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ABSTRACT. The problem of a uniformly propagating finite crack in an infinite
medium is solved within the linearized couple-stress theory. The self-equili-
brated system of pressure is applied to the crack surfaces. The problem is
reduced to dual integral equations and solved by a series-expansion method. The

dynamic stress-intensity factor is computed numerically.
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1. INTRODUCTION.

The classical theory of elasticity is based on the assumption that matter is
continuously distributed in any elastic body. Therefore, it is an approximation

for polycrystalline metals, granular materials, porous materials, discrete mate-
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rials, steel-fiber reinforced concrete and so on, which are generally known as
materials with microstructures. An attempt to drop the continuity of matter as-
sumption is bound to make the analysis for the modified theory extremely diffi-
cult. Therefore, for materials with microstructures, some models of continua are
constructed in such a way as to represent a better approximation. Among the sev-
eral theories available, the linearized couple-stress theory, which was developed
by Mindlin and Tiersten (1), is the simplest. In the context of this theory, a
large number of analytical solutions have been published as shown in Ref. (2).

On the other hand, some research has been carried out regarding the experimen-
tal evaluations of the new material constant ! which was introduced in the couple-
stress theory. In Refs. (3) and (4), bending tests were performed on aluminium
alloy plate and low-carbon steel and the upper limits of the material constant 1
are presented. Later, Savin and his coauthors accurately determined the constant
by measuring the velocity of the transverse ultrasonic wave (5). The results
showed that the value for { falls within the limits from 10° to 10° mm for
brass, bronz, duralmin and aluminium. In this case, { was approximately one
order of magnitude less than the mean grain size. This means that couple-stresses
do not significantly affect the stress concentrations caused by the existense of
circular holes or inclusions. However, the effect of couple-stresses is serious
in fracture mechanics,

According to the linear theory of elasticity, the stresses in the viecinity of
the ends of the cracks are inversely proportional to the square root of r, the
distance from the end of the crack. Stress-intensity factor Kj is defined from
the coefficient. If the plastic zone is very small relative to the size of the
crack, we can assume that K; is proportional to the applied tensile load and
is a function of the crack and specimen sizes.

In linear fracture mechanics, it is considered that when the stress~intensity
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factor K; reaches critical value Ki s which is called the fracture toughness
value and is characteristic of the material, an unstable crack propagation occurs.
This idea was established by Irwim (6) and is equivalent to Griffith's original
concept (7), that a crack will begin to propagate if the elastic energy released
by its growth is greater than the energy required to produce the fractured sur-
faces.

The stress-intensity factor calculated according to the couple-stress theory
is always larger than the classical solution, and furthermore, it becomes larger
as the new material constant £ decreases (8)(9). For this reason, crack problems
in the theory of couple-stresses are very important physically (10). Nevertheless,
few studies have been carried out to reveal the effects of couple-stresses on the
stress-intensity factor (2), because of the severe mathematical complexity en-
countered in finding the solutions fit to the geometries.

In the present paper, Yoffé's model (11) is solved by the two—dimensional
linearized couple-stress theory. The crack propagates only to the right, main-
taining its constant length. Such an idealization will affect the magnitude of the
local stress field to some extent, but does not alter the qualitative features of
the stress solution (12). Application of the Fourier transformation technique
reduces the problem to that of solving two dual integral equations. To solve
these equations, a very simple method is used, namely, the displacement and rota-
tion on the crack's surfaces are expanded by a series of Jacobi polynomials
with the Schmidt method being employed.

Numerical calculations are carried out and compared to those given by Yoffe
to clarify the influence of couple-stresses on the dynamic stress-intensity

factor.

2. FUNDAMENTAL EQUATION
With respect to the fixed rectangular coordinate system (X, ¥, z), the
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equations of motion in the plane state of strain of the linearized couple-stress

theory are

/et ¢*rt; = ¢sn+ Phaz s

1/02”‘1":& = q’"ﬁ"' Viss ‘f(\l”*’i;'o‘ﬁ'*zq’tﬁbﬁ*’%iiﬁ )s (2.1)
with

o= ‘b*:i ‘W:; ’

W= 0% vz (2.2)

where ¢, =[(/\ 2 )/P}% s cr = (U/P )’If are the dilatational and shear wave
velocities, respectively. The Lame constants are represented by A and U , P is
the density of the material, T is time, £ is the new material's constant, u* and
w* are defined as the X and Z components of the displacement, respectively, and
the indices following a comma indicate the partial differentiation with respect

to the variable, e.ge $Hy = 34" /2 X. Consider the problem of an infinite elastic
s0lid which contains a crack with a length represented by 2a along the X axis as
shown in Fig. 1. It is assumed that the crack is opened at one end and colsed at
the other with constant speed U, For a constant velocity crack, it is convenient

to introduce the Galilean transformation
x=%X-U0% y=%, z=32,t=%, (2.3)

with (x, y, z) being the translating coordinate system attached to the moving
crack, In the moving coordinates, the equations of motion become independent of

the time variable t,

¢ m*‘t’:n: Mf ¢ XX 9

q/ m*"y’zz‘ﬂz(q/’m"a ‘y’xxzz "“Pszzzz) = Mfr ‘*Paxx: (2.4)
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where My = U/cr, M. = U/e. = (120 )/[2(1_)))}]4; Mr represent the Mach numbers
of the moving crack with respect to longitudinal and transversal elastic waves,
respectively, and VY is the Poisson ratio.

The displacements, rotation, force-stresses and couple-stresses are expressed

by the following :

u=¢ ax “V’z:
w =¢ sz +Yox s (2.5)
Wy = 2 s+ Vsgz )s (2.6)

g M= (M7 =2)P sex 2V oz »

Tox = (245 2% ) pox = 2V g

Tx I = 20 e =(M7 =2)Y 505

Toes M = 2 sz M3 Y e =2 Vg5 (2.7)

Oz = 2}2(4/,”: '“‘/:m )s
Tx fih = 2 LAY ssonx + Ysrzz ) (2.8)

The boundary conditions for the problem to be studied are

Toa /M = -p(x), for z =0, [x|< a,

9 = 0, for z = 0, |x|< a,
v =0, for z = 0, x| >a,
a); = 0, for z = O, |x| >a,

Tox= 0, for z = 0, |x | <o0e (2.9)
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3, ANALYSIS
To find the solutions for the wave equation (2.4), we use the Fourier trans-

forms

NE) = [ f(x)exp(i&x)dx,
£(x) = 5= [ HE) exp(-i8 x)aE. (3.1)

Using this theory, we can reduce equation (2.4) in x and z to the following

ordinary equation in z

(b :zz"“"le- )5233 =0,
IR -(21252+1)§/,u+{ PE g2 | = o, (3.2)

Due to the symmetry conditions in equation (2.9), it is possible to consider only
the problem for the half-space, z20. The solutions to equation (3.2) appropriate
to 2z 20 will take the following forms,

$ = AE Jexp(-02),
¥ = B(& )exp(~5,2)+C(& )exp(-Bz), (3.3)
with

o= {1 g2,

8= { 20gs [Ta e J/WZ D),

5= { 208~ Fﬂe’Ti}"/({ﬂ), (3.4)

where A(E ), B(E), C(£ ) are independent of z.
Then, it can be shown that the mixed boundary value equation (2.9) yields the

following four integral equations
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2—175—109{710 k, () oy k, (& )} exp(-iEx)d& = —p(x),

#J_:{ iwks (8 )"'a)% ke(E )} exp(~ig x)dE= 0, for |x{< a, (3.5.1)

%L: weexp(-i& x)d& = -2-1712 @ exp(-1Ex)dE =0, for [x|>a, (3.5.2)

with
ki (8) = {20827 B(8, +6, )40 (2 55120 -8 } /{188, +6,)},
k,(E) = 48/(8 +8,),
ks (§) = -28/{2(6 +6, )},
ke(g) = 2(FE+ £ {105 < L8/ {£(8 +6:)), (3.6)

where w°, E)‘g are the transformed displacement and rotation on z = O, respectively.
If we assume that p(x) is an even function of x, the solutions can be repre-

sented by the series

] %
W = 2 a, PG (x/a)(1x2/8 )
Wy = § 6 PR (x/a)(12/2 )Y, for |x|< 2,
mn=1
w =w =0, for |x|>a, (3.7)

where an, bn are the coefficients to be determined and P(,,w‘”)(x) is a Jacobi

Polynomial, The Fourier transformations of equation (3.7) are (13)

7 = 2z L) DAL 5 (20,
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where [(), J,() are the Gamma and Bessel function, respectively. Equation (3.7)
already satisfies equation (3.5.2). Substituting equation (3.8) into equation

(3.5¢1), we obtain for |x|<a,

g:l b,,E,.(x)+§'a.,,F,,(x) = - f:p(x)d.x,
= 0,n(x)+ £ antin(x) = 0, (3.9)

with
£ (x) = 2L ERR) [ (" (i, ()2} /8 0,0 (8 2)sin(8 xa B s2(1t /a7 )

XSin{&l sin™ (x/a)} /(4n* -1 )-(x/a)cos{Zn sin™ (x/a)} /{n(4nz -1 )} ] R

ry(x) = SALLE) [ (5 (g )/8 4 }/E o (B @)sin(E x)aE

4} /(2n-1) sinf(2n-1 )sin™(x/a)} ] ,
Cindl
aax) = (LT @B [ (40, (2 )08 (a0 )/(4 LB} /B 3rn (5 8)
X sin(& x)d& -23:i_n{2n sin"(x/a)} =(4M%)/(4 23 [(1—Xz/az )'lz sin{2n

< star (x/a)}/(4c? =1)-/a cosfonsia” (w/a)}/fenta™-1}] ]

fy(x) = TR0 [ =i (8 )8} /8 310 (B )oin(Ex)a

1/4sin{(en-1)sin™ (x/)}/(20-1)], (3.10)

and

i = {06=2F -4 JAwi 1o |, (3.11)

where the first equation in (3.9) has been integrated with respect to x.

The functions

£(8) = {k(8)2} 5;n(Ba)/ES
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£,(8) = { ki (EV/E ! Jdom (Ba)/E,
£3(8) = { ke(E)+2E+(4M3)/(4 L E)} Ion (B 2)/E ,
£4(E) = { ks (B)/L}an- (B 2)/E, (3.12)

behave as

£,(8)—>0(E™"),
£.(8)—=0(87%),
£,(8)—0(£7*%),
£,(8)—0(E7?), for large &, (3.13)

so that the semi-infinite integrals in equation (3.10) can easily be evaluated
mumerically by Filon's method. Equation (3.9) can be solved for the coefficients
an, by by 2 modified version of Schmit's method (14). Once the displacement and

rotation at the boundary are found, this analysis is considered to be complete.

4. STRESS-INTENSITY FACTOR

The coefficients an, b, are known, so that the entire stress field is obtain-
able., In the fracture theory, however, the significant quantity to be calculated
is the direct stress acting across the radius from the tip of the crack. It can

be written as

a+r cos(9)

r sin(0) (4.1)

el
1]

N
]

and the stresses for the small value of r can be considered. The required stress

Tee 1is given by
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Too = Txx s1in® (O )+ Ty cos® (O )=(Txg + Tyx )sin(0 )cos(O ). (4.2)
For the small value of r, it is shown

f:o B N ¢ Ea)exp{—“-m’ )Vz z&} cos(E x)d &
—_ (~1)" {cos 0 +(1=m* sin’* 6 )'/2 }JZ /{2'/;/—81(1-m2 sin®0 )"‘z } +0(r°),
[7 (B 2)exp{-(1-n7 )¥ 25} sin(& x)a e

—_— (=)™ {-cos O +(1=m? sin®@ )"“'}% /{ 2{r/a (1-m*sin? @ )w} +0(r°).
(4.3)

Using equations (4.2) and (4.3), we obtain the stress-intensity factor Kj ,

K; =799»}2r/a/,u|r->o
- E £, %%;_ }gl,jv(-ﬁg*)ﬁ*-%) {c0s(0 Jra, sin? (0 )/a,

+ I%:;—z_MZ{B /cos(Q )+q, cos? (8 )/q. + M.,.JHCOS(@ ) (sin?@ =cos®@ )
- %;If'—-zl./q,_-cos( ©) sin(0O )cos(8 )/q, - I%:J1-cos§ sin( O )cos(© i,

with (4.4)

qp =J1'Mi sin’Q . (4.5)

5« NUMERICAL EXAMPLES AND RESULTS

Numerical calculations arecarried out for » = 0.25 and p(x) = P (constant).
The semi-infinite integrals which occur in equation (3.10) can easily be evaluated
numerically, because the values for f,(8), £f,(8), £,(E), f4(€) decay rapidly
when-& becomes large, as shown in Table 1. Adopting the first five terms of the

infinite series of equation (3.9), we utilize the Schmidt procedure. In order to



EFFECT OF COUPLE-STRESSES ON THE STRESS CONCENTRATION 175

check on the accuracy, the values for the left-hand side in equation (3.9) are
given in Table 2 for f /a = 0.1, 0.5 and My = 0.6. From this, it is clear that
the accuracy of Schmidt's method is satisfactory. In Table 3, the stress intensity
factor K /P for = 0°, My= 0.01, 0.6, 0.8, 0.9 is shown, in which the values put
in the circular-type brackets are those obtained from the diagram in Ref. (8) and
the results given by Atkinson and Leppington (9) are also written in the square-
type brackets. The values for Mr = 0,01 coincide well with those corresponding to
the static solutions. In Figs. 2 and 3, the stress-intensity factor K; is
plotted against Mr for f£/a = 0.1, 0.5 and 9= 0, 27°, 54°. In Fig.4, Ki at
0 =0 is plotted against {#/a. It is difficult to carry out numerical calcula-
tions in the {/a<0.1 range, bécause we cannot expect that the integrands in
equation (3.10) to rapidly decay when £ becomes large for a small value of {/a.
In Fig. 4, the broken lines are likely curves drawn suitably, Figure 5 shows
stress-intensity factor XKj versus© for {/a = 0.2 and M= 0.01, 0.8, 0.9.

As a result of the above calculations, we are able to deduce the following
information,
i) In contrast to the classical solution, the stress-intensity factor Ky at O =0’
is dependent on the propagating speed and becomes larger as the speed increased.
ii) The maximum value of the stress-intensity factor Ki occurs at Q= 0° even
though the crack speed is increased. Therefore, the crack branching does not occur
for materials which take a nonzero value for { .
iii) The moving velocity of the crack has less of an effect on stress~intensity
factor Kj when the value for 4 increases.
iv) Variations of the stress-intensity factor Kj with the angle O is much

different from that of the classical solution.
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Table 1 Values of fi (§), £,(E), £(E), £f4(E) for n = 1, M= 0.6 and
R/a = 001, 005 against ga,.
4/a Ea £i(8) (&) fa(ﬁ) £, (E)
0,01 | =0.24950x10°  0,11099x10' 0.11350%10" 0.49899x10°
0.21 | =0,23880%10°  0,10637x10' 0.10821x10? 0.47672x10?
0.1 40.61 -0.302176x1o" 0.96584x1o" o.12é59x1o‘6 o.39i42x1o' 2
80.01 | =0.67400x107 =0.55057x10°  0.272568x1G°° ~0.22575x10™
0,01 | =0.24751x10°  0.11012%10' 0.45002x10° 0.19801x10"
0.21 | =0,20116x10°  0,90954x10° 0.35930x10° 0.16063%10'
0.5 | 40.01 | =0.12456x10°  0.39156x10°  0.95798x10"°  0.64399x10™®
80.01 | —0.27154x10° =0.21915x10°  0.84226x10°7  =0.36254x10°°
Table 2 Values of {,f.;. b,,En(x)+g: a,F, (x)}/P and {g b,,G,,(x)+§ a,.,H,,(x)}/P
for My = 0u6 and 4£/a = 0.1 , 0.5.
2/a x/a {; BB (x)+ 35, aFn (x)} /P {f;. b,Gp (x)+ 5, 8, Ha(x)} /P
0,001 ~0.9996835x10°2 0.1495043x107%
0.1 ~0.9997904x10™" 0.1138374x10°
0.1 0.5 -0.4999970x10° -0.5381461x10™*
0.9 -0.8999938x1o; 0.3729001x10™
04999 -0.9989995%10 -0.4340380%107
0,001 =0.9999725x10°° -0.3884164x10"°
0.1 ~0.9999883x10 -0,1314380x1078
0.5 045 -0.4999998x10° -0.4316153x10"°
0.9 -0,8999987%10° -0.6969440%10°°
04999 -0.9989992x10° =0.5124155x1 0¢
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Table 3 Stress-intensity factor Kz_/P at 0= 0° for
M.= 0,01, 0.6, 0.8, 0.9 and {/a = 0.1,
0¢2, 0.5, 1+0.

L/a = 0.1 0.2 0.5 1.0

M, = 0,01 1,223 1,199 1,121 1,056

}?.231) 1.202)  (1.120) (1.063)
1.22] 1.20]
0.6 14331 1.279 14153 1,073
0.8 1.553 1.418 1.193 1,085
0.9 2,097 1.626 1.233 1,096

ol
\

i
x

Fige 1 Geometry and coordinate system.
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Ki/P [ 2/a=01
20}
1.0F
54° ]
0.0 . L
0.0 05 Mr 10

Fige 2 Stress-intensity factor Kj
versus Mr.

for {/a =0.1, 8=0°,

20t £1a=05
Ki/P
6 =O° ]
10E 55 ]
54°
0.0
0.0 05 M+ 1.0

Fig. 3 Stress—intensity factor K; for
versus My.

2/a = 0.5, =0,



EFFECT OF COUPLE-STRESSES ON THE STRESS CONCENTRATION

20

Ki/P i

1.5}

1.0} ]

00 0.5 fla 1.0

Fig. 4 Stress-intensity factor K; at = O for M;= 0.01, 0.8,
0.9 versus {/a.

20
2/0:0.2
Ki/P

1.0

0.0

o’ 45° 9 90"

Fig. 5 Stress-intensity factor K; for f/a = 0.2, M{= 0,01,
0.8, 0.9 versus 0.
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