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We investigate the existence of a global attractor and its upper semicontinuity for the
infinite-dimensional lattice dynamical system of a partly dissipative reaction-diffusion
system in the Hilbert space I?> x [2. Such a system is similar to the discretized FitzHugh-
Nagumo system in neurobiology, which is an adequate justification for its study.

1. Introduction

Lattice dynamical systems arise in various application fields, for instance, in chemical
reaction theory, material science, biology, laser systems, image processing and pattern
recognition, and electrical engineering (cf. [6, 7, 13]). In each field, they have their own
forms, but in some other cases, they appear as spatial discretizations of partial differential
equations (PDEs). Recently, many authors studied various properties of the solutions for
several lattice dynamical systems. For instance, the chaotic properties have been investi-
gated in [1, 7, 8, 10, 11, 17], and the travelling solutions have been carefully studied in
(2,3,7,8,9,22].

From [18], we know that it is difficult to estimate the attractor of the solution semi-
flow generated by the initial value problem of dissipative PDEs on unbounded domains
because, in general, it is infinite dimensional. Therefore, it is significant to study the lat-
tice dynamical systems corresponding to the initial value problem of PDEs on unbounded
domains because of the importance of such systems and they can be regarded as an ap-
proximation to the corresponding continuous PDEs if they arise as spatial discretizations
of PDEs.

The main idea of this work is originated from [4, 16]. In [4, 19, 20], the researchers
proved the existence of global attractors for different lattice dynamical systems and they
investigated the finite-dimensional approximations of these global attractors. In fact,
Bates et al. [4] studied first-order lattice dynamical systems, and Zhou [20] gave a gen-
eralization of the result given by [4]. Zhou [19] studied a second-order lattice dynamical
system and investigated the upper semicontinuity of the global attractor.
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For a positive integer r, consider the Hilbert space

12 = {u = (u,-)iEZ, = (il,iz,...,ir) e’Z, u; R, Z u% < 00} (1.1)

iezr

whose inner product and norm are given by, for all u = (4;)iezr, v = (Vi)iezr € 2,

1/2
(wvy=> wvi,  lull = (wu)? = ( > u?) - (1.2)

ielr i€zr

We will study the following lattice dynamical system of a partly dissipative reaction-
diffusion system:

i+ v(Au)i+ fi (wi) + @ (wi) + ahy (ui,vi) = qu,is

. (1.3)
Vi +f2(Vi) +g2(Vi) —ﬁhz(ui,vi) = q2,i>
i=(i1,iz,...,1;) € Z", t >0, with the initial conditions
u;(0) = uip, vi(0) = vip, (1.4)
where v is a positive constant, « and f3 are real constants such that
aff >0, (1.5)
the operator A : > — [? is defined by, for all u = (w;);cz € 2,1 = (i1, i2,...,ir),
(Aw); = 21Uy iy,.is) = Ui Lisyiy) = Ulinsia— L) = * * * = W(in,insnis—1)
(1.6)
= Ui+ Liggeesiy) ™ W(insintLhnis) = 777 T U(igingenip+1)s
and for j = 1,2, 5,51,5, € R,
aj = (4j)icrr €1, (1.7)
f](s))g](s) ECl([R,[R), f](o) :g](o) :0) (18)
h]'(sl’SZ) ecl(Rz)lR)a h](O)O) :0) (19)
g < fj'(s), (1.10)
gj(s)s=0, (1.11)
hi(s1,82)s1 = ha(s1,82) 52, (1.12)

where ¢; is a positive constant.
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For example, one can consider f;(s) = d;s, where §; is a positive constant, g;(s) =
SV yijs?*1, where n; is a nonnegative integer and y;; is a nonnegative constant for each
i=0,1,...,nj, hi(s1,8) = s and hy(sy,s) = $7sy2 7!, where my,m, > 2 are con-
stants. In fact, for f,(s) = As, f(s) = s, g2(s) = 0, h1(s1,52) = 52, and h,(s1,52) = 51, where
A and § are positive constants, the system given by (1.3) and (1.4) can be regarded as

a spatial discretization of the following partly dissipative reaction-diffusion system with
continuous spatial variable x € R" and t € R*:

U —vAu+Au+g (u) +av = q, v+ v —Pu=q. (1.13)

The system (1.13) describes the signal transmission across axons and is a model of
FitzHugh-Nagumo equations in neurobiology, (cf. [5, 12, 15] and the references therein).
The existence of global attractors of the system given by (1.13) has been proved in a
bounded domain (cf. [14]) and in R" (cf. [16]).

2. Preliminaries

We can write the operator A in the following form:
A=A +A+---+A, (2.1)

such that for j = 1,2,...,r, and u = (w;)iezr € I2,

(B ) ; = Uiy sy 1 Loijs1rnis) = Wityini)- 23
Then, it follows that for j = 1,2,...,r,
Aj=B}B; = B;B}, (2.4)
there exists a constant Cy = Cy(r) such that
lAull® < Collull?,  ||Bjull® = ||BFul|” < 4llul?, Vuel, (2.5)
(Bju,v) = (u,B;"v), Yu,vel. (2.6)

It is clear that A, Aj, Bj, and B;“, j=1,2,...,r, are bounded linear operators from I
into 2.
We can represent the initial value problem, (1.3) and (1.4), in the following form:

u+vAu+ fi(u) + g (u) +ahi (u,v) = qu,

v+ H(V) + @ (v) = Bha(u,v) = qa, (2.7)
u(0) = (uip) ;cpr» v(0) = (vio);czrs
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where u = (w)icz, v = (Vi)iezr, Au = (Aui)icy, and for j = 1,2, fj(u) = (fj(wi))icz»
gi(u) = (gj(u)iezr, hj(u,v) = (hj(ui,vi))iezr> 4; = (qji)iczr-
Consider the Hilbert space E := 12 X 12 endowed with the inner product and norm as

follows: for ¢; = (u\),y0)T = (( M, ( )),ez, €EE j=12,

(P1,92) = (uV,u®) + (v, 4,

v (2.8)
lolle = (@, )5 V¢ €E.

Now, the system given by (2.7) is equivalent to the following initial value problem in
the Hilbert space E := I* X I2:

¢+Clp) =F(p),  9(0) = (uo,vp) s (2.9)

where ¢ = (1,v)T, C(g) = (vAu,0)T, F(¢) = (Gi(9), G2 ()T,

Gi(g — filu) — g1 (u) — ahi(u,v),

(2.10)
Gz(go =qz—fz(v — () + Bhy(u,v).

For a given function f(s1,s;) € C'(R%,R), let D; f(a,b) represent the partial derivative
of f with respect to the first independent variable, sy, at (s1,s2) = (a,b), and let D, f (a,b)
represent the partial derivative of f with respect to the second independent variable, s,, at
(s1,82) = (a,b). From (1.9) and the mean value theorem, it follows that given u = (1;)iczr,
v = (v;)iezr € I?, there exist &;;,&; € (0,1), for each i € Z7, such that

Ay (u,v || => ( (uivi))’ = > (D hy (Evittisvi) i + Doy (0,Exv,) v;)°
iezr iezr
szﬁgymﬂyﬁmemwfymw (2.11)

+2( max (Dzhl(O,b))z)llsz.

[bl=llv|

Thus, for u,v € I?, we have h;(u,v) € I2. Similarly one can show that for u,v € I?, hy(u,v)
€ I. By using (1.8) and the mean value theorem, it is easy to show that fi, f>, g1, and &
map [? into I2. From the above discussion, it is obvious that F maps E into E.

3. The existence of an absorbing set

First we will prove that there exists a unique local solution of the system given by (2.9)
in E. Suppose that (1.7), (1.8), and (1.9) are satisfied. Let G be a bounded set in E, and
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;= WD) = (W), v))iczr € G, j = 1,2, then

1E (1) — F(g2)|l;
=11Gi(91) = Gi(92) ] +]|G2 (¢1) —Gz o)l
<21 (V) — fi (u®)]]* +4]g (uD) - g (@)’ (3.1)
+ 40|y (uD, M) =y (1,1 || +2/[ (VD) = L)
+4lg (VD) = g (V@) |I” + 4B | (D, v D) = by (v @) |,

Using (1.9) and the mean value theorem, it follows that there exist &;,&4; € (0,1), for each
i€ Z",and Ly = L1(G) such that

T (D, 0) — Iy (2,20

= 3 (m (s t") (7))

iezr

g (et

+D2h1<l ,V +€41< 2 Vl(l)>)< 2)

(3.2)
sZ( max (Dlhl(a,b))z)Hu(l)—u(2)||2
lal<[luD |+ u@ |l,1bl<lvD|]
2< max (Dyhy(a,b)) >||v v(2)||2
lal<[[u@ |,1b] < [[vD || +]]v@ ||
<L (||u(1) _ u(2)||2 + ||v(1) _ V(z)”z)-
Thus
1, v0) = by (2, )|[F < Lillg = g (3.3)

We can obtain similar results, as (3.3), for fi, f», &1, £, and h; by using (1.8), (1.9), and
the mean value theorem. In such a case, using (3.1), there exists L, = L,(G) such that

IF (1) = F(2) [z < Lallgr — a” (3.4)

Thus F is locally Lipschitz from E into E. In such a case from the standard theory of
ordinary differential equations, we get the following lemma.

Lemma 3.1. If (1.7), (1.8), and (1.9) are satisfied, then for any initial data ¢(0) = (uo,
vo)T € E, there exists a unique local solution ¢(t) = (u(t),v(t))T of (2.9) such that ¢ €
C!([0,T),E) for some T > 0. If T < oo, then lim,_r- ||¢||} = co.

Assume that (1.5), (1.7), (1.8), (1.9), (1.10), (1.11), and (1.12) are satisfied. Now we
are ready to prove that the solution of the system given by (2.9) exists globally and there
exists an absorbing set.
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Let ¢ = (u,v)T € E be a solution of (2.9). If we consider the inner product of (2.9) with
¢ in E, taking into account (2.4) and (2.6), we obtain

P S Bl + 1)) + (10} + 2l Cmh) = (), (35)
j=1
%%HVIIZ +{(v),v) +{@),v) = B(ha(u,v),v) = (q2,V), (3.6)

If we multiply (3.5) by |BI, (3.6) by |«|, and we sum up the results, taking into account
(1.5) and (1.12), we find that

|§|jtll I+ l?%nvn%ww; 1Bjull*+ BICAGO, ) +lal(flhv)

+1B1{g1 (), u) + [l (@(v),v) = |BI{qr,u) + al{q2, V).

By using (1.8), (1.10), and the mean value theorem, for each i € Z", there exists a constant
&; € (0,1) such that

(fiw,u) = > (Ailw)w) = > (f (Esiwi)uf) = e llull®, (3.8)
ieZr ielr
Thus we have
(fi(w),u) = e llull?, (HL(n),v) = e llv]* (3.9)

From (1.11), we obtain

(gi(w,u) = > (q(u)ui) 20,  (g(v),v)=0. (3.10)

iezr

Now if we substitute (3.9) and (3.10) into (3.7), we find that

d d

LAz 18 Bl + eslal 2

2 dt 2 dt (3.11)
< 1B1{quu) + lal(ga,v) _|ﬁ|||q1|| gl'ﬁ'n 12+ '“'||q2|| + 20

Thus if we choose

o =min{|Bl,lal,& |l elal}, (3.12)
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then it follows that

d 2 2
o+ ot < (Blall) + (2ha:1) (313)

From the Gronwall lemma, we obtain

Il = e~ llgolls + 5 (Bl + (@llgl))?), (3.14)
tim 1 < (Ellall)+ (Zlielt) 3.15)

Inequality (3.15) implies that the solution semigroup {S(#)}~¢ of (2.9) exists globally and
possesses a bounded absorbing set in E. In such a case, the maps

S(t): 9(0) € E — S(t)p(0) = ¢(t) €E, =0, (3.16)

generate a continuous semigroup {S(t)}~o on E. Now from Lemma 3.1 and (3.15), we
are ready to present the following lemma.

Lemma 3.2. If (1.5), (1.7), (1.8), (1.9), (1.10), (1.11), and (1.12) are satisfied, then for
any initial data in E, the solution ¢(t) of (2.9) exists globally for all t = 0. That is, ¢ €
C!([0,00),E). Moreover, there exists a bounded ball O = Og(0,1y) in E, centered at 0 with
radius ro, such that for every bounded set G of E, there exists T(G) = 0 such that

S(HGc o, Vti=T(G), (3.17)

where rg > ((B/o)llq )2+ ((a/0)q21l)?. Therefore, there exists a constant Ty > 0 depend-
ing on O such that

S(H)Oc O, Vt=T,. (3.18)

4. The existence of the global attractor

To prove the existence of the global attractor for the solution semigroup {S(t)} >0 0of (2.9),
we need to prove the asymptotic compactness of {S(¢)};0. Along the lines of [4], the
key idea of showing the asymptotic compactness for such a lattice system is to establish
uniform estimates on “Tail Ends” of solutions.

Lemma 4.1. If (1.5), (1.7), (1.8), (1.9), (1.10), (1.11), and (1.12) are satisfied and ¢(0) =
(uo,v0) € O, where O is the bounded absorbing ball given by Lemma 3.2, then for any n > 0,
there exist positive constants T(n) and K(n) such that the solution ¢(t) = (u(t),v(t))T =
(@i(1))iczr = (ui(1)), (vi(1))jezr € E of (2.9) satisfies

> lleilz= > O+viD) =g (4.1)

llillm=K () llillm =K (17)

forall't = T(n), where ||ill,, = max, <<, |i;| fori= (i1, ia,...,ir) € Z".
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Proof. Consider a smooth increasing function 8 € C'(R*,R) such that

O(s)=0, 0<s<l,
0<6(s)<1, 1<s<2, (4.2)
0(s)=1, s=2,

and there exists a constant M, such that 8'(s) < M, for all s € R*.

Let L be an arbitrary positive integer. Set w; = O(|lill,n/L)uwi, zi = O(llillw/L)vi, w =
(Wi)iezr> 2 = (zi)iezr, and ¥ = (w,z)T. Pollowing [4], we take the inner product of (2.9)
with y in E, then it follows that

> o( M) (24w g1 s+ o v

iczr
""’ZZ (Bju);(Bjw); Z@(”” )qhiui,

i€l j=1 ielr

(4.3)

S o(102) (3 202+ ftwdv+ v ) = 3 0( 102 ) gy (4.0

iezr i€ezr

If we multiply (4.3) by |8, (4.4) by ||, and we sum up the results, taking into account
(1.5) and (1.12), we get

ieZr

s o2 |
+|‘X|f2(vi)vi+ 1Blgr (ui)ui + el ga (vi) vi

(4.5)
+|[3|1/ZZ (Bju),(Bjw); Z6(‘|1Em)(|,8|q1,u,+Ialqzlv,)
iezr j=1 iezr
Using (1.8), (1.10), and the mean value theorem, it follows that for each i € 7",
filu)u; > eu?, fH(vi)vi = evi. (4.6)
From (1.11), we obtain
g1 (ui)u; =0, 2 ()vi=0. (4.7)

Recalling (69) of [21], taking into account that || B;|| <2, j = 1,2,...,r, one can see that

! 16|8|vaM
1Blv> > (Bju),(Bjw),; > —%r&, Vit > T, (4.8)
i€Zr j=1
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Now if we substitute (4.6), (4.7), and (4.8), into (4.5), we find that for t > Ty,

ZG(”IHM><|‘B| d W+ — lal d 2+£1|ﬂ|u +£2|0c|v>

=, 2at T 2 dr
i 16|B8|vnM,
< ZG(” I ) |ﬁ|QI,iui+|“|q2,ivi)+#rg (4.9)
iezr
||i||m>(|ﬂ| & 1pl 2 lal ,  &lal 2) 16|B8lvnM, ,
si§'9< I 81 qul 1 + 5 2),-+ 1 vi |+ I 75
Thus if we choose
o =min {|B],lal,&11fl,e2lal}, (4.10)

then it follows that for ¢ > Ty,
lillm\ ([ d
29( I )<a||¢i(t)||é+||¢i(t)||é>

iezr
<2Z9(“”'”’)<<§Q1,i)2+<qui>2>+32ﬂ|LvnM)”§ (4.11)

iezr

2 2
2 5 () 450 ) 20

llillm=L

Since q1,9> € I?, then for a given # > 0, we can fix L such that
2 3 ((Bau) s (o) )+ 2Bt 1 (4.12)
lill=L o T o T L T '

and in such a case we get that

o
S o) (Gl ol +lpoll) < 2 wes T @13)

ieZr

From the Gronwall lemma, we obtain

S (o1 igol) = 3 (0(172 ) lonl) + 2, vezTo (a1s)

i€z iezr

NS}

Since ¢(0) = (ug,vo)T € O, we have
llp(0)||5 < ro. (4.15)

Therefore,

> Vt = TO- (4.16)

NSEENS

2. (%%)II%)H;) <ty

iezr
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But again for # > 0, there exists a constant T; = T (#) such that

réet g Vi T). (4.17)
Using (4.16) and (4.17) with K(y) = 2L, T(x) = max{Ty, T1 }, we obtain
llillm
S el = (( el
1l =K (17) \Itl\m>K(11 " (4.18)
Him
<> ( ( ) ||]25>sr1, Vi=T(n).
ieZr
The proof is completed. g

Lemma 4.2. If(1.5), (1.7), (1.8), (1.9), (1.10), (1.11), and (1.12) are satisfied, then the solu-
tion semigroup {S(t)} =0 of (2.9) is asymptotically compact in E, that is, if {¢,} is bounded
in E and t, — oo, then {S(t,)@n} is precompact in E.

Proof. By using Lemmas 3.2 and 4.1, above, the proof of this lemma will be similar to
that of [19, Lemma 3.2]. O

THeorEM 4.3. If (1.5), (1.7), (1.8), (1.9), (1.10), (1.11), and (1.12) are satisfied, then the
solution semigroup {S(t)} =0 of (2.9) possesses a global attractor s in E.

Proof. From the existence theorem of global attractors, (cf. [18, Lemmas 2 and 4]), we
get the result. O
5. Upper semicontinuity of the global attractor

Here we will study the upper semicontinuity of the global attractor o of the solution
semigroup {S(#)} =0 of (2.9), in the sense that 54 is approximated by the global attractors
of finite-dimensional versions of (2.9), as was done in [4] for a simpler system.

Let n be a positive integer, and

7, ={iel :|illy < n). (5.1)

Fori = (i1,i,...,ir) € Z},, consider w = (W;) |, <n € R+ For convenience, we reorder
the subscripts of components of w as follows:

W:(W(fn,fn ..... —,=n)>s W(=n,—n,.c,—t,—n+1)>+ o> W(=n,—n,...,—n,n)>
W(—n,—n,..,—n+1,—n)> W(=n,—n,..o—n+1,—n+1)5+ = + (52)

T
W(=n,—tyo—n+1,10)5 + - > W(n,n,..,n,—n)> W(n, ..,n,—n+1)a~--)W(n,n,...,n,n)) .
Let
X=w= (Wi)HiHmSn we R(2n+1)r, (53)

where subscripts of components of w are ordered as in (5.2).
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Consider the (27 + 1)"-dimensional ordinary differential equations with the initial

data in X:

Wi + V(AW),‘ + fl (W,‘) +41 (W,‘) + (Xh] (W,‘,Z,’) =q1,i>

zi+ folzi) + @ (zi) — Pha(wirzi) = qais
w;i(0) = wip, zi(0) = z;p
i€z, t>0.

The system (5.4) can be written as

w+vﬁw+fl(w) +g1(w) +ahy (w,2) = 4
2+ fr(2) + 82(2) - Pha(w,2) = §o,

w(0) = (Wi,O)”,'HmSna z(0) = (Zi,0)|\i\|m5n;

where w = (Wj)il,,<n> 2 = (Z)}jil,.<n € X, for k =1,2,...,7,

Wity =ik pesiy) = Wipsesnt Lig+1,..00,) >
W(itytyig+1is) = W(itsey—n—1Lig+ 1,000 )>
(AW) (i1insesi) = 2T Wiy i) = Wi —Lingsir) = Wlitsia—Lyoir) = * % * = Wiipyingiy—1)
Wi+ Ligpeoiy) T Wliniz+Liy) = 70 T Wiigpenir+1)>
and for j = 1,2,
Fiw) = (i) e &) = (& Wi)) i1, <m0

hj(W)Z) = (hj (thi))HiHmsn’ ‘71' = (qi»i)\lil\msn'

~ o~

For w = (wi)ji|,,<n € X, define the linear operators Bj,B;‘,Kj X-X,j=12,...

(Bjw); = Wiryiy i) = Wlitonijuonic)>
(B W) ; = Wit iy Loowis) = Witysijpniy)>

= 2W(iyyijsic) ™ Wlityosij—Lysir) ™ Wity 1ymiy)>
then

E:g1+gz+---+g,, IZ]: ]B/\j(< ZBN;kEj, j:1,2,...,r.

For wi) = (W) it cn € X, j = 1,2, i = (i1yiny...,iy) € Z], define

1/2
WO W)= 3w, w0l = w0

llillm=n

(5.4)

(5.5)

(5.6)

(5.7)

,t, by

(5.8)

(5.9)

(5.10)



284  Attractor for LDSs of PDRDSs

In such a case, it is clear that X = (X, || - |lx) is a Hilbert space, and E=XxXisa
Hilbert space with the following inner product and norm: for Y; = (W), z0NT = ((wfl )),
(Zl('])))ﬁ;|\msn € E’] = 1323

) 2\ 122
(Y1, Ya)p = (wow®) 4 (202, Il = (W +1201) 51

It is easy to check that problem (5.5) can be formulated to the following first-order
system in the Hilbert space E:

Y+C(Y)=E(Y),  Y(0) = (w(0),2(0)" €E (5.12)
where

Y=(mz)T,  C(Y)=0Aw,0)T,  F(Y)=(Gi(Y),G(Y)),
G (Y) =q —Ale(w - gi( )—(xz (w,2), (5.13)
G, (V) 6f2(z +/3h2 w,2).

Similar to Section 2, one can see that, if (1.5), (1.7), (1.8), (1.9), (1.10), (1.11), and
(1.12) are satisfied, then (5.12) is a well-posed problem in E. Thus for any Y(0) € E, there
exists a unique solution Y € C([0,+00),E) NC! ((0,+00),E), see Lemmas 3.1 and 3.2, also
there exist maps of solutions S, (¢) : Y(0) € E- Y(t)=S,(t)Y(0) € Et>0, generating a
continuous semigroup {S,(¢)} =0 on E.

Similar to Lemma 3.2 and Theorem 4.3, we can prove the following Lemma.

LemMmaA 5.1. If (1.5), (1 7), (1 8), (1.9), (1 10), (1.11), and (1.12) are satisfied, then there
exists a bounded ball O = OE(O ro) in E, centered at 0 with radius ro such that for every
bounded set G ofE, there exists T(G) = 0 such that

S,(Gc O, Vt=T(G),n=12,..., (5.14)

where 1y is the same constant given by Lemma 3.2, and it is independent of n. Moreover, the
semigroup {S,(t)} =0 possesses a global attractor A,, A, C O C E.

Here we prove the upper semicontinuity of the global attractor & of the solution semi-
group {S(t)} =0 of (2.9). In such a case, we should extend the element u = (u4;) i, <n € X
to an element of [? such that u; = 0 for ||ill,, > n, still denoted by u.

Lemma 5.2. If(1.5), (1.7), (1.8), (1.9), (1. 10) (1.11), and (1.12) are satisfied, and ¢,(0) €
Ay, then there exists a subsequence {¢,, (0)} of {9,(0)} and ¢y € A such that ¢, (0) con-
verges to @ in E.

Proof. Consider ¢, (t) = Sy(t)9n(0) = (u,(£),v,(£))T € E to be a solution of (5.12). Since
0n(0) € Ay, pu(t) €A, C O for all t € R*, and again the element On = (Pni)lilw=n € E
can be extended to the element ¢, = (¢,)iczr € E, where ¢,; = (0,0)T for [lill,, > n, it
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follows that

loa(®lz = llgn ol = (il + 1l s
<r, VteR",n=12,.... '
From (2.5) and (5.15), we get that
1C(u(O) 17 <1IC(eu(O) 7 = [[PAuAI" < vCollunl|” < vCor3, (5.16)

forallt e Rt,n=1,2,....

Similarly, for j = 1,2, the element §; = (g;,)jij,,<n € R?"™D" can be extended to the
element g, ; = (qn,j,i)iczr € 12, where qn,j,i = qj,i for |lill, <nand g, ;,; = 0 for ||ill,, > n.
From (1.8) and (1.9), we know that for j = 1,2,

£i(0) = gj(0) = h;(0,0) = 0. (5.17)
Therefore,
IE (@) 17 = IIF (on(O) [z = |1 = fi (un) — g1 (un) — athy (1t v2)|[*
+{1gn2 = f2(va) = g2 (v) + Bz (1t v2) ||
< 2| qu|[* + 4 £y () | + 8 [g1 (100 |1* + 802 [y (210, )|
+ 2112l + 411 fo (v * + 8112 (va) I + 8822 (s, ) ||

(5.18)

Using (1.9), (5.15), and the mean value theorem, there exist &, &; € (0,1) for each i € 27
such that

11 (st v) [P =S (B (o V)

iezr
2
= D (Dihy (&itinis Vi) thni + D2y (0,€7iv1) Vi) (5.19)
iezr
< 2( max (Dlhl(a,b))2>r§ + 2( max (Dzhl(O,b))z) s
a,be[~ro,r0] be[~ro,r]

forallt € R, n=1,2,.... Again using (1.8), (1.9), (5.15), and the mean value theorem,
we can get similar results, as (5.19), for fi, f, g1, 2, and hy. Thus from (5.18), it is obvious
that there exists a constant C; = Cy(70,q1,92> f1> 281,82, 11, h2) such that

IE (@u(0)|[3 = [|[F(@u(D)||7 < C1, VEER, n=1,2,.... (5.20)
Now, by using (5.12), we obtain

19n(O]7 < 2/[C(@n(0)[[7 +2/|F (9(t)][3- (5.21)

Hence, from (5.16) and (5.20), it follows that there exists a constant C, = C;(rg, Co,C)
such that

lon()||p < Co, VEERY, n=1,2,.... (5.22)
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Let Jx (k =1,2,...) be a sequence of compact intervals of R* such that Ji C Jk4+; and
UkJk = R*. Then there exists a subsequence of {¢,(f)}, still denoted by {¢,(t)}, and
¢(t) € C(R*,E) such that
@n(t) — @(t) in C(J,E) as n — oo for any compact set ] C RY, (5.23)
@n(t) — ¢@(t) weak star in L (R*,E) as n — +o0. (5.24)
From (5.15) and (5.23), we obtain that there exists a constant C; = C3(ry) such that for
o(1) = (u(t),v(t)T = (wi(1)), vi()err €E,

1/2
)

ez = (lul>+IvI*) "< Cs, VieR" (5.25)

Leti € Z"and n = |[ill,,. Since @, (t) = (u,(t), Vn(t))T = ((”Vl,i(t)))(Vﬂ,i(t)))ﬁ;'”mﬁn € Eisthe
solution of (5.12), it follows that for all t € R* and i € Z},_,,

Up,i +V(A“n),' +fl (”n,i) +41 (un,i) +ahy (un,hvn,i) = {q1,i>

. (5.26)
Vn,i +f2(Vn,i) +g2(Vn,i) _ﬁhZ(un,iavn,i) =2,
Therefore, for all y € Cy’(J), we obtain
J (an,i + V(Aun)i +fl (un,i) +gl (un,i) + 0(]’11 (un,i: Vn,i))l//(t)dt = J ql,iW(t)dt>
/ / (5.27)

J] ("/n,i + fZ(Vn,i) +g2 (Vn,i) - /3]12(”11,13 Vn,i))ll/(t)dt = J] qZ,iV/(t)dt-

From (1.8), and by using the mean value theorem, there exists &; € (0,1) for each i
such that

|| fitmdwiodt— | gyl
J J
<sup | fin) = fiw) | | |y(0)]ds (58)
te] ]
< sup (| fy (uni+ &si (i — wni)) | [vtni — wi]) J ly(®)]dt.
te] J

By using (5.15) and (5.25), it is clear that there exists a constant C4 = Cy(rp) such that
[tti+ & (ui = uni) | < i | + |wi| < ||ual|+ lull < C4 (5.29)
forallt € Rt and n = 1,2,.... In such a case, we obtain

sup | f (i + &i(ui—uni)) | < sup | fi(a)| < +oo. (5.30)
te] a€[~Cs,Cs]

From (5.23), we know that as n — oo, we have

sup | ty; — u;| — 0. (5.31)
te]



Ahmed Y. Abdallah 287

Therefore, from (5.28), (5.30), and (5.31), it is clear that
‘ f (i) y(£)dt — J f (ui)w(t)dt‘ —.0, asn— oo, (5.32)
J ]

Similarly, one can get the same result, as (5.32), for f5, g1, &2, 1, and hy. In such a case
from (5.24), (5.26), and (5.27), it follows that

i+ v(Au);i + A fi (i) + g1 (wi) + ahy (i vi) = qui,

. (5.33)
Vit 3 fo(vi) + & (vi) = Pha(uivi) = qai
But J is arbitrary, thus (5.33) holds for all t € R*, which means that ¢(t) is a solution of
(2.9). From (5.25), it follows that ¢(¢) is bounded for t € R, that is, ¢(t) € o, therefore
9,(0) — 9(0) € o, and the proof is completed. O

Now we are ready to represent the main result of this section. In fact, the following
theorem shows that the global attractor & of the lattice dynamical system (2.9) is upper
semicontinuous with respect to the (cutoff) approximate finite-dimensional dynamical
system (5.12).

TaeoREM 5.3. If (1.5), (1.7), (1.8), (1.9), (1.10), (1.11), and (1.12) are satisfied, then

lll_l:?odE(‘ﬂnrsﬁ) =0, (5'34)

where dg(d,, A) = sup,c infpeqlla—Dbllg

Proof. We argue by contradiction. If the conclusion is not true, then there exists a se-
quence ¢,, € 3, and a constant K > 0 such that

dp (@, ) = K > 0. (5.35)
However, by Lemma 5.2, we know that there exists a subsequence ¢,, of ¢,, such that

dg(pn,, ) — 0, (5.36)
which contradicts (5.35). The proof is completed. O
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