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ABSTRACT. A locally conformal symplectic (l.c.s.) manifold is a pair (MZ“,Q) where
Mzn(n > 1) is a connected differentiable manifold, and 2 a nondegenerate 2-form on
M, such that M = ‘&) Uy (Uy - open subsets), @/U, = eca Rys Oq Uy * R, dig = 0.
Equivalently, d? = w A @ for some closed 1-form w. L.c.s. manifolds can be seen
as generalized phase spaces of Hamiltonian dynamical systems since the form of the
Hamilton equations is, in fact, preserved by homothetic canonical transformations.
The paper discusses first Hamiltonian vector fields,and infinitesimal automorphisms
(i.a.) on l.c.s. manifolds. If (M,R) has an i.a. X such that w(X) # 0, we say
that M is of the first kind and 9 assumes the particular form 2 =d6 - w A 6 .

Such an M is a 2-contact manifold with the structure forms (w,08), and it has a

vertical 2-dimensional foliation V. If Vis regular, we can give a fibration theorem
which shows that M 1is a Tz—principal bundle over a symplectic manifold. Particularly,
V 1is regular for some homogeneous l.c.s. manifolds, and this leads to a general con-
struction of compact homogeneous l.c.s. manifolds. Various related geometric results,
including reductivity theorems for Lie algebras of i.a. are also given. Most of the
proofs are adaptations of corresponding proofs in symplectic and contact geometry. The
paper ends with an Appendix which states an analogous fibration theorem in Riemannian

geometry.
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1. INTRODUCTION.

A symplectic manifold is a pair (Mzn,Q), where MZn is an even dimensional dif-

ferentiable manifold (all our manifolds are assumed C°° and connected), and Q 1is a
closed nondegenerate 2-form on M. Such manifolds are very important since they pro-

vide a good geometric framework for Hamiltonian mechanics, and for other chapters of
theoretical physics. If the 2-form  1is nondegenerate but not closed, (Mzn,ﬂ) is
an almost symplectic manifold, and this definition provides a class of geometrically
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interesting manifolds. In between, the locally conformal symplectic (l.c.s.) mani-
2
folds are defined as almost symplectic manifolds M n (n > 1) which have an open

covering {Uy} and a system of functions oy : Uy~ R such that d(e Q) =0.

a €A’
Equivalently, do, glue up to a closed l-form w , and

dQ = w A Q . (1.1)

Formula (1.1) was established by H.C. Lee [1 ], and we call w the Lee form; it is
well defined, and dw = 0. Clearly, iff w 1is exact, the manifold is globally con-
formal symplectic (g.c.s.).

We refer the reader to [2 1,[3 1,[4 ] and [5 ] for the first properties and

examples of l.c.s.manifolds,that also provide a geometric motivation for the study of
this class of manifolds.But, let us also point out a physics motivation.Indeed, let us
look at a dynamical system with n degrees of freedom. Then its phase space can be
seen as a 2n-dimensional differentiable manifold M , and the dynamics consists of the
orbits of a well defined vector field X . Every point of M has an open neighbour-
hood U, with the local coordinates (q%a) ’p§0)) (i, j=},...,n) given by positions
and momenta, and there is a Hamiltonian function H(a)(qta)’ pga)) such that the

orbits are defined by the Hamilton equations

i (a)
dq .y OH dp 3H

(a)
= ((!) ) = = i N (1'2)
dt 3pi dt Bq(a)

(a)

The well known symplectic interpretation [6 ] tells us that X is precisely the

()
i
Now the usual continuation of this interpretation consists in asking the local

n
Hamiltonian field of H(a) with respect to the symplectic form Q(a)=igldqta)A dp .
forms Q(a) and local functions H(a) to glue up to a global symplectic form @ , and
a global Hamiltonian H. But this is not compulsory since the only global entity is
X , and we must only ask that the transition functions

i 4 k (@) B_ (B, k (a)
q(B) -q(B)(q(&)’ph ), Pi -pi (q(a)’Ph ) (1.3)

preserve the form of the Hamilton equations (1.2). This happens not only if (1.3)
implies QB = Qu (i.e.,(1.3) are canonical transformations), but also if (1.3) implies
QB = ABa Qa’ ABG = const.# 0 (i.e., (1.3) are homothetic canonical transformations)
if we take H(B) = XBaH(a) . In other words, we get the Hamiltonian dynamics if the
geometric structure of the phase space is defined by an open covering {Ua}a € a > and
a corresponding system of local symplectic forms Qa , such that over UafWUB# ¢ one

has

Q Q A = const. . (1.4)

g~ Yga’ o
In this case, we get easily from (1.4) the cocycle condition

ABGAGY = ABY s (1.5)

hence we have a basic line bundle L on M, and instead of a Hamiltonian function
we have a Hamiltonian cross-section of L (a "twisted Hamiltonian").
It is well known that the cocycle condition (1.5) implies
Oy  ©
/ B

A, =e e (1.6)

Ba

for some functions oy : Uy,> R defined up to a term E/Ua (f:M > R), and then (1.4)
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shows that g
g=e" Q (1.7)

is a global non-degenerate 2-form on M defined up to a global factor. Hence (M,Q)
is an l.c.s. manifold.

Therefore, the l.c.s. manifolds are natural phase spaces of Hamiltonian dynamical
systems, more general then the symplectic manifolds, and this is the announced motiva-
tion.

Finally, we indicate that the l.c.s. manifolds play an important role in the re-
cent works of A. Lichnerowicz [ 7 ].

In this paper, we do not intend to discuss problems of mechanics or physics, but
some problems concerning the differential geometrical structure of the l.c.s. mani-
folds. In Section 2, we discuss infinitesimal automorphisms (i.a.) of an l.c.s.
structure . If there is an i.a. X such that w(X) # 0, the manifold (M,Q) is

called of the first kind, and £ has a particular form, while M becomes a 2-contact

manifold [12] . This happens necessarily if (M,Q2) is homogeneous nonsymplectic. In
Section 3,we define regular l.c.s. manifolds, and give a corresponding Boothby-Wang
fibration theorem [ 8] , [ 9] . We also deduce that a homogeneous l.c.s. manifold
with an invariant i.a.X such that w(X) # 0 is regular. In Section 4, we discuss
compact homogeneous l.c.s. manifolds, and show a method for constructing such mani-
folds as T2(torus)-bund1es over compact homogeneous simply connected Hodge manifolds
by applying the results of [ 10] for contact manifolds. We also apply the method of
[11] in order to derive some reductivity results for Lie algebras of i.a. of l.c.s.
structures. In each section we also give various other related results. Most of the
proofs are adaptations of corresponding proofs in symplectic and contact geometry.
The paper closes with an Appendix where we give a Riemannian analogon of the Boothby-
Wang fibration theorem.

This text is a part of a series of lectures on Boothby-Wang fibration theorems
given by the author at the Istituto Matematico del Politecnico di Torino (Italy),
under the invitation of the Italian Consiglio Nazionale delle Ricerche (C.N.R.). I
should 1like to express here my thanks to the CNR of Italy and to my hosts in Torino,

particularly prof. F. Tricerri.

2. HAMILTONIAN FIELDS. INFINITESIMAL AUTOMORPHISMS.
2
Let (M n ,) be an l.c.s. manifold with the Lee form w, such that (1.1) holds
(and dw = 0). Then, we also have the characteristic vector field A defined by

i(A)Q = w, and it is easy to get
i(Aw =0, LAw =0, LAQ =0 . (2.1)

Let C” (M) denote the associative algebra of C®-functions on M, and f : M + R be
one such function. As in Section 1, there is a well defined line bundle L on M, and f
has a well defined associated cross section fL of L given by the local functions f =

=e “F Then, the usual symplectic Hamiltonian formalism [ 6 ]| provides us with the

local fields Xfa given by
i(Xfa)Qa =df, . (2.2)

But (2.2) is equivalent to i(Xfu)Q = df - fw , which shows that the local fields Xfcl
glue up to a global vector field X¢ defined by

i(Xf)Q = df - fu . (2.3)
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Xf will be called the Hamiltonian vector field of f with respect to the l.c.s.
form % . Clearly, Xf defines the dynamics of the local Hamiltonians £, as de-
scribed in Section 1.

Using these fields, we define now the Poisson bracket

Oa
{f,g’ = Q(Xg,Xf) = ng-gw(Xf) = -ng+fm(xg) =e {fa,ga}% . (2.4)

The last expression of (2.4) shows that P(M)=(Cm(M), {.,.}) 1is a Lie algebra (called

the Poisson-Lie algebra of (M,R)) , and that one has

X{f,g} = [xf’xg] (2.5

or, equivalently, the mapping H : P(M) + x(M) (where x(M) is the Lie algebra of the
vector fields of M) given by f Xf is a Lie algebra homomorphism.

The following fact is rather interesting.

PROPOSITION 2.1 Let (M,R) be a (connected.) l.c.s. manifold that is -not g.c.s.
Then H is a monomorphism.

PROOF. By (2.3), Xf =0 means df - fw =0 , and f cannot be nowhere zero
since otherwise w would be exact, and M would be g.c.s. Hence, let f(xy) = 0 for
Xo €M , and put w = - (dt/1) (1 # 0) on some open connected neighbourhood of x, .
Then df - fw = 0 gives d(ft) = 0, whence f1 = const., and f = O on that neigh-
bourhood. Now, for an arbitrary x € M , one can build a chain of open connected
neighbourhoods Ul’ ey Un such that X € Ul , X € Un R Ui n Ui+1 #¢ (i=1,...,nd),
and w/Ui is exact (i=1, ... , n). Then f = 0 propagates along this chain from
x, tox . Therefore, X . = 0 implies f =0. Q.E.D.

REMARK. This result is not true on g.c.s. manifolds.

Furthermore, it follows from (2.3) that any Hamiltonian field satisfies

Ly @ = wXp2 (2.6)

hence, generally and unlike in the symplectic case, Xf is not an infinitesimal automor-
phism (i.a.) of (M,2). Of course, the latter are defined by LXQ = 0, and fom a

bracket-Lie algebra XQ(M)- We do have X_ € xQ(M) iff m(Xf) = 0 or, equivalently in view

£
of (2.1) and (2.3), Af = 0. Vector fields X such that w(X) = 0 will be called
horizontal fields.

Now, let us refer to an arbitrary X € XQ(M)- Then we have LXQ=0 and, by (1.1),

LXPFO as well. The later condition implies w(X)=const. Particularly, if X,Y € xQ(M),
then w(X)=const., w(Y)=const., and dw(X,Y)=0 yield w([X,Y])=0. Hence, the application
L xQ(M) + R defined by £2(X)=w(X) 1is a Lie algebra homomorphism for the commutative
Lie algebra structure of R. We call £ the Lee homomorphism of xQ(M). The kernel ker 2
is the Lie algebra of the horizontal elements of xﬂ(M), denoted xgor(M). The i.a.

X € XQ(M) with £(X)#0 will be called transversal i.a. (t.i.a.), and we shall say that
the l.c.s. manifold M is of the first kind if it has t.i.a. Otherwise, M is of the
second kind, and the Lee homomorphism is trivial. If w has vanishing points, M is

necessarily of the second kind. Hence, if M is of the first kind w ¥ O everywhere, and,
if M is compact, M has a vanishing Euler-Poincaré characteristic. If (M,Q) is of the

first kind, and f:M »>1R is a function such that df/x°=w(x°), then (M,e_fQ) has the Lee
form w-df with a vanishing point, and it is ".c.s. of the second kind. Clearly, if M is
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of the first kind % is onto, and we have the following exact sequence of Lie algebras
0 — xETa) =y (0 LR — 0. @.n

a* we can obtain much more information about the l.c.s. manifolds

It turns out th °
(1) < xQ(M), and call B the

of the first kind. Indeed, let us fix an element B € ¢
ition
basic t.i.a. of (M,R). Then, every Y € xQ(M) has a unique decompos
h .
Y=X+2(Y)B, XE€ xﬂor(M) . (2.8)
= + di(B)a =10 .
Now, put 6 = —i(B)Q (hence 8(B) = 0), and write down LBQ 0 as i(B)dQ + ai(B)

This yields a particular expression for £ namely

Q=4d6-wAb. (2.9)
Furthermore, we have
LBe = -LBi(B)Q = -i(B)di(B)Q = -i(B)(LBQ - i(B)de) = 0, 2.10)
renee i(B)d6 = 0 , (2.11)
and rank d8 < 2n . But then (2.9) and Q" # 0 yield
bABA @) 4O (2.12)

everywhere. This yields )
PROPOSITION 2.2. A manifold M D .dmits an l.c.s. structure of the first kind

iff it admits two l-forms w,6 such that dw = 0, rank d6 < 2n, and (2.12) holds at

every point of M.
PROOF. Above, we obtained w,8 from & . Conversely, if w,8 are given,

(2.9) yields an l.c.s. structure § with Lee form w. Then the equations
w(B) =1, 6(B) =0, i(B)d6 =0 (2.13)

define a unique vector field B on M (that also satisfies i(B)Q = -06) such that
Lgh =0, Lyw =10 . Hence B is a (basic) t.i.a. Q.E.D.
Of course, w and 6 define Q wuniquely, but § does not define uniquely

(w,8). Note also that
w(A) =0, 6(A) =1, i(A)de =0 (2.14)

define the characteristic vector field of M (i(A)Q = w),and since exp{tB) preserves
Q it also preserves A. This means [B,A] = 0, and we obtain on M the vertical

foliation V = span {A,B} , whose leaves are the orbits of a natural action of Hg

In the next Section, we shall use V in order to get more geometric information on M.
In connection with the above discussion, we shall also make the following comple-

mentary considerations. Formula (2.6) proves that a Hamiltonian field is a conformal

infinitesimal transformation(c.i.t.)of (M,R). Generally, a vector field X of M

is a c.i.t. if [Lf]

LXQ = axQ , (2.15)

where Oy is a function on M. The c.i.t. form a bracket Lie algebra to be denoted

by xg(M), and if besides (2.15) one also has LYQ = ayﬂ it follows

Lig,y)® = &Koy - Yoo . (2.16)

The Hamiltonian fields form a Lie subalgebra XHam(M) of x;(M). Now, if X satis-
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fies (2.15) then, by differentiating this condition and since n > 1 , we get
wa = dax9 (2.17)
whence it follows that

oy = w(X) +k , k = const. (2.18)

If this ay is used in (2.15), we see that (2.15) is equivalent to LXQa = kQu ,
where Qa are the local symplectic forms of the l.c.s. structure. Hence X 1is a
c.i.t. iff it is an infinitesimal homothety of the forms Qa .

Furthermore, we can extend the Lee homomorphism to £ : XS(M) +1R given by
PX) = w(X) - oy = -k(k of (2.18)). If X,Y€ Xg(1), and we have (2.16), it follows
2([X,Y]) = -dw(X,Y) = 0, hence the extended & is also a Lie algebra homomorphism.

Its kernel consists of fields X such that LXQOl =0, i.e., of locally Hamiltonian

fields, and we denote ker & = xéam(bﬂ EXHam(M). It is precisely the locally Hamil-
tonian fields that should be interesting in mechanics.
If the extended Lee homomorphism ¢ is nontrivial 1i.e., if there is a non-local-
ly Pamiltonian field in xg(M), we have the following exact sequence of Lie algebras
0+ xt S xim Hr—o0, 2.19)

and we shall say that M has many c.i.t.

If this happens, let us fix an element C € 2-1(1), called a basic field, which
gives uniquely for every Y € x;(M)

2
= X
Y X + 2(Y)C, € XHam(M) . (2.20)
Then, if y = -i(C)Q , we have LCQ = i(C)dQ +di(C)N=w(C)Q+w A Yy - dy = aCQ , i.e.,
2(C)Y + w A Y - dy =0 or equivalently
Q=dy - 0w AY . (2.21)

Hence, by comparing with (2.9), we see that an l.c.s. manifold with many c.i.t. 1is

a candidate of a manifold of the first kind. More precisely, let us note that the

Lee homomorphism & of (2.19) is conformally invariant. Indeed, if 5 = tegh , then
e Yo+ i - N ~ %
we get w=w +dp , and if LXQ aXQ we get LXQ aXQ with oy %y + Xo .

Whence we obtain

TX) = o) - EX = w(X) - oy

L(X) .
Hence the existence of many c.i.t. is a conformally invariant property. Now, assume
that there is a vector field C on (M,Q) such that 2(C) = 1, and d[ewi(C)Q] is a
degenerate 2-form for some function ¢ on M. Then Proposition 2.2 shows that
(M,e¥2) s an l.c.s. manifold of the first kind.

Let (M,2) be an l.c.s. manifold of the first kind, and B a basic t.i.a. Let

xgor(M,B) be the Lie subalgebra of xgor(M) whose automorphisms also preserve B ,

i.e., XE€ xgor(M,B) iff w(X) = O,LXQ = 0,[X,B] = 0. On the other hand denote by
CV(M) the subset of C (M) that consists of functions that are foliate with respect
to the foliation V or, equivalently, satisfy Af = 0, Bf = 0, and remember the ap-
plication H(f) = Xf . Then, we can prove

PROPOSITION 2.3. Let M be an l.c.s. manifold of the first kind which is not

g.c.s. Then C;(M) is a Poisson-Lie subalgebra PV of PM), and #H sends iso-
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h
morphically PV onto xﬂor(M,B).

PROOF. Let f € C;(M), and H(f) = Xf. By (2.6) and the remark afterwards,
since Af =0, X € xg°r(M). Then, by (2.3) and (2.9) we get

i(Xf)dG + m-e(xf) = df - fo , (2.22)
which applied to B , and since Bf =0, implies
G(Xf) = -f . (2.23)

Now, (2.22) reduces to i(Xf)dG = df, which with (2.23) implies foe = 0, and because
® hor
of LXfQ = 0, we also have [Xg,B] = 0. Hence H sends CV(M) to Xq (M,B), and
it is injective because of (2.23).
Conversely, let X € xgor(M,B) (which implies w(X) = 0, Lxe = 0), and define

f =-06(X) . Then
i(X)Q = i(X)(d6 - w A B)= i(X)d6 - w(X)6 + 8(X)w =

= Lxe - d(eX)) - wX)8 + 86(X)w = df - fuw

i.e., X = Xf . Furthermore, as in the remark following (2.6), w(X) = w(Xf) =0
implies Af = 0, and we also have (LXG)(B) =0 = X(8(B)) - 8([x,B]) = -8([X,B]) ;
do(B,X) = 0 = B(6(X)) - X(8(B)) - o([B,X]) = B(6(X)), i.e., Bf = 0. Hence H is
also a surjection for the sets of Proposition 2.3.

Finally, let f,g € C;(M) and, therefore Xf, Xg € Xgor

y (M,B). Then [xf,xg] =
= X{f,g}€mxﬂor(M,B) and, since by Proposition 2.1 #H 1is injective, we must have
{f,g} € C,(). Q.E.D.

We close this Section by another simple but interesting result. An l.c.s. mani-
fold (M,Q) 1is homogeneous if it admits a transitive Lie group G of §-preserving
diffeomorphisms. (In Section 4, we shall give a rather general construction of such
manifolds.)

PROPOSITION 2.4. Let (M,Q) be a homogeneous l.c.s. manifold which is not sym-
plectic. Then it is necessarily a manifold of the first kind.

PROOF. Remember that all our manifolds are connected. Then the homogeneity group
G may be assumed connected as well. Since M 1is not symplectic and homogeneous,
w# 0 everywhere, and M 1is foliated by w =0 . Let p,q be points on different
leaves of this foliation, and let y € G such that y(p) = q. Then we may write
Y = exp 510...oexp zk for some elements gu(u =1, ..., k) of the Lie algebra g of
G. These elements have associated vector fields XOl € XQ(M), and we must have w(Xa)#O
for at least one index o since otherwise Yy acts along the leaves of w = 0, and it
cannot send p to gq. Q.E.D.

COROLLARY 2.5. A semisimple Lie group G cannot act transitively on a nonsym-—
plectic l.c.s. manifold.

PROOF. Indeed, if G 1is semisimple its Lie algebra g 1is equal to the derived
algebra g' . But we know that any bracket of i.a. is horizontal. Hence g would
consist only of horizontal fields, which contradicts Proposition 2.4.

3. REGULAR L.C.S. MANIFOLDS.

In Section 2, we saw that an l.c.s. manifold of the first kind has important

foliations V . Inspired by a corresponding theory of contact manifolds [8 ], we shall

define the regular l.c.s. manifolds as l.c.s. manifolds M of the first kind for which
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it is possible to choose a basic t.i.a. B such that the corresponding vertical foli-
ation U = span {A,B } is simple (regular),and the corresponding space of leaves M/V=N
is aHausdorff differentiable manifold. Under these hypotheses, we may expect a fibra-

tion theorem, and, in fact, such a theorem was given for a more general structure
(121, 19 1.
2n+s

Namely, let M be a differentiable manifold. An s—contact structure on M

. 1 s
consists of s 1-forms w seeen W, and one 2-form @ of rank 2n such that

wl Ao AW A ot # 0 (everywhere) ,

(3.1)
do" = a0 (or."l = const.; u=l,..., s),d2 =0 .

If n> 1, au = const. is a consequence of the other relations. If at least one of
the o is nonzero, the structure will be called of nonzero type. An s-contact
structure defines a decomposition ™M = C @ V where C (the horizontal bundle) is
{X/i(X)Q@ = 0} (the vertical bundle). More-

given by wl =0,..., W = 0, and V
over, we have s wuniquely defined basic vertical vector fields Eu(u =1l,..., 8)

given by

u _ .u _ _
i(Ev)w = Gv R i(EV)Q 0 (u,v=1,..., s) . (3.2)

This relations imply

L.va“ = i(EV)dmu = o 1HE)R =0, (3.3)
L, Q=0 3.4
Ey (3.4)

i([Eu,Ev])wt =1, i(EV)wt - 1)L, wi=0 ,
v v (3.5)

i([Eu,Ev])Q = LEui(Ev)Q - 1(EV)LES =0 ,
whence

[Eu,Ev] =0 (uv, =1,...,s) . (3.6)

Hence V 1is a foliation of M by the orbits of a natural action of Rs on M. If
this foliation is simple, and N = M/V is Hausdorff, we say that M 1is a regular
s—contact manifold, and the following result holds [12], [ 9 ] .

2nts

PROPOSITION 3.1. Let (M s wu,Q ) be a compact connected regular s-contact

manifold, and p:M2n+s > N2n the corresponding submersion. Then p 1is a principal

T° (torus)-bundle, N 1is a symplectic manifold with the symplectic form Q' such
that Q = p*Q' , and there are some constants ¢’ such that {c%&"} 1s a connection
on p with the curvature proportional to Q' .

PROOF. The regularity hypothesis implies the regularity of the foliations by the
orbits of Eu for each u=1,...,s, whence these orbits must be embedded circles [8 ].
Then, for each wu=l,...,s, the period function ug (x) = inf{t/t > O, eXP(tEu)(x)=x}
is a constant <, # 0, in view of Tanno's theorem [f3] applied to the pair (Eu,mu).
Now, we see that the bracket commuting vector fields (1/cu)Eu yield a free right ac-
tion of T° =‘RS/ z° on M. Furthermore, let U be a cubical flat regular coordin-
ate neighbourhood for (M,V) with the coordinates (x%,x") (a = 1,...,2n; u=1l,...,s)
such that x2 = const. on the leaves of V. Put U' = p(U), and define h:U’ x ™ >
>l by . .
(G, @l ,e9) = e ED oo o2 E) (0, (3.7
where o : U' » M is given by a(xa) = (xa,O). Then hS is a diffeomorphism which
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gives a local trivialization for p such that the right action of T° is right mul-
tiplication on the Ts-component in (3.7). This proves the principal bundle struc-
ture of p. All the other assertions of Proposition 3.1 are clean from (3.2), (3.3),
(3.4). Q.E.D.

The following converse result is also clear.

n’ Q') be a symplectic manifold, and p:M2n+s > N2n a

PROPOSITION 3.2. Let (N2
Ts-principal bundle endowed with a connection (w") such that du" = aup*Q‘ " =
const.) . Then (mu, p*Q') is a regular s-contact structure on M.

Now, by Proposition 2.2, an l.c.s. manifold M admits associated 2-contact
structures (w,0, d6) such that al =0, a2 =1, and conversely. Moreover, if M
is regular the associated 2-contact structure can be assumed regular, and we have

PROPOSITION 3.3. Let M2n be a compact regular l.c.s. manifold, and p:M:m->N2n_2

be the corresponding submersion on the space of the leaves of a regular vertical folia-
tion V of M. Then p is a Tz-principal fibre bundle over the symplectic mani-
fold N . Conversely, if p is such a principal bundle, and it is endowed with a
connection (w,0) such that dw = 0, and d6 projects to the symplectic form of N,
then M is a regular l.c.s. manifold.

Proposition 3.3 provides a construction method for regular l.c.s. manifolds. In
fact, it is easy to understand that p can be obtained as a composition of principal
fibrations: first, we can project M onto the manifold P of the orbits of B , and
this will be a flat principal circle bundle over a regular contact manifold. Then
project P onto N by the Boothby-Wang fibration [ 8] which is again a principal
circle bundle. Particularly, the symplectic form of N must represent an integral
cohomology class [ 8] . Conversely, the construction of M will be realized in these
two steps: construct P 1like in [ 8] , and then M as a flat principal circle bundle
over P .

The results above are a straightforward generalization of the Boothby-Wang fibra-
tion theorem [ 8] . Moreover, many of the other results of the basic paper [7 ] can
also be generalized straightforwardly to the present situation, and we shall indicate

here this generalization.

PROPOSITION 3.4. Let M be a regular compact l.c.s. manifold. Then the group
of the automorphisms of M acts transitively on M.

PROOF. Let U be a cubical flat regular coordinate neighbourhood of (M,V )
like in the proof of Proposition 3.1. Let G be the automorphism group of M. Then,
we see like in [8 ] that G acts transitively along the slices of w =0 in U .

But it also acts transitively on slices by the translations of the corresponding para-
meter. Hence G acts transitively on U, and, because of connectedness, it also acts
transitively on M . Q.E.D.

In [3] it is shown that, if M is a compact connected l.c.s., and w # 0 every-
where, then the group of its conformal transformations acts transitively on M.
Furthermore, an s-contact manifold (M, wu, Q) 1is called homogeneous if M m G/K,
where G 1is a Lie group of s-contact automorphisms which acts transitively and
*
eﬁ;ectively on M, and K is a closed subgroup of G. Hence, Vg € G, g W' = o
g =20

’
(the second relation follows from the first in the nonzero type case). Then
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one has
PROPOSITION 3.5. Let (M = G/K, wu, Q) be a homogeneous s-contact manifold of
the nonzero type. Then M 1is a regular s-contact manifold.
PROOF. [8] . The forms mu, Q 1lift to corresponding left-invariant forms
N T on G which are ad K-invariant, and we shall look at the closed subgroup
G (H o K) defined by

H = {h € 6/(adh) " D* = 3%, (adn)T = T} .

Then, if g denotes the Lie algebra of G, h of H and k of K, if we denote by
X a generical element of g = TG (e 1is the unit of G)» and by X the corres-

ponding left invariant field of G, we get:
= It = o =
E—{§€E_/wa O,an 0} .

Since everything in the above construction is left-invariant, if we use the definition
of the Lie derivative, we see that the conditions which define X € h are equivalent
to ~ ~

@, @ =0, T, ¥, 2 =0, (3.8)
where Y, Z are arbitrary elements of g, and we also used d% =0 . since a“ $0
for some index u, I.x?f =0 follows from Lx:;u = 0, and the only remaining condi-
tion is the first condition (3.8), which is equivalent to ?2;(5,1) =0. I.e.,
h={X€g /?)’e(_)g,ll_) =0}, and since rank § = 2n [8], we get dim h = dim k + s.

Furthermore, it is known that for a triple G D H © K as above there is a na-

tural diagram of locally trivial fibrations

¢ —— G/K

o\ (3.9)

G/H 40
where, particularly, p has the structure group H and the s-dimensional fibre

H/K. Now, if Eu are the basic vertical fields on G/K, there are (non-unique)
left-invariant lifts Eu to G which satisfy i(Ed)?f = 0 so that 'Eu(e) are in

h . It is easy to deduce from this that the tangent distribution of the leaves of V
on G/K is precisely the vertical distribution of the fibration p . But then, by
applying the Corollary on p. 28 of [14] , it follows that the foliation V 1is simple
and its basis is a covering manifold of G/H i.e., a Hausdorff manifold. Q.E.D.

REMARKS. 1) Just like in [8] , we can see that the space of the leaves
G/K)/V is G/(H,* K), where Hy

proof of Proposition 3.5 also holds for all o' =0 if G is semisimple but the
u

is the connected component of e in H. 2) The
same argument as for Corollary 2.5 shows that, if o = 0 holds for at least one
index u, G cannot be semisimple.

COROLLARY 3.6. Let (M,Q2) be a homogeneous 1l.c.s. manifold which admits an
invariant t.i.a. Then M is a regular l.c.s. manifold.

The supplementary hypothesis is necessary in order to have a homogeneous associa-
ted 2-contact structure, and to apply to it Proposition 3.5. We notice that if M™,Q) is
a homogeneous nonsymplectic l.c.s. manifold such that M = G/K, where G 1is a
reductive Lie group (particularly, G 1is a compact group), them M must have an in-

variant t.i.a. Indeed, as in the proof of Proposition 2.4, there is an element X € g
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which generates a t.i.a. XM . But then (2.7) yields an exact sequence of Lie algebras
c
0+ Sy im0, (3.10)

where 5ﬁ°r consists of elements of g which yield horizontal fields on M , and
since g is reductive Ehor has an ad G-invariant complement. Q.E.D. If G is
reductive (compact) we shall say that M 1is of the reductive (compact) type.

4., COMPACT HOMOGENEOUS L.C.S. MANIFOLDS.

Like for the regularity property, we may expect to obtain information about com-
pact homogeneous l.c.s. manifolds from a discussion of compact honogeneous s-contact
manifolds, and for the latter it is possible to extend in a rather straightforward
manner the results established for contact manifolds in [10 ].

Let (M = G/K, wu, Q) be (here, and always in the sequel) a compact homogeneous
s-contact manifold of nonzero type. Then M is regular by Proposition 3.5, and there
is a TS-principal bundle p : M > N over the symplectic manifold (N, Q') with
p*Q' =Q . Obviously, N is also compact and symplectic homogeneous with the homo-
geneity group G since G preserves the whole structure of M , and, particularly,
the vertical foliation V (see Section 3 for notation). Now, recall that a homogene-

ous symplectic manifold with group G is homogeneous strongly symplectic if for every

X € g the field Xy 1induced on N is a Hamiltonian field. Then we have

PROPOSITION 4.1. The basis N of the projection p : M - N above is homogeneous
strongly symplectic.

PROOF. [10 ]. Consider X € g and the induced fields XM on M , XN = p*xM
on N, and denote, as usual, by Eu (u=1,..., s) the basic vertical victor fields
of M , that are obviously G-invariant fields. Assume, for instance, o # 0, whence
Q= (llal)dwl .  Then

E ) = 1 ixMwl - i([Eu,XM])wl +iOL Wl = 0
u u

(u=1,..., s), and wl(XM) projects to a function fX on N. Furthermore, since
Lx wl =0, we have
M

. . 1 ., 1 1 1 1

* ' = = = - = = - =

P (1XNQ ) iy Q 1 1(XM)dw T d(w (XM)) 1 p*dfx ,
M a a o

. . . '
which yields 1XNQ N

COROLLARY 4.2. The basis N of the projection p : M » N described at the

—(llal)dfx, and shows that X, is a Hamiltonian field. Q.E.D.

beginning of this section is a simply connected compact homogeneous symplectic mani-

fold, and its symplectic form belongs to a Kahler metric that is homothetical to a

Hodge metric. The Betti numbers b (N) are zero.

All this is gathered in Theoreihilof [10, p. 341] on the basis of results of
Borel, Lichnerowicz and Milnor.

The above results give us the structure of compact homogeneous s-contact mani-
folds of the nonzero type as Ts—principal bundles over special homogeneous symplectic
manifolds. Conversely, we have

PROPOSITION 4.3. Let p : M2™™ 5 8% be a T°-principal bundle,where N-" 1is
a compact simply connected homogeneous Hodge manifold with the K#hler form Q' .

. u
Assume p has a connection (w )(u =1,..., s) such that dw’ = aup*n' , where not
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all o% = 0. Then (M,wu, Q = p*Q') 1is a compact homogeneous s-contact manifold.
PROOF. That (mu, Q) 1is a regular s-contact structure is known by Proposition
3.2. The homogeneity of this structure will be proven like for the contact case in
[ 10]. Namely, by results of Montgomery and Lichnerowicz as quoted in [ 10] , we
may assume N = G/K with G a compact and semisimple Lie group, and (N, Q') is a

Hamiltonian space, i.e., there is a Lie algebra homomorphism ¢ : g > P(N) (the

Poisson algebra) such that V X € g one has
i(XN)Q' =d@@X) . (4.1)

Now, take the Lie algebra g ®R® with the zero bracket in IRS, and define
Yot gﬂRs > xM) by

S S
YX o (c“)u=1 g = YN - (@) op) Za" E, -2 t E, 4.2)
u=1 u=1

where %N is the horizontal 1lift of X, with respect to the connection (wu), o

are the constants which appear in Propogition 4.3, and Eu are the basic vertical
vector fields of the s-contact structure of M. Then, a computation similar to that
of [10, p. 347] shows that Yy is a Lie algebra homomorphism and, therefore im vy
is a finite dimensional Lie subalgebra of x(M). Accordingly, there is a connected
Lie group G of left transformations of M, and we can see like in [10 ] that G
acts transitively og M. (I.e., V X €M and v € Tx M, 1if we decompose
v=horizontal(v) + ufl W v) Eu, and if X € g 1is such that iN(xo) = horizontal (v),

which is possible since G 1s transitive on N, the field

A=ylxo (0® «pxpa’ - @) _ 1

seees
is such that A(xo) =v . This implies the transitivity of G .)

Finally, we see again like in [ 10 ] that Ly(_)S o (tu))wu =0 , and LY(&!L(tu))Q =0
follows since the s-structure is of the nonzero type. This means that G preserves
the s-structure of M . Q.E.D.

From these results it follows:

COROLLARY 4.4. Let (M,Q) be a compact homogeneous l.c.s. manifold which admits

an invariant t.i.a. Then M has a Tz-principal bundle structure p : MZn > N2n-2’

where N is a simply connected compact homogeneous Hodge manifold. Conversely, every
such bundle which is endowed with an adequate connection as in Proposition 4.3 is a
compact homogeneous l.c.s. manifold. If M 1is as in the present Corollary, its first
Betti number is bl(M) = 1.

Here, only the last assertion has to be justified, and it follows by first con-
sidering M as a flat circle bundle over a contact manifold P, then fibering P over
N as a principal fibre bundle, and finally by applying twice the Gysin exact sequence
theorem and using the fact that bl(N) =0 .

Now, let us consider again a homogeneous l.c.s. manifold (M = G/K, Q), let g
be the Lie algebra of G , and gbor the subalgebra of those X of g that m(XM) =0.
Accordingly, we have the exact sequence (3.10). The symplectic case suggests us to
say that M is strongly homogeneous if for every X € Bbor N XM is the Hamiltonian
field Xf of a function f € P(M) with Af = 0 (see Section 2). Similarly, M is

Hamiltonian l.c.s. if a Lie algebra homomorphism @ : gﬁor* P(M) exists such that
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A(im @) = 0 , and V X € g"°F

a G-invariant t.i.a. then we have the Lie algebra isomorphism H of Proposition 2.3,
and H—l restricted to fields XM defined by X € shor yields a homomorphism showing
that M is a Hamiltonian l.c.s.

PROPOSITION 4.5. Let (M = G/K,R) be a compact strongly homogeneous l.c.s. mani-

one has XM = XLD(X) . If M is not g.c.s., and it has

h
fold which is not g.c.s., and assume G is connected. Then the Lie algebra g °T s
semisimple if A £ g, and g'°% = s @ span {A} (3 - semisimple) if A€pg .
hor s - =
PROOF. [11] . Every X € g satisfies X, = XfQ(_) , Af = 0 , and in view of
Proposition 2.1, f is unique. Accordingly, we may define on g an inner product
() =2 leoe@a® (4.3)
XY ol B
. n . hor
where M is oriented such that € > 0, and if Z € g we have
Azglp )+ x, (200 =& [ 1@, £ @) 10 +
© M (4.4)

1
n!

on _LI. n _ n, _
+ £ {E@, f MG =5 JMZM(f(p.f(p)n JMd(i(zM)f(g)f(X)n )=0.

h hor
That is, the inner product (4.3) is Ad g Or—invariaﬂt, and we conclude that g is
a reductive Lie algebra, and that &hor =s®c , where s is semisimple, and c is
the centre of 3hor .

Now, let us note that there is a connected subgroup Ghor c G whose Lie algebra
is g_hor , and Ghor acts transitively on every leaf L of the foliation w =0 .
Indeed, if p,q & L, a leaf of w=0, and q =g(p), g €G,g = expg(_1°...°exp Eh’
g(_l,..., ih € g ,then, generally, the situation is such that, for instance, 2(_1 ¢ _g_h"r,
X, (4 3hor’ X, € ghor | etc. But then exp X; sends the leaf L to a leaf L', exp X,
sends L' to L" , exp 33 preserves L'" etc., and we also must have some _)_(_u, )_(v, X,
such that their exponentials bring us back from L" (or whatever other leaf) to L.

Since any bracket of i.a. is horizontal, if we exchange in g the order of the
exponentials such that )_(u,)_(v,liv come next to _X_l §2 , this adds a factor in G
Then, exp Kloexp Kzeexp gt_uoexp l{voeﬁp )_(w preserves L , and is also in Ghor. There-
fore, eventually, we get some 7y € G'°° such that y(p) =q . Q.E.D. This clearly
implies that V p € L , and Ep € Tp L there is an element X € gnot such that
Xy®) = €y -

hor

Furthermore, let us look at the previous decomposition g =s @€c , and con-
sider X € ¢ i.e., [X,¥Y] =0 for all ge_gh“ - This implies Xio oy ¢(yy) =0 >
hence {f(X), £(Y)} = -2(X,,Y,) = 0 . This equality together with the Er:evioKs argu-
ment shows that (i()%i)ﬂ)p (gp) =0, Vp€EM and VEP € TPM such that mp(Ep)=0,

i.e., i(X.M)Q= Aw for some function A , and XM =1A. Q.E.D.

hor

Let us note the following Corollary which, as a matter of fact, follows also from
the proof of Proposition 4.3.

COROLLARY 4.6. Let (M=G/K,2) be a compact homogeneous l.c.s. but not g.c.s.
manifold with an invariant t.i.a.B. Then M can be also represented as G/ where

the Lie algebra of € is of the form E =s Q]R2 »,and s 1is a semisimple Lie algebra.

. PROOF. Consider the Lie algebra E_ = g & span {A} ®span {B} , Clearly, Ehor =
or ~]
g + span {A} . By Proposition 4.5, we have Ehor = s & span {A}, and the result

follows.
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Another related result is

COROLLARY 4.7. Let (M = G/K,Q) be a compact strongly homogeneous l.c.s. but
not g.c.s. manifold such that A doesn't represent an element of g. Then M has
a G-invariant transversal infinitesimal automorphism B .

PROOF. We know that the Lie algebra g is not semisimple, and, therefore, it

hor
must have a nonzero abelian ideal I. Then, I N g is a comm:tative ideal of
hor . or
ghor and since, under the hypothesis, g °T is semisimple, I N g = 0. Hence

dim I = 1, and I can be seen as generated by B where BH =B and w(B) = 1. Since
1 is an ideal we have [X,B] = AB, VX € g , and since [X,B] has to be horizontal,
Ek,g] =0, and B 1is a central element in g . But then B is the requested i.a.
Q.E.D.

5. RIEMANNIAN MANIFOLDS
In the present paper, we used the Boothby-Wang fibration technique of

[ 8] in order to clarify the geometric structure of a regular l.c.s. manifold. This
is an interesting technique, and we should like to indicate here a different applica-
tion of it. This section is not on l.c.s. manifolds but on Riemannian manifolds.
Let M be a compact connected Riemannian manifold with the metric g . Let us
assume that there is given an action of the additive group Rr® on M® by isometries
of g all of whose orbits are s-dimensional. Then, the orbits of this action define

on M a foliation V (called the vertical foliation) whose leaves are s-dimensional

submanifolds tangent to some independent commuting vector fields Eu (u=1,..., s)
provided by the natural basis of ‘RS . Clearly, we have LE g=0. If V is a

u
simple foliation whose space of leaves is Hausdorff, we say that the action of R® on

M is regular.
A few more simple details about (M,g) and the action above will be needed.

Namely, let C be the horizontal distribution orthogonal to V . Then, we can define

the 2-tensor

Y®&,Y) = glpry X, pry ¥Y) (5.1
and the s 1-forms
u u u
w (Ev) = Gv , W /C =0 (uv=1,..., s). (5.2)
Since every vector field X has a unique decomposition
5w
X=X'+Ew(X)Eu , X'e€ecC , (5.3)
u=1
we get
s u \4
g(X,¥) = y&X,¥) + I g(E,E)u Xu () . (5.4)
u,v=1

Furthermore since Eu preserve g and V , they also preserve C , and commute with
prc . Hence

Lgy=0 , Lp w' = 0. (5.5)
u u

Conversely, let (Mm,y,mu) (u=1,...,s) be a differentiable manifold endowed with
a positive semidefinite 2-covariant tensor Y of rank m-s , and with s independent
Pfaff forms " . Then w" = 0 defines a subbundle C of ™, and {X/i(X)y = 0}
defines a subbundle V . Assume that the structure is such that ™ = C & V . and
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v =8’ me that
define vector fields Eu in V such that w (Eu) = Gu . Furthermore, assu

the following relations hold

\4
y=20 w =0.
LEu ) LEu

(5.6)

i = nian metric
Then, we may define g(Eu,Ev) = 6uv , and use (4) in order to get a Rieman

admitting E_ as Killing vector fields. Furthermore, we shall have
u

g o) E) = 0= (E,ED ,
u

(L v)(Ev,X') =0 -y([Eu,Ev], X') x'€0,

u
u .
whence [(E ,E]1 =0 for all u,v =1,..., s . Hence, if the structure (y, w ) satis-
u’v )
fies ™ = C & V and (6) it provides M with a Riemannian structure, and an isometric
action of R® with s-dimensional orbits.

Now, we can formulate the following Boothby-Wang type fibration theorem

PROPOSITION. Let (Mm,g) be a compact connected Riemannian manifold endowed
with a regular isometric action of R® with the associated structure (Y,mu) defined
above, and with the vertical foliation V . Then, the projection p : M > B =M/V is
a Ts(torus)—principal bundle endowed with a connection (cumu)(cu = const.). The
basis B has a Riemannian metric y' such that p*y' =y, and p 1is a Riemannian
submersion. Conversely, if p : M > B 1is a Ts-principal bundle over the Riemannian
manifold (B,y'), and (wu) is a connection of this bundle then M admits a Rieman-
nian metric and a regular isometric action of ﬁf with s-dimensional orbits such that
p 1is a Riemannian submersion.

PROOF. The proof of the existence of the principal bundle structure required is
exactly the same as in the case of Proposition 3.1. All the other facts stated in

Proposition are easy consequences of the formulas (1) - (6). Q.E.D.
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