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The generalized resolvents for a certain class of perturbed symmetric operators with equal
and finite deficiency indices are investigated. Using the Weinstein-Aronszajn formula, we
give a classification of the spectrum.

1. Introduction

The present paper is concerned with the study of spectral properties for a certain class
of linear symmetric operator T, defined in the Hilbert space H of the form T = A +
B, where A is a closed linear symmetric operator, with nondensely defined domain in
general, D(A) C H, and B is a finite-rank operator of the form

Bf = iak(f’)’k))’ka (1.1)

k=1

where y1,y,,...,y, is a linearly independant system in H, a;,4a,,...,a, € R. We remark
that the operator T can be considered as a perturbation of the operator A by the finite-
rank operator B.

The case when A is a first-order or second-order differential operator in the spaces
L?(0,2m), L?(0,00) or in the Hilbert space of vector-valued functions, and B is a one-
dimensional perturbation (n = 1), has been studied by many authors (see, e.g., [9, 20,
24]).

In particular, certain integrodifferential equations of the above type occur in quantum
mechanical scattering theory [8].

In this paper, the generalized resolvents of perturbed symmetric operator T with equal
and finite deficiency indices are investigated. Using the Weinstein-Aronszajn formula
(see, e.g., [18]), we give a classification of the spectrum. Finally, the obtained results are
applied to the study of two classes of first-order and second-order differential operators.

We note that the spectral theory of perturbed symmetric and selfadjoint operators
have been investigated using various methods by many authors [3, 4, 5, 6, 11, 12, 13, 14,
15,16, 17, 21, 22].
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2. Preliminaries

Let A be a closed symmetric operator with nondensely defined domain in a separable
Hilbert space H with equal deficiency indices (m,m), and m < co. We denote by p(A) the
resolvent set of the operator A, the resolvent operator Ry(A) of A is defined as R)(A) =
(A = AI)"!. The complement of p(A) in the complex plane is called the spectrum of A
and denoted by 0(A). There is a decomposition of the spectrum ¢(A) into three disjoint
subsets, at least one of which is not empty [1, 2, 10]:

0(A) =Po(A)uCo(A)uUPCo(A), (2.1)

Pg(A) is called the point spectrum, Co(A) the continuous spectrum, and PCo(A) the
point-continuous spectrum. We denote the essential spectrum of the operator A by 0.(A)
=Co(A)UPCo(A).

For arbitrary A € C, we denote Py = N) N (D(A) & Ny), where N) = HO(A — A)D(A)
is the deficiency subspace of the operator A [1, 2].

It is known [23] that Py = {0} if and only if D(A) = H, and if D(A) # H, then the
subset

Gr={lp,y] € Ny xNy: 9 -y € D(A)} (2.2)

is a graph of the isometric operator X) with domain P) and values in Py.

We denote by J the set of linear operators F defined from N; to N_;, such that ||F|| <
1. For each analytic operator-valued function F(A) in C*, with C* = {1:ImA > 0}, and
values in J, we introduce the set Qp (o) consisting of elements 4 € N; such that

lim AN = [[FQ)A|[] < o, (2.3)

where Cf = {d e C":e<argh<m—¢},0<e< /2.
It is known [27] that Qp(o0) is a vector space and for each h € Qp(),

lim F(A)h = Fy(oo)h (2.4)
A—o0,AeCf

exists in the sense of the strong topology, and Fy(c0) is an isometric operator.

According to the theory of Straus [28], the generalized resolvents of A are given by the
formula

Ry(A) =Ry = (Apy—AM)", Ry=Rf, AecC, (2.5)

where Ar(y) is an extension of A which is determined by the function F(1), whose values
are operators from the deficiency subspace N; to the deficiency subspace N_; such that
IF(A)]l < 1 and F(A) satisfy the condition

Fy(co)y = Xjy, fory =0 only, (2.6)
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then Ap() is a restriction on H of a selfadjoint operator defined in a certain extended
Hilbert space and is called quasiselfadjoint extension of the operator A [28] defined on
D(Arp)) = D(A) + (F(A) —I)N; by

Ary(f+F(M)g — @) = Af +iF(\)p+ip, f € D(A), ¢ €N, (2.7)

For selfadjoint extensions with exit in the space in which acts the considered operators,
see, for example, [12, 21] and the references therein.

We denote by X the set of analytic operator functions F(A) in C* with values in J
satisfying the condition (2.6).

Remark 2.1. To each selfadjoint extension of the operator A corresponds a certain con-
stant operator function F(1) = V, where V is an isometric operator defined from N; over
N_; satistying the condition Vy = X;y for v = 0 only, and reciprocally.

We denote by Aa selfadjoint extension of A and we introduce the operator
Un, = (A= AoD) (A=A, ImA>0. (2.8)
We note that (see [19])
U N = Ny, (ImA) (ImAo) # 0, (2.9)
We denote by

R I (2.10)

a basis of N_;. From (2.9), q)ﬁk) = loJ)Li(p,(k), k=1,2,...,m form a basis for Ny. In particular,
the vectors

¥ = U™, k=1,2,..,m, (2.11)

where U = U_; is the Cayley transform [1, 2] of A, form an orthogonal basis of N;.
To get a convenient formula of the generalized resolvents of A, we will need the fol-
lowing notation:

Dy =(A- ﬁ)[(<p§k),<pﬁf))]2fs=1, C(A) = @}, Dp_p), (2.12)

where E is the identity matrix of order m, (1) is an analytic matrix function in C*

corresponding, in the bases (2.10) and (2.11), to the operator function F(A) € X and ¢, =

((pil),...,gogm))t, (frop)' = ((f,(p%l)),...,(f,go%m))), t denotes the transpose, and (¢,,g) is

defined analogously.
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In what follows, we denote by @ the set of matrices Q(A), A € C*, associated in the
bases (2.10) and (2.11) to the operator functions F(1) € K.
According to the notation used in [7], the generalized resolvents of A are given by

Ri(A)f = Rif = Rif + (fr91) [E— Q)] [COQN) - E] ' D3t g1,

(2.13)
Ry =R}, LeC,

where IOQA is the resolvent of A and Q) € O.

Remark 2.2. The formula (2.13) defines a resolvent of a selfadjoint extension of A if and
only if Q(A) is a unitary constant matrix.

3. Resolvent and spectrum of a symmetric perturbed operator

Let T = A+ B be defined on D(T) = D(A), where A is a linear closed symmetric operator
in H and B is a finite-rank operator.

LemMa 3.1. For A € p(A) N p(T), the resolvent Ry(T') of the operator T is given by
R\(T) = Ry(A) ~ R(A)[1+BRi(4)] ' BRi(A). (3.1)
Proof. For A € p(A) np(T), the operator
Ry(A)[I+BRy(A)] " = Ry(T) (3.2)
exists and is bounded. Then, we get

(T = AD)[Ry(A) = Ri(A) (I +BRi(A)) ' BRy(A)]
= (A= M +B)[Ry(A) — Ry(A) (I + BRy(A)) 'BRL(A)] (3.3)
=I+BRy(A) — (I+BRy(A)) (I +BRy(A)) 'BRy(A) =1

as required. O

Remark 3.2. If ||BRy(A)]| < 1, then from (3.1), we obtain

Ry(T) = Ry(A) (I +BRy(A))~ i [BRy(A)] . (3.4)

Now, the aim is to give a convenient expression of (I + BRy(A))~! in a more specific
case.
So, we study in detail the case when B is a finite-rank operator. Then,

Bf =Y ax(foy)ye fEH, (3.5)
k=1

where ay, a;,...,a, € R; {y1,2,..., ¥u} is a linearly independent system in H. If we put

(I+BRy\(A)) 'BRy(A) f = y, (3.6)
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we have

¥ = BRi(A)f — BRy(A)y, (37)
then, y € ImB, so that
y= Z Ck Yk (3.8)
k=1
From (3.7) and (3.8), we get
>y =BRA(A)f — > ckBRy(A)yk, (3.9)
k=1 k=1
with
cr+ag Z RA A)y],yk) = ak(RA(A)f yk). (3.10)

The determinant A(A) of the system (3.10) is given by
AQ) = det {[8; +ar (Ri(A) yj, yi) i i1 ) (3.11)

where dy; is the Kronecker symbol. If we suppose that A(A) # 0, the solution of (3.10) is
given by

(f>8c()

c=c(A f) = A

k=12,...,n, (3.12)

where Ai(A) is the determinant obtained from A(A) by replacing the kth column by
[a;Ry(A)y;l}-;. So, from (3.1), we have

R(D)f = Rua)f = S A"(“RA (A (3.13)
k=1

This completes the proof of the following theorem.

TueEOREM 3.3. Let A € p(A) such that A(A) # 0. Then, A € p(T) and the resolvent of the
operator T is given by (3.13).

Remark 3.4. From (3.13), we note that the resolvent Ry (T) is a perturbation of Ry(A) by
a finite-rank operator.
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Remark 3.5. For the particular case n = 1 and a; = 1, the formula (3.13) was established
in [9].

Remark 3.6. If A € p(A) such that A(1) = 0, then A is an eigenvalue of the operator T.

Proof. We can show that there exists an element
n
= > oy (3.14)
k=1

such that Ry (A)y is an eigenvector of the operator T, corresponding to the eigenvalue A.
Consequently, we have

n

z (R\(A)yj,ye) +a =0, k=Tn (3.15)

Since the determinant of this system A(A) = 0, it admits a nontrivial solution, which gives
the desired result. O

THEOREM 3.7. Let y be a fixed complex number. Then, the following holds.

(a) Ifu € p(A) and A(u) # 0, then p € p(T).
b) If y € p(A) and A(u) = 0, then y € Po(T) and the multiplicity of u as an eigenvalue
of T is equal to the order of the zero of A(A) at .
c) If y € Po(A) and p of multiplicity k >0 and if y is a pole of A(A) of multiplicity p
(k = p), then
1) for k > p, it holds that u € Pa(T) of multiplicity (k — p),
2) for k = p, it holds that u € p(T).
d) Ifu € Po(A) is neither a zero, nor a pole of A(), then u € Po(T).
e) If u € Po(A) of multiplicity k and u is a root of the function A(L) of order p, then
u € Pa(T) of order (k+ p).
(f) The essential spectra 0.(A) and o.(T), respectively of the operators A and T, coincide.

Proof. It is sufficient to evaluate the function
C(A) = det{I+BRy(A)}. (3.16)

To this end, let y € ImB. Then,

n

BRy(A)y Z (v, R (A) vk) vi (3.17)

itis clear that C(A) = A(A), and the function A(A) is meromorphicin p(A) U Po(A). From
the formula of Weinstein and Aronszajn [18], we have

I T) =9 A) +9(AA), (3.18)
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where
[0 ifAepa),
I A) =1k if A € Pg(A) and of multiplicity k,
+o00  otherwise,
. (3.19)
k if A is a zero of A(A) of order k,
I(A;A) =4 —k if Aisapole of A(A) of order k,
MO for other A € Q,
which gives the desired result. O

4. Generalized resolvents
Now, we suppose that A is a symmetric operator with deficiency indices (m,m), m < co.

LemMa 4.1. Let A € C such that ImA > 0 and @) (A) € Ny(A). Then, the element ¢(T),
defined by the formula

o1(T) = D)ga (A yo 3 @) p gy (1)

is an element of the deficiency subspace N3(T), where

D) =I1-Ry(A)[I+BRy(A)] 'B=T1-R(T)B, &) = (A-A)Ac(N), (42)
5()0 and Ak(/\) are defined similarly as A(A) and Ax (M) in the formula (3.13) by putting the
operator A instead of the operator A.

Proof Since the operators Aand T =A+B are selfad;omt and A is nonreal, then A €

p(A) np(T ) In addition, from Theorem 3.3 we have A(/\) # 0. Furthermore, for each
f € D(A) = D(T), we have

([T~ A1 f,D)gr(A)) = (D*W[T ~ M f,91(A))

= ([1 = BR{(T)](T = X1) f,92(A)) 3
= (A=2D) f,9:(4))
=0,
and the equality
ou(T) = pr(A) = 3 (w(zﬁi)i,gk(/\))m (A) e (4.4)
k=1 A(L)
results from (3.13). |

Remark 4.2. We note that if ) (A) # 0, then ¢ (T) # 0.



88  Perturbed symmetric operators

Proof. 1f we suppose the contrary, we obtain RA(TO")BW(A) = @) (A), which gives fi(p)L(A) =
A@y(A). This leads to a contradiction, since a selfadjoint operator can not have nonreal
eigenvalues. O

Remark 4.3. If D(A) is dense in H, then ¢)(A) and ¢, (T) are, re;spectively, eigenfunctions
of the operators A* and T*, corresponding to the eigenvalues A.

Let ¢\(T) = D(i)p\" (A), k = 1,2,...,m, defined by the formula (4.1). If ¢ (A),
gogz)(A),...,gofm)( A) is a basis of the deficiency subspace N;(A) of the operator A, then
go,(-l)(T),(p,(z)( T),.. ,(pfm)( T) is a basis of the deficiency subspace N;(T') of the operator T.
Putting

Ui (T) = (T = AoI) Ry (T), go;k)(T):t"JAi(i“)goE")(T) k=1,2,...,m,

1) (m) t = (4.5)
(1) = (93" (T)ys g™ (1), (1) = A=W (D@ (T},

C(A) = @} (T)®@x—(T) denotes the characteristic matrix of the operator T, and w(1)
the corresponding matrix of order m X m, in the bases go,(-l)(T), (,052)( T),.. ,QOSm)( T) and
), 92(T),..., " (T).

THEOREM 4.4. The set of all generalized resolvents of the operator T is given by

T)f = Ry(T) f + (fo01(T)) [E - oV ] [CDw(A) — E] ' ;1 (T)pa(T), Vf €H,

(4.6)

where
Ri(T)f = Ra(A Z ) V) k(A (4.7)
Proof. The proof results from Lemma 4.1 and formula (2.13). O

We denote, respectively, by A, and T, the quasiselfadjoint extensions of operators A
and T corresponding to the operator function F(1) € 3, defined by the matrix w(A).

Remark 4.5. To selfadjoint extensions of these operators correspond the constant unitary
matrices w = [w;j].

THEOREM 4.6. Suppose that yy, y,,.. ,yne ImA, pis an elgenvalue of the quasiselfadjoint

extension A, of the operator A, u € Po(Ay). If y € p(A) and A(y) # 0, then y is an eigen-
value of the operator To, = A, + B and the correspondmg eigenfunction ¢,(T,) is given by

©)>8k())

0u(Ta) = D()pu(Au) = 9u(A Z (9u(4 - Ru(A) y, (4.8)

where ¢, (A,) is the eigenfunction of the operator A, corresponding to the eigenvalue p.
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Proof. Since y1, y25...,yn € ImA, then Bg,(A) € ImA. We also have

9u(To) = DWgu(An) = pu(Au) = Ry(T)Bgu(A) = 9u(Au) — o (49)
where

¥, = R,(T)Bgu(A) € D(A). (4.10)

Then,

Tugu(Ta) = Tu(pu(Au) — ¥)
= (Aw+B)gu(Au) — TRy (T) B, (A)

= 19u(Ay) + Bou(Ay) — Bou(Ay) +uR, (T)Bey(A)
:[’“PH( To). 0

(4.11)

5. Applications

5.1. Perturbed first-order differential operator. Consider in L?(0,27) the operator T =
A+ B, where A is defined by Ay = iy’ with domain D(A) = H}(0,27) and B is given by

n

Z k(7 yi) yi (), (5.1)

where y1,2,..., s € L2(0,27) and ax € R, for all k = 1,n. From [1, 2], the operator A is
regular symmetric of deficiency indices (1,1) and each selfadjoint extension of A has a
discrete spectrum.

THEOREM 5.1. The generalized resolvent Ry(Tp) of T, corresponding to the function w(A) =
O(A), is an integral operator with kernel

K(x,t) = [l[x,Zn] (x) + Wlnhﬂ] Z A x) k(A 1), (5.2)

where 1(x2x)(x) is the characteristic function of the interval [x,27],

(R (Ag) yi) (x)

1) = (AJD) (), B(Lx) = ALY

(5.3)
where Ry (Ag), associated to the function 0(A), is given by
X i 1 2 )
— iMt=x) 3¢ _ =~ Ai(t—x)
(R1(Ag) y) (x) JO YOMdt = B L y(£)eM 2 dt (5.4)

with

AP(L) = {8k, +ax (Ry(Ag) yj»yk) }» (5.5)

and A,(z is the determinant obtained from A9 () replacing the kth column by [axRy(Ag) yi 7.
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Proof. The proof results from [26] and Theorem 3.3. O

CoRrOLLARY 5.2. Let Ty be a selfadjoint extension of T corresponding to the function 6,
6] = 1.

(1) The spectrum of Ty is simple if and only if the roots of A°()) are simple and for
k=0,+1,+2,...,A°(1/2+k — ©o/2m) # 0, where {1/2 + k — @o/27} is the spectrum of Ag,
and @y = arg0.

(2) 0(Ty) = Po(Ty) = E1 U E,, where E, is the set of points of 0(Ag) = {1/2+k — ¢o/27,
k=0,=+1,+2,...} in which A°()) is analytic, E, is the set of roots ofAe()L)

Proof. The proof results from (5.4), Theorem 3.7, and Lemma 4.1. O

5.2. Perturbed second-order differential operator. Consider in L?(0,0) the operator
T = A+ B, where A is defined by

Ay =—y"+x%y (5.6)

with domain D(A) consisting of all variables y which satisfy

(i) y € L*(0,00),

(ii) " is absolutely continuous on all compact subintervals of [0, o[,
(ili) Ay € L*(0,0),
(IV) y(0) = y(e0) = limy— y(x) = 0, y'(0) = y'(o0) =0,

and B is given by

n

Z k(7 yi) yi (), (5.7)

where y1, y2,..., y» € L?(0,27) and ay € IR, for all k = 1,n.
From [1, 2], the operator A is symmetric of deficiency indices (1,1). Let u;, u; be two
solutions of (5.6), satisfying the initial conditions

ul(O)A) = 1) u’l (x)/\') |x=() = O)
/ (5.8)
u(0,A) =0, uy(6,A) | g = — 1.
There exists a function m(A) [29] analytic in C\R such that
W(X,A) = UZ(X,A) + m(A)Lﬁ(X,A) € LZ(OJ 00) (5'9)
THEOREM 5.3. The generalized resolvents Ry(Ty) of the operator T are defined by
5 (y,0000
(Tg)y Ry Ag Z )/ ( )) Ag)yk, ImA >0, (5.10)

AP(Q)

k=1
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where

Ry(Ag)y = w(x,\) J:y(s)ul (s,M)ds+u(x,1) Jwy(s)w(s,l)ds

(5.11)
vixA)
~ 0 +m(L) L y(s)y(s,1)ds,
AG(A) =det{0jk +ak(R,\(A9))/j,yk)}, LecC, (5.12)

with O(A) an arbitrary function analytic in C* and such that ImO(A) = 0 or O(A) is an
infinite constant.

Proof. First, we show that for A € C*, A%(1) # 0 (then, A® # 0). We know (see [1, 2]) that
for each quasiselfadjoint extension of a symmetric operator, C* is contained in the set
of regular points of this operator. Then, if A € C*, we have A € p(Ag) and A € p(Tp). If
we suppose that A € C* and A?(1) = 0, from Theorem 3.7, we obtain A € Po(Tj), which
is a contradiction. The formula (5.11) results from [25]. Using Theorem 3.3, we end the
proof. O

COROLLARY 5.4. Let Ty be a selfadjoint extension associated to 0 € IR, let A1, As,... be the
roots of A%(L) in p(Ag) and let z1,z,,... be the poles of A%()). Then,

Po(Ty) = (Po(Ap)\{zi}y) U {Aj}] (5.13)
Proof. The proof results from (b) and (c) of Theorem 3.7. O
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