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ABSTRACT.

Using a combination of infinite order linear differential operators and
integral operators, the inversion of X-transform is established. Inversion
procedures for Laplace transform and Potential transform are derived as special

cases.
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1. INTRODUCTION.
In this paper, we discuss the inversion of the K-transform, in Hilbert space
L2(0,w). The method involves only the real analysis and employs differential

operators of infinite order, cf [ 4] and [ 6, Chapter vii] . An algorithm for
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inverting the bilateral Laplace transform is established as a special case. Also
some examples are given to illustrate the procedure.

LEMMA 1. [5, p.94] Let f(x) € L?2(0,») and

F(s) = fm f(x)xs-ldx, s = %-+ it, == < t < o,
0
then
1 Ltit s
f(x) = == lim r F(s)x “ds .
2t o It

F is called the Mellin transform of f.
LEMMA 2. [5, p.95] If fand g € L2(0,°) and have Mellin transforms F and G
respectively, then

T F(s)G(s)t °ds .

o

1 1 s-1 1
[0 z '\ g

Next some operational consideratioms.
If 6 = -x é% , then it is an easy matter to see that
e”[x's] = 8nx-s, s =0 + 1t, — <t <o,

Therefore

-8 ]
p,®) [z "1 =p, ()",
where pn(e) is a polynomial of degree 7 in 6; consequently

p@®)[z°] = limp, (0)[z°]
nre

= p(s)x—s .
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Also,

ne[x-s] - ee 1n n[x—s]

N k
= lim ) (Ll_;(l'n_)_[xs]
N+~ k=0 ’
N k
= lim § Lf-l%Tﬂl— = nf25,
N+ k=0 )

With this understanding, we interpret the operator f?il:_ﬁj" a linear differen-

tial operator of infinite order, [6, p.234], such that

n
1 -8, _ 8 _8).-s
o R RELL N (B [E
1 -8
TA - 9) &
Similarly
1 -5, _ 1 -8
-8 C 1" Ta-gy ¢ - a.n

Next we define the operator T(a - B8) as having the property that
-8 -8
T(a - B8)[xz ] =T(a - B8)x = . (1.2)

This is not a differential operator in the above sense, but behaves in the manner

of (1.2) foralls=c+it,-°°<t<°°,R(s)<%.

2. THE MAIN RESULT

THEOREM 1. Let the functions f and ¢ € I2(0,»). Define

2% (7 a

where |u| 5-% » o >0and K being the usual modified Bessel function of order u.
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If

2 kK 8
R(z) = (—] r (xt) Jv(xt)f(t)dt .
0

L

N

|v|5 , B >0 then

2~ (0¥8-1)p [%(v-en-e )]

r %(umﬂ-e )] r [—;-(wew )] r [%-(a-—;ﬁl-e )]

[R(x)] = ¢(x), a.a. x> 0.

PROOF. Note that the integral defining the function f is absolutely conver-
gent, since ¢ € L2(0,») and taKu(t) € L2(0,2) due to the hypotheses.
Now,

)% [ 8
R(x) = [—] I (=t)"J (xt)f(t)dt
0

L

ERLN

f (a:t)BJ“(xt)dtI () K, (ut)é (w)du
0 0

=28 r W () du f "%y (@t)k (ut)dt . (2.1)
" 0 0 v H

The change of order of integration is justified by absolute convergence
at+B a
[£57Pu0 @)k (ut)d (u) | dudt < =
0o H

using the asymptotic expansions of the Bessel functions J and K. The t-integral

can be evaluated, [1(II), p.137] so that (2.1) above gives,

2% r(@r @) [T gty -(vi8H1) ey o
R(z) = = -%-(-\%Tl Jo x u A a,b; v+l; =z ¢ (uw)du ,

where R(v+l+a+8) > |R(w)| and a = J(vh+l+a+8), b = S(v-uHl+ad), ,F, being the

Hypergeometric function.
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Let,
R(z) =f %tb&]k(xu)du :
0
where

a+f
ko) = 2- HAED) 5% p (0,55 v11; o).
Now k € L2(0,=) since B + v > - %-and Iu[ <a+ %-, and further i-¢[§ﬂ € L2(0,»),

since ¢ does, hence by Lemma 2, we have

.

1 e -8
R(x) = —J ®(8)X(8)x “ds ,
i

2nt
-’LQ

where ¢ and X are the Mellin transforms of ¢ and k respectively and [1(I), p.336],

2a+B—1 P[%(u+a+l-s)]P[%{v+6+s)]r[%(a—u+l-s)]

T r [—%—(v-8+2-s)]

K(s) =
Next, we apply the operator K(e) , where 6 = -z é% to the function R(x), to obtain

[R@)] = 1 [T 8(8)K(s)x °ds
K(e) x K(e) > i 8)K(s)x

2
1 fwm (©)K(e)ds zoss (2]
=5 ®(s)K(s x .

2711 Y i K(e)
Using the results (1.1) and (1.2), we see that K(e) %] = K(s) z .
Thus,

1 1 [erie z®
26y @] = 5= Lﬂw *(8)K(6) oo de

.

1 [t
-—-[ o(s8)x °ds
Y=g

¢(x), a.a. x>0,

inside the integral, amounts to

as required. The bringing of the operator 2%67
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nothing more than differentiating inside the integral sign.

EXAMPLE 1. Let ¢(x) = Jn(x). Then

f@) /g IO @), (DK (wt)dt

2% ) r[%(n+u+a+1)]r[%(n-u+a+1)]
" T (n+l)

m
o P [ttty Tnawtat) s nl; - 3
212“ ,znu 9n(’ ?’
[1(11), p.137]. And

_ 221 8 [ 8-n-1 . !
R(x) = P F(n+1) x (0 t 2F1 [c9d’ n+l; - ?]Jv(xt)dt

where ¢ = %(n+u+u+l), d = %(n—u+a+1).

l-c, 1-d
2

%‘(B‘Yﬁ'\’), 09 N, %’(B-ﬂ‘\’)

2a+B—n-1 n 22

=TT R Gy

1
e ’

[1(1I), p.82], where G is Meijer's G Function.

o 27" [Lo-gr2-0) |

r [%-(u+a+l—9 )]r‘ [%(v+s+e) ]r [—%—(u—u+1-9 ) ]

1

l-c, 1-d
"Gk %"‘2 1 1
E(B‘nw) ) O’ =N, E(B"n-\’)

_ .-n.n.ofl _
=2 @52[4 leo' "]

Jh(x), as predicted.
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The operator R%ET applied on angﬁ('), is evaluated by writing G%ﬁ(‘) in terms of
the complex integral and then the differential operator being applied inside the

integral to give an%g(°).

3. SPECIAL CASES.

(1) Let o« +B -1 =u + v. The inversion of the main theorem b.

m 1
R(x) = ¢(x),
PR [%(umﬂ—e)]r [%(ehwe )]
where
~ g.u+v+1 B4y J ua+u .
R(x) = T(utv+l) < x o Ry ¢ (uw)du;

giving us an inversion of the generalized Potential transform.

The following special cases provide us with a procedure for inverting Laplace
transform, cf. [3] and [6, p.232].

(i1i) Ifa =B =y = %-and v = - %-, then Theorem 1 gives

THEOREM 2. Let f and ¢ € L2(0,»). Define

fx) = r &y trat
0

the bilateral Laplace transform of ¢. If

R(x) =

ERLN

[ cos xt f(t)dt,
0

then

sin'% m0[R@)] = 6(x), a.a. x> 0.

Here the operator z%gy is reduced to the operator sin % m0. We can inter-

pret this operator by considering the product expansion

n 2
sin %-nz = %-nz lim II [l - 2%7} .
nro k=1
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n 2
Now if S (a) = 1 ma I |1 - _a__[ , then, for example
n 2 k=1 4k

sin —;— e [.'ca] = 1lim Sn(-a)a:a -sin % o 2 .

nie

(iii) Put a =y = %— and B = v = % in Theorem 1, then we have

THEOREM 3. Let f and ¢ € L?2(0,»). Define
"
fi(=) =I e " (t)dt ,
0
the Laplace transform of ¢. If

R(z) = %J sin xt f(£)dt,
0
then

cos % m[R(x)] = ¢(x), a.a. x> 0.

Here again the differential operator #e) of Theorem 1 is reduced to cos % w8,
which can be interpreted in a similar way as the operator sin %" m6. Also, for
instance, cos %— ne[xa] = cos %na z* .

(iv) Hamburger's formula.

EXAMPLE 2. Let ¢(x) = sinzn:c. Then by Theorem 3,

N P (2n)!
f(= Io sin" t e “dt = gy S Y sy vy g aa o S g

(Hamburger's formula).

Now
_2(2n)! sin xt
R(x) = =4 I: t (2+27) (£7+47) . - - (£7+4n?) dt
K n-=1
. (—1)"2'2"[2 ) (-1)"[2,?]e2 km)z (-1)”[2"]] :
k=0 "
[2, p.414].

Thus, according to Theorem 3
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n-1
cos 3 10 [R(@)] = (-1)"2'2"[sz (-1)"[2,:‘].;03 2 wore” My o (-1)"[2”"]].
=0

Now,
o k
cos%we[em] =cos%1re 2 .ﬁ”_'-"l:.!L
k=
ok
= ki %T cos E-ﬂe[xk]
=0
o k o 2k k 2k
= 2 Z’—'cos%ﬂkxk= z L"—-(;Itln—-
x=0 k! %=0 (2k)!
= cos mx.
Hence

n-1
cos 3 10[R(z)] = (—1)"2‘2"[2 ) (-l)k[zl?}cos[Z(k—n)n] + (-1)”[2:]]
k=0

2n
= sin x ,

[2, p.25], as predicted, by the theorem, verifying the Hamburger formula.
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