where K > 0 is arbitrary but fixed; that is s
was allowed to get big in absolute value within a strip centered about the real
axis in C, . The conclusion of our present Theorem 3.2 allows |s| to get big
within a wedge Py in C, , which is a more general situation than [1, Theorem 2].
For the special case of Theorem 3.2 considered [4, Theorem 4.2], Tiwari also

recognized that SK could be replaced by PK in his result.

4, FURTHER ABELIAN THEOREMS.

In a private communication to one of us, R.D.C., Lavoine [9] suggested that
an attempt be made to replace the assumption of the type (f(t)/tn) + 0 as t + 0+

or as t > « in Abelian theorems for the Stieltjes transform by the more general
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assumption that

mor —L®__ @D

(or tso) "@n(e))

where j is a positive integer and n(t) is the natural logarithm. In a recent
paper Lavoine and Misra [10] have obtained Abelian theorems for the distributional
Stieltjes transform in which an assumption of the type (4.1) is made on the distri-
butions under consideration. The Stieltjes transform of the distributions is con-
sidered for the case that the variable s of the transform is real, and the Abelian
theorems are then obtained as s > O+ or s > ., In this section we shall obtain
Abelian theorems for functions under an assumption like (4.1) in which the variable
s of the Stieltjes transform is in C> , and the results are obtained as |s| +> 0+

or Is[ + o in a wedge P, . We note that there exist functions f(t) which satisfy

K
the hypotheses of Theorems 4.1 and 4.2.

OQur initial value result is as follows.

THEOREM 4.1. Let n be a complex number such that -1 < n = Re(n) < 0. Let

f(t) be a complex valued function of the real variable t > O such that the

Stieltjes transform

F(s) = fw £(t) (s+t) L de
0

exists for s € C, and such that (f(t)/tn 2n(t)) is bounded on y < t < » for all

y > 0. Let o be a complex number such that

lim f(t)

o . (4.2)
20+ M an(e)
Then
1im
|s|+0 F(s) = —am csc(nm) . (4.3)
eP sn(Log(s) - m ctn(nm))
K

PROOF. Using Lemma 2.4 we have for any y > 0 that

F(s)
sn(Log(s) - 7 ctn(nm))

+ oarm esc(nm)| < I1 + 12 (4.4)



ABELIAN THEOREMS FOR STIELTJES TRANSFORM 81

where

ni(ﬂ——-a |t en(e)]
L. 1 Jy [t 2n(p) , e
! |s"||Log(s) = 7 ctnmm)| Y0 | s+t
(4.5)
-7§££l——— - af[t" 2n()]
S 1 rc 2n(t) dt .
|s'||Log(s) = 7 ctn(mm)| !y | s+t
We first estimate Il. Let € > 0 be arbitrary; by (4.2) there exists a
§ > 0 such that
O o <€irocr<s, (4.6)
t 2n(t)

Now fix y > O such that 0 < y < min{1,6}. In this result we are letting |s| + O,

s € P for K > 0 arbitrary but fixed. Hence to obtain our result it suffices to

K ’
assume that 0 < |s| < 1 and |%n|s|| > |m ctn(mm)| and that for K > 0 fixed,
(o(1 + K2)1/2) < 1 and lln(o(l + K2)1/2)| > ln ctn(nﬂ)l, where 0 = Re(s) > 0. We

emphasize that we are making the assumptions on s € P as stated in the preceding

K

sentence throughout the remainder of this proof. Thus for s € PK and the above

fixed y > 0 we apply (4.6), (2.5), the second inequality of (2.6) with p = O,

(2.10), and (2.13) to obtain

n
exp(m|n,|/2) 1.1
L o< € 2 £~ n()] 4 (4.7)
- M 2.1/2 o O
Is|] = (|2#n(c @+ )| - |7 cta(mm)|)
Now 0 < |s| < 1 implies 0 < 0 = Re(s) < 1; and we know that [&n(t)| = -n(t),

0 < t < 1. Thus we use (2.17) of Lemma 2.5 in (4.7) to obtain

€ exp(m|n,|/2) n o o k+l
o< 2 0! gn) § LR
=M 2.1/2 k=0 Ity
Is| = (Jan(c@+K*)~" )| = |7 ctn(mm)])
n, « K © kK k
v oL SN NG ILE.
k=0 (1+k+nl) k=0 (nl—k)
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n ® Kk n, o k+1
+ ol J LR 4 oty LBy (4.8)
k=0 "1 k=0 (n,-k)
€ exp(m[n,|/2)
= ny 1 (B, + 3, + 3.+, + Js]
Is|] = (Jan(c@@+k*)~" )| = |7 cta(nm)|)

and the sum [Jl + J2 + J3 + J4 + JS] is positive since the integral which the sum

equals is positive. For s € P_ and p = 0, (3.6) yields

K
-n
n 1 -n,/2
o ! - lii < (1 + Kz) L » s € P, (4.9)
Is| o

where -1 < ”1 = Re(n) < 0 here. Using (4.9) we have

|3,

n
Is| ¥ (|2ao@ + k5Y2)] = |1 ctatim) )
-n, /2 |2n(o) | kL
< @+ K 1 2.1/2 i+&i
|20 (14K %) | - |7 cta(mm)|  |k=0 M

from which we conclude with the aid of L'Hospital's rule (and the fact that as

|s| -0, s ¢ PK , then 0 = Re(s) must tend to zero also) that
lim sup
]Jll 2. "Ny/2 1y K+l
|s|>0 < (14K9) ) (4.10)
1 2.1/2 k=0 1Ty

sePy Is| “(|#n(@@+K) )| - |7 ctn(mm)|)
By similar analysis we have
tim sup EA -n,/2 K

s]+0 i < a+w?H 1 SO ey
sePy Is| l(]SLn(o(l+K2)l/2)| - |7 ctn(nm)|) k=0 1

Further, it is easy to see that the absolute value of J, , J3 , and J. when

5
divided by the denominator on the left of (4.10) and (4.11) all tend to zero in

2

the limit as |s| > 0, s ¢ P_. Using this fact together with (4.8), (4.10), and

K
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(4.11) we obtain

1lim sup 2

-n,/ © kt+1 k
ls|+0 I, < € expmn,|/2) a+xd L | ] L £ 412)
1 = 2 Lo THom ] Lo ik
sePK

and € > 0 is arbitrary on the right of (4.12).
Let us now estimate 12 in (4.5). Take y > 0 to be fixed as in the sentence
succeeding (4.6) so that 0 < y < min{1,8}. Applying the boundedness hypothesis

for (f(t)/tn 2n(t)) ony < t < o, (2.5), and (2.9) for p = 0 we have

£(t)
sup |———— -a
YL t<e " 2n(t) n,-1
I, - r t [2n(t)]| dt . (4.13)
|s'||Log(s) - T ctn(nm)| y
Since 0 < y < min{1,8} and -1 < n < 0 then
n n
n,-1 1 1
Iw el |ea(e)| @ = L 20D 42 ¥ . (4.14)
n 2 2
y 1 (n,) ;)

Recall that we are assuming the conditions on s € P_ under which (2.13) holds

K
without loss of generality in this proof. Thus using (2.13), (2.10), and (4.14)

in (4.13) we get

"1 M
I sup £(0)  _ ) (X in(y) , 2 _ ¥ ) -
27 D g B mp?  mp?
(4.15)
My 2.1/2 -1
- exp(n|n,|/2) |s| (|an(c (4K )| = |7 ctn(nm) |)
from which the fact
lim
|s|+0 I, =0 (4.16)
sePK

follows. We now combine (4.4), (4.12), and (4.16) to conclude that for any fixed

K>0
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1im sup
| s|+0 F(s) + om csc(nm)
sn(Log(s) -7 ctn(nm))
sePK
(4.17)
2 —n1/2 _1)k+1 © (-l)k
< € exp(m|n,|/2) (14K%) (| L I =5t -
€ 2 k=0 11y k=0 M7k

Since € > 0 is arbitrary on the right of (4.17), the conclusion (4.3) follows.
The proof is complete.

We now obtain a similar final value Abelian theorem.

THEOREM 4.2. Let n be a complex number such that -1 < n = Re(n) < 0. Let
f(t) be a complex valued function of the real variable t > O such that the
Stieltjes transform

F(s) = rf(t) (s+t)71 de
0

exists for s € C, and such that (f(t)/tn 2n(t)) is bounded on 0 < t <y for all

y > 0. Let a be a complex number such that

Un _£@® ., (4.18)
t" an(t)
Then
lim
||+ F(s) = -om csc(nmW) . (4.19)
seP sn(Log(s) - 7 ctn(nm))
K

PROOF. Let K > O be arbitrary but fixed. In this result we are letting
|s] >, s € Py » to obtain (4.19). As |s| » =, s € Ppro= Re(s) must tend to
o also. Thus without loss of generality we assume throughout this proof that
0 = Re(s) > 1 and fn(o) > |7 ctn(nm)|. Now proceeding as in the proof of Theorem

4.1 we obtain (4.4) where I1 and 12 are defined in (4.5). To estimate 12 we first

take an arbitrary € > O and apply hypothesis (4.18) to obtain a fixed y > 1 such

that
f(t)

< €if t >y > 1. (4.20)
t" 2n(t)

- Q
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For y > 1 so fixed we apply (4.20), (2.5), the second inequality of (2.6) for

p =0, (2.10), and (2.11) to obtain

€ exp(m|n,|/2) "1
I, < 2 £~ In(t) 4 (4.21)

2 nl 1 o+t
Is‘ (An(o) - Iﬂ ctn(nﬂ)l)
Using (2.18) of Lemma 2.5 in (4.21) we get
€ exp(m|n,|/2) n, © )k
I £ = [0 = &n(o) kz__ ¥t
|s| = @n() - |7 cta(mm)])

. onl (cnykH . 1k
2 K+ 2
k=0 (l+k*nl) k=0 ¢ (1+k+n1)
(4.22)
n, k n © okl
+o ! ——('Lz— + 0 1) J -(—1%1(— ]
k=0 (n k) k=0 M

€ exp(nn,|/2)
= [K1+K + K, + K +K5]

ny 2 3 4
|s| = @n(o) - |7 ctn(nm)|)

and [K1 + K2 + Ky + K, + KS] is positive. For s € PK we use (4.9) and L'Hospital's

3
rule to obtain (recall (4.10))

1im sup IK l
-n./2 k
5|0 L < @khH £ (4.23)
nl — k=0 1+k+nl
sePy |s| = @n() - |7 cta(nm)|)
Similarly we get
1lim sup |K I
-n,/2 | « k+1
|50 ; 5 < awd 1 S (4.24)
sePy |s| L Gnco) - |7 ctn(nm)|) k=0 1

Using (4.9) it is easy to see that the absolute value of K2 and KA when divided

by the denominator on the left of (4.23) and (4.24) both tend to zero as |s| + e,
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s € PK . To analyze the K3 term we note that
-n
1 -n,/2
s sty e e 25
o - 1+n _? s = K? .
1
[+
and hence
=N
1
I3 - lsl T (D»k
n k 2
L - =0 o (1l+k+
|s] “(an(o) - |7 ctn(nm|) o(4a(0) = |7 cea(mm |) |k ( n,)
(4.26)
-n,/2 o

(1+x%) 1

k=0 (l+k+n1)2

<
1+n1

o (o) - |7 etn(nm |)

since we assumed at the beginning of this proof that ¢ > 1. Recalling that

-1 < n < 0, (4.26) proves that the left side of (4.26) tends to zero as |s| + oo,

s € PK . We thus conclude from (4.22), (4.23), (4.24), (4.26), and the facts
stated above concerning K2 and K4 that
i oo 2. "M /2 ( nk 2 pkt
s> I, < € exp(m|n,|/2) (1+K) 1. (4.27)
2 2 T,k
k=0 1
sePK

We now estimate Il. For the y > 1 fixed in (4.20) and any § such that

0 < § <y we have

1 1l n y n
J t” @], L [ - j L ogn(e) dt + f £ a(e) de ]
8 ls| !

[s+t | )
(4.28)
1+nl L+n1 1+n1 l+n1
RS Y an(s) & + ¥ n(y) _ Yy -+ 2 = 1.
ls| M ()’ 0y 0D @)

Using the boundedness hypothesis for (f(t)/tn 2n(t)), (2.5), a proof as in obtain-

ing (2.10), (2.11), and taking the 1limit in (4.28) as § -+ O+ we obtain
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sup n—f(t)——- af exp(m|n,|/2)
O<t<y|t &n(t)
I1 < 1+n1 :
|s| fn(o) - |7 ctn(nm)]) (4.29)
1+ 1+
. 2 y Yo oy !
[ /S T 7 )
(1+n1) 1 (1+n1)

(4.29) shows that I, > 0 as |s| » =, s ¢ PK , since 1 + ny > 0. Using this fact,

1
the estimate (4.27), and (4.4), the desired result (4.19) follows by the same
reasoning as at the conclusion of the proof of Theorem 4.1. The proof of Theorem
4.2 is complete.

It is our goal to obtain results like Theorems 4.1 and 4.2 and like those
of Lavoine and Misra [10] under an assumption like (4.1) for arbitrary j = 1, 2,
3, +++ and for functions and distributions with the parameters p and N and the
variable s € C> all being complex. Further, it is our goal to extend the results
of Carmichael and Milton [11] and Tiwari [4, p. 42, Theorem 2.1; p. 49, Theorem

3.3] to the case that the variable and all parameters are complex.
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