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1. Introduction

We consider the reaction-diffusion system

%—aAu—bAv=f(u,v,w) in R™ xQ, (1.1)
v o
> —cAu—alAv —bAw = g(u,v,w) in R" xQ, (1.2)
ow L
e cAv —aAw = h(u,v,w) 1in R" xQ, (1.3)

with the boundary conditions
Au+(1=2A)0,u=pB, in R" x0Q,
A+(1 =My =P, inR"x0Q, (1.4)
Aw+(1=1)d,w=p; inR"xQ,
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and the initial data

u(0,x) = up(x), v(0,x) =vo(x), w(0,x)=wo(x) in Q.

(i) For nonhomogeneous Robin boundary conditions, we use
0<A<l, B,eRi=1,23.
(ii) For homogeneous Neumann boundary conditions, we use
A=B,=0, i=1,2,3
(iii) For homogeneous Dirichlet boundary conditions, we use

1-1=8,=0, i=1,2,3.

(1.5)

(1.6)

(1.7)

(1.8)

Here, Q is an open bounded domain of class C! in RN, with boundary 0Q and 9/9y
denotes the outward normal derivative on 0. The a, b, and ¢ are positive constants satis-
fying the condition /2a > (b + ¢) which reflects the parabolicity of the system and implies

at the same time that the matrix of diffusion

b 0
A= a b
c a

S o Q

(1.9)

is positive definite; that is, the eigenvalues A;, A5, and A3 (A, <A, < A3) of its transposed

are positive.
The initial data are assumed to be in the following region:

( V2ulvol < o +pwo,
(1o, vo,wo) € R? such that if
Up = Uwo By = ups
luo + pwo | < v 2pvo,
(ug, Vo, wo) € R? such that if
s _ | Ug < pwo By < up;
\/ﬂ|vo| =< ug + Uwo,
(1o, vo,wo) € R? such that if
uwo < g ups < By
luo + pwo | < \2pvo,
(1o, vo,wo) € R? such that if
uwo < g ups < B,

where

p=-.

One will treat the first case, the others will be discussed in the last section.

V2ulB,| < By +ups,

1B, +uBs| < V2up,,

@|ﬂz| < B, +ups

1By +upsl < mﬁz’

(1.10)

(1.11)
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We suppose that the reaction terms f, g, and h are continuously differentiable, poly-
nomially bounded on ¥ satisfying

f(@v—yw,v,w) —@g(x/ﬂv—yw,v,w) +yh(\/ﬂv—yw,v,w) >0, (1.12)

— f(uw,v,w) + uh(pw,v,w) = 0, (1.13)

f( - \/ﬁv—‘uw,v,w) +x/ﬂg< - @v—yw,v,w) +/,th< - @v—yw,v,w) >0
(1.14)

for all v,w = 0. And for positive constants C| < 1/y, C\ < /2/u, a1 = /pand B, = /2/y,
Cf(u,v,w) +C{g(u,v,w) + h(u,v,w) < Ci (qyu+B,v+w+1); (1.15)

for all u, v, w in £, where C; is a positive constant.

In the trivial case where b = ¢ = 0, nonnegative solutions exist globally in time.

This class of systems motivated us to construct this type of functionals considered in
this paper in the aim to prove global existence of solutions.

2. Existence

In this section, we prove that if ( f,g,h) points into X on 0%, then X is an invariant region
for problem (1.1)—(1.5), that is, the solution remains in ¥ for any intial data in . Once
the invariant regions are constructed, both problems of the local and global existensce
become easier to be established.

2.1. Local existence. The usual norms in spaces L?(Q)), L*(Q), and C(Q) are denoted,
respectively, by

1
lullh = —j |u(x) | Pdsx,
Q] Ja @2.1)
llull o = max | u(x)|.
xeQ

For any initial data in C(Q) or L?(Q)), p € (1,+) local existence and uniqueness of
solutions to the initial value problem (1.1)—(1.5) follow from the basic existence theory
for abstract semilinear differential equations (see Friedman [1], Henry [2], and Pazy [3]).
The solutions are classical on [0; Tmax [; where Thx denotes the eventual blowing-up time
in L*(Q).

2.2. Invariant regions. The main result of this subsection is the following.

ProposITION 2.1. Suppose that the functions f, g, and h point into the region X on 0%,
then for any (uo;vo, wo) in 2, the solution (u(t;-);v(t;-), w(t;-)) of the problem (1.1)—(1.5)
remains in X for any time [0; T*].
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Proof. The proof follows the same way to that of Kouachi (see [4]). Then we multiply
(1.1) by ¢, (1.2) by +/2bc, and (1.3) by b. Adding the first result to the third one and
subtracting the second result, we get (2.2). Subtracting the first result from the third one,
we get (2.3). Adding the first, the second, and the third results to each other, we get (2.4):

%—?—AIAUzF(U,V,W) in 10, T*[xQ,
PY% .

S ~hAV =GV, W) in ]0,T*[xQ,
%—AgAWzH(U,V,W) in 10, T*[xQ

with the boundary conditions

AU+ (1-21)9,U =p, in ]0,T*[x0Q,

AV +(1-1)0,V =p, in ]0,T*[x0Q,

AW +(1-1)0,W =p; in |0,T*[x0Q,
and the initial data

U(0,x) = Up(x), V(0,x)=Vo(x), WI(0,x)= Wy(x)

where

U(t,x) = cu(t,x) — V2bev(t,x) + bw(t,x),

V(t,x) = —cu(t,x) + bw(t,x),

W(t,x) = cu(t,x) +/2bcv(t,x) + bw(t,x)
for all (t,x) in ]0, T* [xQ),

F(U,V,W) = (cf — \/2bcg + bh) (u, v, w)

G(U,V,W) = (—=cf +bh)(u,v,w)
H(U,V,W) = (cf ++/2bcg + bh) (u,v,w)

for all (u,v,w) in X,

M =a—2bc,
A =a,
A3 = a+/2bc,
Py =Py —V2bcp, +bp;,
py = —cPy +bp5,

psy = cB, +2bcf, +bp;.

(2.2)
(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

First, let us notice that the condition of the parabolicity of the system (1.1)—(1.3) implies

the one of the (2.2)—(2.4) system; since v/2a > (b+c) = a > /2bc.
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Now, it suffices to prove that the region
{(Uy, Vo, W) such that Uy = 0,V > 0, Wy = 0} = R*xR* x R* (2.10)

is invariant for system (2.2)—(2.4).

Since, from (1.12)—(1.14), we have that F(0, V, W) > 0 suffices to be f(+/2uv—uw,v,w)
—2ug(\2uv — uw,v,w) + puh(\2uv — uw,v,w) > 0, for all V,W > 0 and all v,w > 0,
then U(t,x) = 0, for all (t,x) in ]0, T*[x(, thanks to the invariant region method (see
Smoller [5]), and Because G(U,0, W) = 0 suffices to be — f (uw, v, w) + yh(pw,v,w) = 0
forall U,W > 0and all v,w > 0, then V(t,x) >0 for all (t,x) in ]0, T*[xQ,and H(U, V,0)
> 0 suffices to be f(—/2uv — uw,v,w) + 2ug(—/2uv — uw, v, w) +ph(—2uv —uw, v, w)
>0forall U,V = 0and all v,w > 0, then W(t,x) > 0 for all (£,x) in ]0, T*[x(), then X is
an invariant region for the system (1.1)—(1.3). O

Then system (1.1)—(1.3), with boundary conditions (1.4) and initial data in %, is equiv-
alent to system (2.2)—(2.4) with boundary conditions (2.5) and positive initial data (2.6).
As it has been mentioned at the beginning of this section and since p,, p,, and p, are
positive, for any initial data in C(Q) and L (Q), p € (1,+00). (The local existence and
uniquness of the solutions to the initial value problem (2.2)—(2.6) gives us directly those
of (1.1)—(1.5).)

Once invariant regions are constructed, one can apply Lyapunov technique and estab-
lish global existence of unique solutions for (1.1)—(1.5).

2.3. Global existence. As the determinant of the linear algebraic system (2.7) with re-
gard to variables u,v, and w, is different from zero, then to prove global existence of
solutions of problem (1.1)—(1.5), one needs to prove it for problem (2.2)—(2.6). To this
subject; it is well-known that (see Henry [2]) it sufficies to derive anuniform estimate of
|F(U, V,W)IIP, IG(U,V, W)Ilp, and ||[H(U, V,W)IIP on [0, T*[ for some p > N/2.

Let us put Aj; = (a — /bc/2)/AJa(a —/2bc), Az = a/2+/a* — 2bc, Ayz = (a+/bc/2)/

a(a++/2bc), 6, and o are as two positive constants sufficiently large such that

0> A, (2.11)
(02 — A%) (02 — AL) > (A3 — AnAss)™. (2.12)

Let us define, for any positive integer #, the two finite sequences

6, =07, g=0,..,p,
! o P (2.13)
o,=0"P", p=0,.,n

The main result of the paper is as follows.
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THEOREM 2.2. Let (U(t,-),V(t,-),W(t,-)) be any positive solution of (2.2)—(2.6) and
assume the functional

L) = [ Ha U000, V{00, W(00)) i, (2.14)
Q
where
n p
H,(U,V,W)=> > ChiCi,0,UtVP-IW"P, (2.15)
p=04=0

Then, the functional L is uniformly bounded on the interval [0, T* ], T* < Tmax.

COROLLARY 2.3. Suppose that the functions f, g, and h are continuously differentiable on X,
point into 0% and satisfy condition (1.15). Then all solutions of (1.1)—(1.5) with initial data
in X and uniformly bounded on Q) are in L (0, T*;LP(Q))) forall p = 1.

ProrosiTioN 2.4. Under the hypothesis of Corollary 2.3, if the reactions f, g, and h are poly-
nomially bounded, then all solutions of (1.1)—(1.5) with the initial data in ¥ and uniformly
bounded on Q) are global time.

Proofs. For the proof of Theorem 2.2, we need some preparatory lemmas.
LemMa 2.5. Let Hy, be the homogeneous polynomial defined by (2.15). Then

n-1 p
aUH” = ”Z Z Cﬁflcge(q+l)0'(p+l)Uqu7q W(nfl)fp,
p=04g=0
n-1 p
aVHn = ”Z Z Cﬁ,lcgeqa(l,ﬂ)Uqu*qw(nfl)*P’ (216)
p=04=0
n—-1 p
dwH, = nz ZCg_lcgqupUQVP—qw(n—l)—p_
p=04q=0

Proof of Lemma 2.5. See Kouachi [6]. O
LEmMA 2.6. The second partial derivatives of H, are given by

n-2 p
n(n— I)Z Z Cg—zcge(qu)(f(pu) Uavr-awn-2-p,
p=04g=0
n-2 p
aUVHn = T’l(l’l - I)Z Z Cﬁ—ZCze(qul)o-(erZ) qupqu(n—z)—p’
p=04g=0
n-2 p
duwHy = n(n—=1)3 3" Cl_,CpBigr1)0 iy UIVP AW 270,
p=04g=0
n-2 p
dvaH, =n(n—1)> > Ch_,Cl0,0(psn UIVP AW =20
p=04g=0

Ju:H,
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n—2

p
dywH, =n(n—1) Z F 2Ch0,0(pe) UV AW (=2~

: s ‘
Il
I\) O

u [\/_|-a

ow:H, =n(n—-1) z C,_ ZCZanquVP*q wn=2)-p

Proof of Lemma 2.6. See Kouachi [6].

Proof of Theorem 2.2. Differentiating L with respect to t yields

o oU v oW
L(t)—J (aUH v, S oy H, )dx

_ J (M0 Hy AU +Aydy Hy AV + Asdw H, AW ) dx
Q
+ J (FoyH, + GoyH, + HowH,)dx =1+].
Q
Using Green’s formula and applying Lemma 2.5, we get I = I + I, where

I - J (M9 Hdy + A3y Hydyv + 139w Hydyw) dx,
20Q

n-2 p

L=-n(n-1 I > > b ,ch(By,T) Tdx,
p=04g=0
where
Mo (p12)0(g+2) /\12;/\20(;”2)9@“) M;zha(pm@(qm
Bgp = A12A20<p+2>9<q+1) A0 (pi2)04 Azzhﬂ(pﬂﬁq
h 42-){3 U(p+1)9(q+1) M;z)ts‘ﬂpﬂ)@q /\30P9q

forq=0,p,p=0,n—2and T = (VU,VV,VW)".

(2.17)

(2.18)

(2.19)

(2.20)

We prove that there exists a positive constant C, independent of ¢ € [0, Tiax [ such that

115C2 VtE[O)Tmax[

and that

for several boundary conditions.

(2.21)

(2.22)
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(1) If 0 < A < 1, using the boundary conditions (1.4), we get
I = J (MduHn(y, — €U) +odyHa(y, — V) 4 AsduHo(y, —aZ))dx,  (2.23)
20

where a = A/(1 —=A) andy;, = p,/(1-1),i=1,2,3.
Since K(U,V,W) = A10,H,(y, — aU) +1,0,H,(y, —aV)+130,, H,(y; —aW), where
P,_, and Q, are polynomials with positive coefficients and respective degrees (n — 1)
and #n. Since the solution is positive, then

limsup K(U,V,W)=- (2.24)
(U VI+HW]) -+

which proves that K is uniformly bounded on R? and consequently (2.21).
(ii) If A = 0, then I; = 0 on [0, Tmax [.
(iii) The case of homogeneous Dirichlet conditions is trivial, since in this case the
positivity of the solution on [0, Trax [XQ implies that d,U < 0,9,V < 0 and
0y, W < 0 on [0, Trmax [ X0€2. Consequently, one gets again (2.21) with C; = 0.
Now, we prove (2.22). The quadratic forms (with respect to VU, VV, and VW) asso-
ciated with the matrixes By), ¢ = 0,..., p,and p = 0,...,n — 2 are positive since their main
determinants A;, A,, and As are positive, too. To see this, we have
(1) Ay = A10(p+2)0(g42) >0 forg=0,...,pand p = 0,...,n — 2;

(2)
AM+A
Aop2)0gr2) 2 5 20(p+z)9(q+1)
A=) 42
12 20(p+2)0(q+1) /120'(p+2)0q (2-25)

= /\1/120%p+2)9%q+1) (92 - AD),

forq=0,...,p,and p=0,...,n — 2. Using (2.11), we get A, > 0.
(3) As = |Bgpl = MiAsAs0¢ (p+2)0( p+1)9 (q+1) q[(92 — A3) (02 — A33) — (A3 — AppAns)’]
forq=0,...,pand p=0,...,n— 2. Using (2.12), we get A3 >0 (see Kouachi [6]).
Substituting the expressions of the partial derivatives given by Lemma 2.5 in the sec-
ond integralyields

J= an Zc 1CH (i) 0(giy F +0(pi1)04G + 0,0, H|UIVP- AW (=D =P g
p=04g=0

il 0 o 0
—J ny > Ch 1C;I,qupqmﬂ"1>P[F+ _G+—L2- 1 H] 0 (p+1)O(gn)dx.
s our’ Oqry — Ipm) Oign)

(2.26)
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Using the expressions (2.8), we obtain

n—-1 p
]: I ”Z chflcquVp’qw(Vl*I)fp
@ p=04g=0

X(<1_99q s b )cf+(—1+ %_ b )x/zT;cg (2.27)

(q+1)  O(p+1) Oigr) o (p+1) Oige)

0 o 0
+ (1 +—1 4 u a )bh) a(p+1)9(q+1)dx.
Oigr1y ~ 0(p+1) Oige1)

And so, we get the following inequality:

n—-1 p
J= J ”Z chflcquVP*qW(nfl)fp
o p=04g=0

( 1-— Qq/G(qH) + ((IP/O'(pH)) (Hq/G(q+1)) . (2.28)
1+ Oq/6<q+1) + (0‘1,/0(1,4.1)) (eq/e(q“))

+ -1+ (Gp/o(pﬂ)) (Oq/e(qﬂ))
1+ Bq/G(qH) + (UP/O'(pH)) (Hq/e(qﬂ)

JV2beg + bh) G (i1 Biqed,

using condition (1.15) and relation (2.7) successively, we get

n-1 p
] < C4I > >l cluive-aw =P (U + V + W +1)dx. (2.29)
Q
p=04=0

Following the same reasoning as in Kouachi [6], a straightforward calculation shows
that

L'(t) < CsL(t) + CeL"Y"(t)  on[0,T*], (2.30)
which for Z = LV" can be written as
nZ' < CsZ +Cs. (2.31)

A simple integration gives the uniform bound of the functional L on the interval
[0, T*]; this ends the proof of the Theorem 2.2. O

Proof of corollary. The proof of this corollary is an immediate consequence of Theorem
2.2 and the inequality

L} (U+V+W)Pdx < CsL(t) on [0,T%[ (2.32)

for some p > 1, taking into consideration expressions (2.7). O
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Proof of proposition. As it has been mentioned above; it suffices to derive a uniform es-
timate of ||[F(U,V, W)Ilp, IG(U,V, W)Ilp, and |H(U,V, W)IIP on [0, T*[ for some p >
N7/2. Since the functions f, g, and h are polynomially bounded on X, then using relations
(2.5), (2.7), and (2.8), we get that F, G, and H are polynomially bounded, too, and the
proof becomes an immediate consequence of Corollary 2.3. O

3. Final remarks

The second, the third, and the fourth cases are to be studied in the same way as we have
done with the first case.

The second case:.If {|B, +uf;| < v2uB, and B, < upB,}, then system (1.1)—(1.3) can
be rewritten as follows:

%—aAu—bAv=f(u,v,w) in R* x Q,

ow .

o aAw — cAv = h(u,v,w) in RT xQ, (3.1)
ov

En —cAu—bAw—alAv =g(u,v,w) in R* xQ

with the same boundary conditions (1.4) and initial data (1.5).
In this case, the diffusion matrix of the system becomes

a 0 b
A=|0 a c|. (3.2)
c b a

Then all the previous results remain valid in the region
> = {(uo,vo,w()) € R? such that: |ug+pwy| < 2uvoandug < ywo}, (3.3)
where
p=-. (3.4)

And system (2.2)—(2.4) becomes

aa—[t] —aAU = F (U, V; W),
oV
Sy~ (@ VIVBO)AV = Gi(U, Vi W), (3.5)
oW

? — (a— ﬂm)AW = HI(U)V;W)>
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where
U(t,x) = —cu(t,x) + bw(t,x),
V(t,x) = cu(t,x) +V2bcv(t,x) + bw(t, x), (3.6)
W(t,x) = —cu(t,x) +vV2bcv(t,x) — bw(t,x)
for all (t,x) in ]O, T* [xQ),

Fi(U,V;W) = (=cf + bh)(u,v,w),
G1(U,V; W) = (cf +/2Vbcg + bh) (u,v,w), (3.7)
Hy(U,V;W) = (= cf +/2vbcg — bh) (u,v,w)

for all (u,v,w) in X; with the boundary conditions

AU+ (1-1)0,U =p, in ]0,T*[x0Q,
AV+(1-21)0,V =p, in ]0,T*[x0Q, (3.8)
AW +(1=1)9,W =p; in ]0,T*[x0Q,

where
py = —cP, +bps,
p, = cf, +V2bch, +bps, (3.9)

ps = —cPy +V2bcB, — bp;,

and initial data (1.5).
The conditions (1.12)—(1.15) become, respectively,

— f (pw,v,w) + ph(uw,v,w) = 0,
f( - \/ﬂv—yw,v,w) +\/ﬂg( - @v—yw,v,w) +yh< - @v—yw,v,w) >0,

—f(@v —yw,v,w) + \/ﬁg(\/ﬂv—‘uw,v,w) —yh(@v —yw,v,w) =0
(3.10)

for all v,w > 0, and for positive constants C; < /1/2u, C\ < \ju/2, &y = |/1/2u, and f3, =
\p/2
C f (u,v,w) + g(u,v,w) + C) h(u,v,w) < Ci (aqau+v+p,w+1); (3.11)

for all (u,v,w) in X, where C; is a positive constant.
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The third case: If {~/2ulB,| < B, +upB; and up; < B}, then system (1.1)—(1.3) can be

rewritten as follows:

ov

ot
ow .
o5 cAv—aAw = h(u,v,w) in Rt xQ,
Ju

af—bAv alu = f(u,v,w) in R* xQ,

with the same boundary conditions (1.4) and initial data (1.5).
In this case, the diffusion matrix of the system becomes

a b ¢
A=1c a 0].
b 0 a

Then all the previous results remain valid in the region

3= {(uo,vo,wo) € R3 such that: \2u|vo| < uo+puwp and pw, < uo},

where

And systems (2.2)—(2.4) become

aa—(t]—aAU F(U, VW),
oV
e — (a+V2Vbe) AV = Gy (U, V; W),
ow

r — (a=V2Vbc)AW = Hy(U, V; W),

where

U(t,x) = cu(t,x) — bw(t,x),
V(t,x) = cu(t,x) +2bev(t, x) + bw(t, x),

W(t,x) = cu(t,x) — V2bcv(t,x) + bw(t,x)
for all (¢,x) in ]0, T*[Xx €,
F,(U,V;W) = (cf = bh)(u,v,w),

G,(U, V3 W) = (cf +V2vbcg + bh) (u, v, w),

Hy(U, Vs W) = (cf — v2vbcg + bh) (1, v, w)

— —alAv —bAw — cAu=g(u,v,w) in RT xQ,

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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for all (u,v,w) in Z; with the boundary conditions
AU+(1-1)0,U =p, in ]0,T*[x0Q,
AV+(1-21)0,V =p, in ]0,T*[x0Q, (3.19)

AW +(1=N)3,W =p, in ]0,T*[x0,

where
py =B, — bp;,
p, = cf, +V2bch, +bfs, (3.20)

p3 = Py = V2bcp, +bp;y

and the initial data (1.5).
The conditions (1.12)—(1.15) become, respectively,

fuw,v,w) — uh(pw,v,w) = 0,
f( - @v—yw,v,w) +\/ﬁg( - @v—yw,v,w) +yh< - @v—yw,v,w) >0,

f(@v—yw,v,w) N @g(@v—‘uw,v,w) +‘uh(\/ﬂv —yw,v,w) >0
(3.21)

for all v,w = 0, and for positive constants C; < /2y, C{' <y, a3 = /2y, and B = ,
fluv,w)+ Cig(u,v,w) + Cy h(u,v,w) < Ci(u+azv+Bw+1); (3.22)

for all (u,v,w) in X, where C; is a positive constant.
The fourth case. If {|f3, +up;| < /2uf, and uf; < B,}, then system (1.1)—(1.3) can be
rewritten as follows:
ow

o aAw — cAv = h(u,v,w) 1in R* xQ,

% —aAu—DbAv = f(u,v,w) in R"XQ, (3.23)

% —bAw — cAu—alAv = g(u,v,w) in R* xQ

with the same boundary conditions (1.4) and initial data (1.5).
In this case, the diffusion matrix of the system becomes

a 0 ¢
A=|0 a b]. (3.24)
b ¢ a
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Then all the previous results remain valid in the region

> = {(uo,vo,wo) € R¥ such that: |ug+pwo| < v2uve and pw, < uo},

where

And system (2.2)—(2.4) becomes

U _ aAU = F5(U,V; W),

ot
oV
-5 (a++/2Vbc)AV = G5(U, V; W),

%V — (a—v2VBO)AW = H; (U, V5 W),

where

U(t,x) = cu(t,x) — bw(t,x),
V(t,x) = cu(t,x) +V2bcv(t,x) + bw(t, x),
W (t,x) = —cu(t,x) + N 2bev(t,x) — bw(t,x)

for all (¢,x) in ]0, T*[x €,

F3(U,V; W) = (cf — bh)(u,v,w),

G3(U, Vs W) = (cf +V2bcg + bh) (u,v,w),

H;(U,V; W) = (= cf +2v/beg — bh) (u,v,w)
for all (u,v,w) in X; with the boundary conditions

AU+(1-1)0,U=p, in ]0,T*[x0Q,
AV+(1-1)0,V =p, in]0,T*[x0Q,
AW +(1=1)9, W =p; in ]0,T*[x0Q,

where
pi =Py —bPss
p, = B, +~V2bcp, + b,
p; = —cB, +2bcp, - bp;.

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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The conditions (1.12)—(1.15) become, respectively:
fpw,v,w) = uh(pw,v,w) = 0,
f(=2uv —puw,v,w) +2ug (= V2uv — pw,v,w) + ph( = \2uv — pw,v,w) = 0,
—f(V2uv — pw,v,w) +2ug (\2uv — uw,v,w) — uh(\2uv — pw,v,w) = 0
(3.32)

for all v,w > 0, and for positive constants Cy < +/1/2u, C;’ < \/u/2, as = \/1/2y, and 3, =

/2,

Cof (v, w) + g(u,v,w) + C{ h(u,v,w) < Cy (auu+v+p,w+1); (3.33)

for all (u,v,w) in X, where C; is a positive constant.
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