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ABSTRACT. The main result of this paper is the result that the collection of all inte-
gral transformations of the form F(x) = I; G(x,y)f(y)dy for all x 2 0, where f£f(y)
;s defined on [0,) and G(x,y) defined on D = {(x,y): x2 0, y2 0} has no iden-
tity transformation on L, where L is the space of functions that are Lebesgue inte-
grable on [0,®) with norm Ilf"- f If(x)ldx. That is to say, there is no G(x,y)
defined on D such that for every f e L, f(x) = f G(x,y)f(y)dy for almost all

x > 0. 1In addition, this paper gives a theorem that is an improvement of a theorem

that is proved by J. B. Tatchell (1953) and Sunonchi and Tsuchikura (1952).
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1. INTRODUCTION.

The well known property of sequence to sequence transformations of the form
(Ax) k>1 kX for which there is an identity mapping such that (Ax)n =X, does
not carry over to the function to function transformations of the form
F(x) = f G(x,y)f(y)dy, x 2 0. There is no identity mapping on L of the collection
of all transformatlons of the form F(x) = f G(x,y)f(y)dy. This is the main theorem
of this paper. We list it as Theorem 2.

A result by Knopp and Lorentz [4] on sequence to sequence transformations of the
form (Ax)n K 2
(Ax) = to be defined and kEl L
Knopp and Lorentz proved that A is an £-£ matrix if and only if there is a number
M such that for each K, n>1
result on function to function transformations of the form F(x) = f; G(x,y)f(y)dy,

Kk gives necessary and sufficient condition for the sequence

[(Ax)k[ convergent whenever kEIIXkI is convergent.
|a I< M. Sunonchi and Tsuchikura [2] gives a similar

where x 1is a real variable and the kernel function G(x,y) is assumed to be a mea-
-]

surable function on the plane x >0, y > 0. Then f |F(x)|dx < ® whenever

if and only if L.u.b. J \ b(x,y)‘dx < ®_  There are, however, nonmea-

J.h e ‘dy ¢ ®
0 if ()
G(x,y) Whlch%—¥1ne summable function F(x). J. B. Tatchell has

surable functions
recently found the conditions for F(x) to be defined and F(x) € L whenever
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f(y) € L. We will first establish Theorem 1 and then use it in the proof of Theorem
2. Theorem 1 is an improvement of Tatchell's theorem.
2. NOTATION.,

Although some of the symbols are the standard ones that are familiar to the reader,
others are introduced here for the specific purpose of this paper.

The statement that f is integrable on [0,°) 1in some conditionally convergent
sense means that for every u > 0, f is integrable on [O,u] and that I; f(x) dx
tends to a finite limit as u~> =,

L - the space of functions that are Lebesgue integrable on [0,®°) with

norm | f| = f3|f(x)|dx.
D - the first quadrant of the plane, i.e., D = {(x,y): x20,y2 o}.

G - an integral transformation, G: f > F, of the form

(*) F(x) = [§ GOy E(y)dy, for all x 20,
where f is defined on [0,®) and G(x,y) defined on D.
LG - the inverse image of L under the integral transformation G of the

form (*).
G - the collection of all G of the form (*).
GL - the subcollection of G such that F € L whenever f € L,
ie., GL=1{6GeG: LecLL
L - the space of functions which are measurable and essentially bounded on

[0,) with norm

Ifll= ess - 225 [fEx) | .

Q - the set of nonnegative rational numbers.
3. MAIN THEOREM.

The first theorem is an improvement of Theorem 2 of J. B. Tatchell [1] and Theorem
1 of Sunonchi and Tsuchikura [2]. We will refer to that Theorem (T.S.T.). Next a
lemma is used to justify an inversion in an order of integration in the proof of Theorem
(T.S.T.).

LEMMA. If G(x,y) 1is a function of y summable on every finite interval in

[0,x whenever x >0, and if
t
g(x,t) = G(x,y)dy

is a function of x measurable on [0,») whenever t > 0, then

G, (x,0) = Lig inf 3 [T G y)ay

is measurable on D ={ (x,t) : x

jv

0, t> O}.

PROOF. g(x,t) is a continuous function of t whenever x > 0, and, by hypothe-
ses, for each t > 0 g(x,t) is a measurable function of x on [0,®). It follows
from a theorem by Ursell [3] that g(x,t) is measurable on D = {(x,t):x > 0, t > 0},
and this is sufficient to ensure that G*(x,t) is measurable on D.

THEOREM 1. (T.S.T.). Necessary and sufficient conditions for
F(x) = f; G(x,y)f(y)dy to be defined and summable on [0,®) whenever f(y) 1is summa-

ble on [0,®) are



PROPERTY OF L-L INTEGRAL TRANSFORMATIONS 499

i) for each x > 0, G(x,y) is a function of y measurable and essentially
bounded on [0,%);
ii) for each t > 0, g(x,t) = f; G(x,y)dy 1is a function of x measurable
on [0,®);

iii) there is a real number H such that for almost all t > O,

Jg|G*(x,t)|dx <H ,
where
1 rt+h
It

Gu(x,t) = lim inf h G(x,y)dy .
h>0

PROOF. It follows from Theorem 2 of J. B. Tatchell [1] that i) and ii) are true
since they are the same as the i) and ii) of the Theorem 2 of J. B. Tatchell [1].

We now prove that condition iii) is a necessary and sufficient condition for
F(x) = f; G(x,y)f(y)dy summable on [0,~) whenever f(y) is summable on [0,%).
The proceeding lemma shows us that G,(x,t) is measurable on D. It follows from
Theorem 1 of G. I. Sunonchi and T. Tsuchikura [2] that the transformation J;G*(x,t)f(t)dt
is defined and summable on [0,®) whenever f(y) is summable on [0,*) if and only

if there is a H > 0 such that for almost all t >0
f;lc*(x,t)ldx <H .
If x >0, then G, (x,t) = G(x,t) for almost all t >0 and so
FG) = e EWdy = [0, unNEmdy .

Therefore, for any f(y) € L the transformation F(x) = f; G(x,y)f(y)dy is defined
and F(x) € L if and only if there is a H > 0, such that for almost all t 20

Jolo,Geut) lax <m .

The proof is completed. Next is the main theorem.
THEOREM 2. The collection G of all transformations of the form (*) has no
identity transformation on L; i.e., there is no transformation G in G such that

for every f €L

£x) = o6&y E(y)dy

for almost all x > 0.
PROOF. Suppose that there is a E(x,y) which defines an integral transformation

(i such that for every f €L

£(x) = [oCGYE(y)dy

for almost all x > 0. Then G € GL. It follows from Theorem (T.S.T.) that for each

>
x > 0, E(X,y) ¢ L”. Thus for any measurable set E with finite measure JEE(x,y)dy < o,
Hence for each x ¢ [0,1], fé E(x,y)dy < o, It follows from the absolute continuity

of integrals that, given € = 1/2, there is a Gx > 0, such that for every measurable

set e c[0,1] with me_< §
x X x
lfe G(x,y)dy| < 1/2 .
x

Now for each x ¢ [0,1], we choose an interval [a,b] = e, ac Q n [0,1],

beQ n[0,1], containing y0(=x) and 0 <b - a < 6x so that

|I§ E(x,y)dy] <1/2 .
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Let F = {ex: x € [0,11},
H, = {[0,a] : [a,b] € F},
{(b,1] : [a,b] € F},

H =H U H2
“q1,7if y e B
and XB(y) - {0, otherwise.

=]
[}

Hence for each B8 ¢ H, xB(y) e L and

[5 TGy xg(dy

IB E(Xs)’)d)’

XB(X)

for all x > 0, except a set EB < [0,») with mEe = 0. Since H 1is a countable set

som I E,=0. Let K=1[0,1]/1L EB’ then mK=1-m I EB = 1. Therefore

B © — BeH
for eagﬁH x € K, xB(X) = JO G(x,y§§2 (y)dy ¢

= JB G(x,y)dy

for all B e H. It follows that for each x € K < [0,1], there is a measurable set

= i <$ h
e, [a,b] € F with me « S° that
H, Cx,y)dy| <1/2
X

and there are [0,al ¢ H and [b,1] € H so that

|Jé E(x,y)dyl lf846(x,y)dy + f: G(x,y)dy + Ii E(x,y)dy\

IA

|5 Saoydyl + 11> Geayrayl + l§ Sxay)ayl

|X[0,a](x)\ + Ifex C(x,y)dy| + IX[b,l](x)l

=0 + Ife G(x,y)dyl + 0
X
< 1/2 .

Thus for each x ¢ K < [0,1], mK = 1 and

IX(0,1® | = [[g GGxay) X[o,1; )4y |
/3 Sy ay|

<1/2 .

This is a contradiction which completes the proof.

COROLLARY. If f, g are measurable functions on [0,®) such that

f(y)g(x-y) € L, x ¢ [0,®), the convolution f*g of f and g at point x
is defined by

(f * g) (x) = f: f(y)g(x-y)dy .

(L,*) is a Banach algebra [5]. Then Banach algebra (L,*) has no unit element, i.e.

there is no g ¢ L such that f * g =g * f = f, for all f € L.

PROOF. It is clear this is a special case of preceding theorem where G (x,y)

= g(x-y) € L.
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REMARK: This corollary is a well-known theorem, see [5], here is a new proof.
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