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1. Introduction

In the framework of the so-called geometric approach, many control problems with state
feedback and/or incomplete-state feedback (e.g., controllability and observability problems,
decoupling problems, and disturbance-rejection problems, etc.) have been studied for finite-
dimensional systems (see, e.g., [1, 2]). Further, the concept of (C, A, B)-pairs was first
introduced by Schumacher [3], and this concept has been used successfully to design
dynamic compensators. After that Curtain extended the geometric concepts to infinite-
dimensional systems and various control problems have been studied (see, e.g., [4-11]).
On the other hand, from the practical viewpoint, Ghosh [12] and Otsuka [13] studied the
concepts of simultaneous (C, A, B)-pairs and of generalized (C, A, B)-pairs, respectively, for
finite-dimensional systems, and the parameter-insensitive disturbance-rejection problems
for uncertain linear systems were studied. Then, Otsuka and Inaba [14-16] extended the
concepts of simultaneous invariant subspaces and simultaneous (C, A, B)-pairs to infinite-
dimensional systems. Further, Otsuka and Hinata [17] studied the concept of generalized
invariant subspaces for infinite-dimensional systems.
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The objective of this paper is to investigate the concept of generalized S(C, A, B)-pairs
for infinite-dimensional systems and to study the parameter-insensitive disturbance-rejection
problem with dynamic compensator.

The paper is organized as follows. Section2 gives the concept of generalized
S(C, A,B)-pairs and its properties. In Section 3, the parameter-insensitive disturbance-
rejection problem with dynamic compensator is formulated and its solvability conditions
are presented. Section 4 gives an example to illustrate our results. Finally, some concluding
remarks are given in Section 5.

2. Generalized S(C, A, B)-pairs

First, we give some notations used throughout this investigation. Let B(X; Y) denote the set
of all bounded linear operators from a Hilbert space X into another Hilbert space Y; for
notational simplicity, we write B(X) for B(X; X). For a linear operator A the domain, the
image, the kernel, and the Cp-semigroup generated by A are denoted by D(A), ImA, Ker A,
and {Sa(t);t > 0}, respectively. Further, the dimension and the orthogonal complement of a
closed subspace U are denoted by dim(¥U) and ) respectively.

Next, consider the following linear systems defined in a Hilbert space X:

%x(t) = A(a)x(t) + B(B)u(t),
y(H) = C(y)x(b),

S(a,B,y) : (2.1)

where x(t) € X, u(t) € U := R™, y(t) € Y := R are the state, the input, and the measurement
output, respectively. Operators A(a), B(f), and C(y) are unknown in the sense that they are
represented as the forms:

A((X) =Ay+a A1+ + tIpAp = Ap + AA(“)/
B(p) = Bo+ p1Bi + -+ pgBy := By + AB(P), (2.2)
C(y) =Co+1iCr+-+-+1.Cr = Co + AC(y),

where a:=(ay,...,ap) € RP, p:=(p1,...,B;) € RY, y:=(y1,...,1y) € R, A is the infinitesimal
generator of a Co-semigroup {S4,(t);t >0} on X, A; € B(X)(i=1,...,p),Bi e BR™ X) (i =
0,...,9), and C; € B(X; R)(i = 0,...,r). Here, in the system S(a, B,71) (Ao, By, Co)
and (AA(a), AB(f), AC(y)) mean the nominal system model and a specific uncertain
perturbation, respectively.

Since A; (i = 1,...,p) are bounded linear operators, we remark that A(a) always
generates a Cp-semigroup and has the domain D(A(a)) = D(Ay) for all « € RP. Further,
from the practical viewpoint it is assumed that the dimensions of input and output are finite.

Now, introduce a compensator (K, L, M, N) defined in a Hilbert space 70 of the form :

d
.. Ew(t) = Nw(t) + My(t), (2.3)

u(t) = Lw(t) + Ky(t),
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where N is the infinitesimal generator of a Cp-semigroup {Sn(t);t > 0} on a Hilbert space 7
with the domain D(N) = W, M € B(R%; %), L € B(W;R™), and K € B(R?;R™).

If a compensator of the form X is applied to the system S(a, 8, y), the resulting closed-
loop system Sq(a, B, y) with the extended state space X := X @ €0 is easily seen to be

(2.4)

i[x(t):l _ [A(a) +B(B)KC(y) B(ﬂ)L] [x(t)]l

dt [w(t) MC(y) N | |w(t)

where X ® 70 means the direct sum of X and W. For the closed-loop system S (a, 3, y), define

oy = (2.5)

X (t) = [x(t)], e [A(a)+B(ﬁ)KC(y) B(ﬂ)L]
w(t) MC(y) N

with domain D(AZM) (=D(Ag) @ 0).

For the system S(a, 3, y), we give the following invariant subspaces.

Definition 2.1. Let U be a closed subspace of X.
(i) U is said to be a generalized (A, B)-invariant if there exists an F € B(X;R™) such
that

(A(a) + B(B)F)(UND(Ap)) CU, Va,p. (2.6)

Also F(U) := {F € B(X;R™) | (A(a) + B(B)F)(UND(Ay)) C U forall a, p}.
(ii) U is said to be a generalized S(A, B)-invariant if there exists an F € B(X;R™) such
that

SA(a)+B(ﬁ)F(t)O CU, Vt>0andall a,p. (2.7)

Also U(A, B; A) := {U | Uis a generalized S(A, B)-invariant and is contained in a given closed
subspace A.}.  Fs(U) := {F € BUGR™) | Sa@)+pr(t)U C U forall t > 0 and all a, p}.

(iii) T is said to be a generalized (C, A)-invariant if there exists a G € B(R?; X) such
that

(A(a) + GC(y))(WND(A) €U, Va,y. (2.8)

Also G(U) = {G € B(R% X) | (A(a) + GC(y))(UND(Ag)) C U forall a, y}.
(iv) U is said to be a generalized S(C, A)-invariant if there exists a G € B(R?; X) such
that

Sa@ece(y) (U CU, Vi>0and all a,y. (2.9)

Also U(g;C,A) = {U | U is a generalized S(C, A)-invariant and contains a given closed
subspace €}. G5 (V) = {G € BR%; X) | Sa@y+ce) (1)U Cc Uforallt >0and all a, y}.
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Remark 2.2. (i) For the system S(a, 3, y) a generalized S(A, B)-invariant subspace U has the
property that if an arbitrary initial state x(0) € U, then there exists a state feedback u(t) =
Fx(t) which is independent of a and f such that the state trajectory x(t) € U for all t > 0.

(ii) If Ag is a bounded linear operator on X (i.e., Ag € B(X)), then the statements (i),
(ii) and (iii), (iv) in Definition 2.1 are equivalent, respectively. Further, in this case F;(0U) =
F(U) and G4(U) = G(0).

Theorem 2.3 (see [17, 18]). Suppose that p;,qi (i =1,...,p),ri,si (i = 1,...,q) are arbitrary fixed
real numbers such that p; < q; (i = 1,...,p) and r; < s;(i = 1,...,q). Then, the following three
statements are equivalent.

(i) U is a generalized S(A, B)-invariant.

(ii) There exists an F € B(X;R™) such that Sa,+p,r(£)U C U (t > 0) and B;FU C U(i =
1,...,9),and AU CU(@{=1,...,p).

(iii) There exists an F € B(X; R™) such that

Saw(p)r(0CU,  (£20) (2.10)

foralla; € [pi,qi) (i=1,...,p)and p; € [ri,si] (i=1,...,9).
(iv) There exists an F € B(X; R™) such that

Sa@es(p)rVCU, (£20) (2.11)

forallai € {p;,qi} (i=1,...,p)and p; € {ri,si} i=1,...,9).
The following theorem is the dual version of Theorem 2.3.

Theorem 2.4 (see [17, 18]). Suppose that p;,q; (i =1,...,p), t;,u; (i = 1,...,r) are arbitrary fixed
real numbers such that p; < q; (i = 1,...,p) and t; < w; (i = 1,...,r). Then, the following three
statements are equivalent.

(i) U is a generalized S(C, A)-invariant.
(ii) There exists a G € B(R; X) such that Sa,.cc,(H)V C U (t > 0) and GC;U Cc V(i =
1,...,r),and AZUCU(@{=1,...,p).
(iii) There exists a G € B(R?; X) such that

Sa@e+ac(y)(UCU,  (£20) (2.12)

foralla; € [pi,qi] (i=1,...,p)and y; € [ti,ui] i=1,...,71).
(iv) There exists a G € B(R?; X) such that

Sa@e+ac(y)(HU U, (£20) (2.13)

foralla; € {pi,qi}(i=1,...,p)andy; € {t;, u;}(i=1,...,7).
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For finite-dimensional systems, Schumacher [3] first introduced the concept of
(C, A, B)-pair. The following definition is a generalized and infinite-dimensional version of
(C, A, B)-pair.

Definition 2.5. Let U1 and U, be closed subspaces of X. A pair (U, U,) of subspaces is said to
be a generalized S(C, A, B)-pair if the following three conditions hold.

(i) Uy is a generalized S(C, A)-invariant.
(ii) U, is a generalized S(A, B)-invariant.
(iii) Uy C Vs.

For closed-loop system Sqi(a, B, 7), we give the following definition.

Definition 2.6. Let U° be a closed subspace of X°.

(i) U°issaid to be a generalized A®-invariant if A? 5 Y(Ue ND(A? 5 Y)) CU¢foralla,p,y.

(ii) U° is said to be a generalized S 4. (f)-invariant if S A (t)Ue c U forallt > 0and all
a,p,y.

The following lemma was shown by Zwart.

Lemma 2.7 (see [11]). Let V¢ be a closed subspace of X¢ and the following three subspaces are
introduced:

x
Sorth == {x ex [ ] € [Ue]lfor some w € w}
w
= Pe([0°]"),
Si = [Somil*, (2.14)

Sy = {xeﬂ(‘[x:l € [U°] for some w € 10}

w

= Px([07]),

where Py is the projection operator from X¢ onto X along W. Then, the following statements hold.

(i) Sy = (x e%l[z] e el
(ii) 51 C Sy.
(iii) If dim(W) < oo, then S, is a closed subspace of X and dim(S, N S7) < co.
Lemma 2.8 (see [4, 6, 11]). Suppose that A is the infinitesimal generator of a Cy-semigroup

{Sa(t);t 20} on X, and U is a closed subspace of X and Q1 € B(X). Then, the following statements
hold.

(1) If Sa(H)U c U forallt >0, then A(UND(A)) CU.
(ii) If U C D(A) and AU C U, then S5(t)U C U forall t > 0.



6 Journal of Applied Mathematics

(iii) If Savq, (1)U C U forall t > 0, then UND(A) = T.

(iv) If there exists a Q, € B(X) such that Sa.q,(H)U C U forall t > 0 and (Q1 — Q2)(U N
D(A)) C U, then Sa.q, (1)U C U forall t > 0.

(v) If there exists a Q, € B(X) such that Sa.g,(t)U C U forall t > 0 and (Q1 — Q2)(UN
D(A)) = {0}, then Sa+g,(1)x = Sa+g,(t)x forall t > 0and all x € V.

The following two lemmas are extensions of the results of Otsuka [13] to infinite-
dimensional systems.

Lemma 2.9. If a pair (U1, Uy) of subspaces of X is a generalized S(C, A, B)-pair such that

q r
dImB;cU; cU,c(\KerC;, AU, C¥U;, (i=1,...,p), (2.15)
i=1 i=1

then there exist G € G4(U1), G(B) € B(R?; X), F(y) € Fs(U2), Fo € B(X;R™) and K € B(R%;R™)
such that

G=B(B)K+G(f), ImG(B)CU,F(y)=KC(y)+F, KerFy>0, (2.16)

forall (B,y) € R xR".

Proof. Suppose that a pair (U1, 0,) is a generalized S(C, A, B)-pair satisfying the stated above
conditions. Since Zle ImB; C U,, we remark that U, + ImB(ff) = U, + ImB,.

Claim 1. GC(y)U; C U, + ImBy for all G € G,(¥U;) and y € R".

To prove Claim 1, choose an arbitrary element x € U;. Then, by Lemma 2.8(iii) there
exists an x,, € U1 N D(A,) such that

lim x, = x. (2.17)

n— oo
Now, noticing that (A(a) + éC(y))(Ul N D(Ap)) C Uy and U; C U, we have

GC(y)xn = (A(a) + GC(y)>xn - A(a)x,
€U +U, + ImB(ﬁ) (218)

= Uz +ImB (ﬂ),

=U + ImBo.

Since dimB(f) < oo, that U, + ImBj is a closed subspace. Further, noticing that GC (y) are
bounded operators,

GC(y)x = lim GC(y)x, € U, + ImB, (2.19)
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which proves Claim 1.
Next, Claims 2 and 3 hold as follows.

Claim 2. There exists a G € G4(U1) §uch that ImG C U, + ImB,.

To prove Claim 2, choose a G € Gs(Uy) and x (=y +z) € R¢ such that ye > ,Cith
and z € ¢ with 3_, C;U; @ ¢ = R’. Define a linear map G € R™* by Gx := Gy. Then, for some
x; € Uq

Gx = Gy = Zécixi
i=0 (2.20)

€ U, +ImBy, (by Claim 1),

which proves Claim 2.

Claim 3. There exists a K € B(R%R™) and G(f) € B(R% X) such that G = B(f)K +
G(pB), ImG(p) C U, for all p € RY.

To prove Claim 3, let {y1,...,y¢} be a basis of R?. Then, it follows from Claim 2 that
there exists an x; € U, and u; € R™ such that

Gyi =X;+ Boui
i q
=Xj— ﬂiBiui + Boui + ﬂiBiui
i=1 1=Z1 (2.21)
q
= <.‘Xfi - ZﬂiB,’ui> + B(ﬁ)ul
i=1
Define linear maps K € B(R¢;R™) and G(B) € B(R?; X) by
q
Ky; = u, GP)yi=xi— ZﬁiBiu,-, respectively. (2.22)
i=1
Then,
Gyi=G()yi+B(f)Kyi,  G(P)yi€ Vs, (2.23)

which proves Claim 3.

Claim 4. There exists an FT € B(A; R™) such that Im(GC(y) + B(B)F')|y, C U,.
In fact, it follows from Claim 2 and hypotheses of this lemma that there exists a G €
G;(U;) such that

IIl’IGC()IU2 C ImG C U, + ImBy. (224)
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Let y € U, be an arbitrary element. Then, there exist x € U, and u € R" such that GCyy =
x + Byu. Define Ft € B(X; R™) such that

Fly =-u, (2.25)

Hence, GCyy = x + By(~F'y) which implies (GCy + BoF')y = x € U,. Then, we can easily
obtain

m(GC(y) + B(B)F") [, € Uy, (2.26)

which proves Claim 4.

Now, choose F* € F;(U,) and define Fy € B(X; R™) such that

Fy=F*+F', on?y,
(2.27)
Fy=0, on 7.

Then, the following claim holds.

Claim 5. One has (A(a) + GC(y) + B(B)Fo) (U2 N D(Ag)) C U, for all (a,f,y) € R x RT x R"
and U, C Ker Fy.

In fact, at first, U; C Ker Fy is obvious. Therefore, we prove the first one. Since F* €
F;(U2) implies Sa(a)+p(p)r+ (t)U2 C Uy, it follows from Lemma 2.8(v) that it suffices to show
(B(B)Fo + GC(y) — B(B)F*)U, C U in order to prove S a()+B(p)Fo+GC(y) () U2 C V.

Now, let x € U, be an arbitrary element. Then, there exists y € U1 and z € Uli NV, such
that x = y + z. Then, we have

(B(B)Fo+GC(y) - B(B)F*)x = (B(f)Fo+GC(y) - B(B)F")y
+ (B(B)Fo+GC(y) —-B(p)F")z (2.28)

= (GC(y) - B(B)F*)y + (B(B)F" + GC(y) ).

Now, it follows from Lemma 2.8(iii) that there exists a v, such that v, — y.
Hence,

(GC(y) = B(B)F")yn = (Ala) + GC(Y))yn — (A(a) + B(B)F*)yn € V. (2.29)

Noticing that (GC(y) — B(p)F*) is bounded linear operator, it follows from (2.28) and Claim 4
that

(B(B)Fo+GC(y) —B(B)F*)x € U, (2.30)

which proves Claim 5.
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Finally, define a bounded linear operator F(y) € B(X; R™) such that F(y) := KC(y)+Fo.
Then, the following claim holds.

Claim 6 (F(y) € F(U,)). In fact,

(A(a) + B(B)F(y))(U2nD(Ao))
= (A(a) + B(B)KC(y) + B(B) Fo) (V>N D(Ap))
= {A(a) + (B(B)K + G(B))C(y) - G(B)C(y) + B(B)Fo} (V>N D(Ao))

(2.31)
= {A(a) + GC(y) + B(B)Fo - G(B)C(y) }(¥.nD(Ap)), (by Claim 3)
C (A(a) + GC(y) + B(B)Fo) (U2 N D(Ay)) + ImG(p)
CU,, (byClaim 3 and Claim 5),
which proves Claim 6. This completes the proof of Lemma 2.9. O

Lemma 2.10. If a pair (U1, U,) of subspaces of X is a generalized S(C, A, B)-pair such that

q r
> ImB; C Uy C U, [ |KerC;, AU, c¥Uy, (i=1,...,p), U2 CD(A), (2.32)
i=1 i=1

then there exist a compensator (K, L, M, N) on W := (U, N Z)ll) and a subspace V¢ of X° such that
U1 =51, Uy = Sy, and U° is generalized S ae (t)-invariant, where Sy and Sy are given in Lemma 2.7.

Proof. Suppose that there exists a pair (U;,U,) of subspaces satisfying the stated above
conditions. Since U; and U, are closed subspaces and U; C U, we have U, = U1 @ (U, N Uf).
Define 70 := (U, N Uf) and X° := X ® W. Let R: U — 70 be a bounded linear operator such
that KerR = ¥U; and ImR = %. Then, there exists a Rt € B(%; U-) such that RRt = I, which
implies RTRx = 0 & x € U; (see [2, p.95]). Further, define

=1 v
(] sew) e

Then, it follows from Lemma 2.7 that U; = S; and U, = S,. Further, it follows from Lemma 2.9
that there exist G € G4(U1), G(f) € B(R% X), F(y) € Fs(01), Fo € B(4;R™), and K €
B(R?; R™) such that

G=B(B)K+G(f), ImG(B)c¥,  F(y)=KC(y)+F, KerFooU; (234)

forall (B,y) e RTxR".
Define L € B(¥;R™) and M € B(R?; W) such that L := FyR", M := ~RG(0).
Noticing that U; € U, € D(Ay), it is easily shown that

(A(a) + B(B)Fo+GC(y))U;ic Ui, (i=1,2), Va,B,y. (2.35)
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Hence, since (Ag + BoFy + GCy)U, C U, and Uy = Ker R, we have KerR C KerR(Ag + ByFy +
GCo)|y, which is equivalent to that there exists an N € B(70) such that

NR = R(AO + B()FO + GC0)|02 = R(AO + B()F(O) + G(O)CO)|02 (236)

Then, the following two Claims hold.
Claim 1. R(A(a) + B(B)F(y))U2 = R(Ag + BoF(0))U, forall a, B, y.
In fact, let x be an arbitrary element of U,:
R(A(a) + B(B)F(y))x — R(Ag + BoF(0))x
= R(a1 A1 +---+apAp)x + RB(f) (KC(y) + Fo)x — RBy(KCy + Fo)x
= RB(B)KC(y)x — RByKCox + R(B(p) — By) Fox (2.37)
= R{B(B)KCy— ByKCy}x
=0

Claim 2. (MC(y) + NR)U; = R(A(a) + B(B)F(y))Us foralla, S, y.
In fact,

(MC(y) + NR)U; = (MCy + NR)U;
= (-RG(0)Cp + R(Aq + BoF(0) + G(0)Cy)) U2
(2.38)
= R(AO + B()F(O))Uz

= R(A(x) + B(B)F(y))U,, (by Claim 1).

Finally, we have the following claim.

Claim 3. A®(a,B,y)U¢ C V¢ foralla,p,y.
Choose an arbitrary element [I:x] of V¢ (x € Ty).
Since RtRx — x € Ker R = U3, we have LRx = Fox. Then,

[Am +BIHKC() B(ﬂ)L] [ x ] [(A@ + BEKC())x+ B(ﬁ)LRx]
MC(y) N |[Rx (MC(y) + NR)x

_ [(A@@) + B(B) (KC(y) + Fo))x "
| R(A(@ +B(B)F(y))x ] (by Claim 2)

_ : (A(a) +B(ﬁ)F(Y))X]
[R(A(@) + B(B)F(y))x

€v’, Y(apy),

(2.39)

which proves that U° is generalized A°-invariant.
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Since U, C D(A;ﬂ,y), it follows from Lemma 2.8(ii) that V¢ is generalized S a.(t)-
invariant. This completes the proof of this lemma. O

3. Parameter-Insensitive Disturbance-Rejection by
Dynamic Compensator

In this section, the infinite-dimensional version of parameter insensitive disturbance-rejection
problem for uncertain linear systems which was investigated by Otsuka [13] is studied.

Consider the following uncertain linear system S(a,,y,6,0) defined in a Hilbert
space X:

%x(t) = A(a)x(t) + B(B)u(t) + E(0)é(t),

y(t) = C(y)x(b), (3.1)
z(t) = D(8)x(t),

where x(t) € X,u(t) € U = R",y(t) € Y := R’ z(t) € 2 := R*, and ¢(t) € Llloc((O,oo); Q)
are the state, the input, the measurement output, the controlled output, and the disturbance
which is a Hilbert space Q valued locally integrable function, respectively. It is assumed that
coefficient operators have the following unknown parameters:

Ala) = Ag+ a1 Ay + -+ apAp == Ag + AA(a),

B(p) =By + 1By + - + B, := By + AB(),

C(y) =Co+y1C1+-+-+7,Cr = Co+ AC(Y), (3.2)
D(6) =Dy + 61Dy + -+ + 6sDg := Dy + AD(6),

E(c) =Ey+01E1+---+0,E; := Eg+ AE(0),

where A;, B;, C; are the same as system S(a, ,y) in Section 2, D; € B(X;R¥), E; € B(Q; X),

and a = (ay,...,ap),p = (P1,.--, b)Yy = (y1,---, ), 6 = (61,...,065),0 = (01,...,01).
Further, from the practical viewpoint, we assume that uncertain parameters satisfy

ai € [pi,qi] (i=1,...,p), pielr,sil (i=1,...,9), vi€ltiw] (@=1,...7),

o; € [hi,ji] (i=1,...,s), o, € ki, ;] (i=1,...,t
(3.3)

where p;,qi(i =1,...,p), ri,si(i=1,...,9t,ui (i =1,...,r)h;,ji(i =1,...,s), and k;, I; (i =
1,...,t) are given real numbers.

In system S(a, B,v,6,0), (Ao, Bo, Co, Do, Eo) and (AA(a),AB(B),AC(y),AD(6),AE(0))
represent the nominal system model and a specific uncertain perturbation, respectively.
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If a compensator of the form X is applied to system S(«, B, y, 6, o), the resulting closed-
loop system with the extended state space X° := X @ ¥ is easily obtained as

a [x(f)] . [A(oo +B(B)KC(y) B(ﬂ>L] . [x(”] . [E(G)]f;(t),

dt [w(t)| MC(y) N w(t) 0

(3.4)

x(t)
z(t) = [D(5) 0] [w(t)].

For convenience, we set

X(t) = [x(t)], At [A(tx) +B(B)KC(y) B(ﬁ)L]/ o) o [E(G)]’
w(t) MC(y) N 0 35)

D°(6) = [D(5) 0].

Then, our disturbance-rejection problem with dynamic compensator is to find a compensator
(K,L, M, N) of X such that

t
Df(&)fosA;M(t ~1)E%(0)¢(r)dT = 0 (3.6)

forall () € Llloc(O, oo; Q) which is a set of all locally square integrable functions on (0, 1), all
t >0, and all parameters a, 3, v, 6, 0.
This problem can be formulated as follows.

Parameter Insensitive Disturbance-Rejection Problem with
Dynamic Compensator (PIDRPDC)

Given A;, B;, C;, D;, E;, find (if possible) a compensator (K, L, M, N) of (2.3) such that

< SAZ,ﬁ,y'(.) | ImE®(0) >:= ’E<USA§,p,,»(t) (ImEe(O'))> C Ker D?(6) (3.7)

t>0

for all parameters a, f,y,6,0, where £(Q) and the over bar indicate the linear subspace
generated by the set Q and the closure in X, respectively.

The following results are extensions of the results of Otsuka [13] to infinite-
dimensional systems.

Theorem 3.1. If there exists a generalized S(C, A, B)-pair (U1, Uy) such that

q t
{ZImBi+ZImEi} CUlcvzc{hKerCiﬁﬁKerDi}, (338)
i=1 i=0 .

i=1 i=0
AU, Cc (i=1,...,p), UzCD(Ao),

then the PIDRPDC is solvable.
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Proof. Suppose that the stated above conditions are satisfied. Then, it follows from
Lemma 2.10 that there exist a compensator (K,L, M, N) on 0 := (U, N Z)ll) and a subspace
¢ of A€ such that Uy = 51,0, = S, and U° is generalized S 4. (t)-invariant. Further, it can be
easily shown that ImE“(c) C U°¢ C Ker D¢(6). Then,

<Sue, ()| ImE*(0) >C< Sye, ()| V° >= V° C Ker D¥(6) (3.9)

for all parameters a, §3, y, 6, c which implies the PIDRPDC is solvable. ]

Corollary 3.2. Assume that U(ZLO ImE;;C, A) and U(A,B; i, KerD;) have the minimal
element Uy, and the maximal element Uj, respectively. If 3,7 ImB; C Uy, C U; € N, KerC;,
AU CU, (i=1,...,p), and U3 C D(Ay), then the PIDRPDC is solvable.

4. An Illustrative Example

Consider the following system with uncertain parameters a, f, y € R:

PG T a0+ 0+ 560 ) + 0200+ 0)

+(P1(11) = 2¢2(m) )u(t) + p{P1(11) + P2 (1) + 3 (1) Ju(t)
+{P1(1) + P2(m) + P (1) J&(1),

y(t) = J‘:x(tfﬂ) (21 (1) = P2 () dp + YIZX(t,#) (f1(p) + P2(u) = 2¢3(p)) A,

20 = [ 2,10 () + 9200 - 20 )t
4.1)

where x(t,7) is the temperature distribution of a bar of unit length at position 7 € (0,1) and
time t > 0. Moreover, u(t) € R, ¢(t) € R, and z(t) € R are the input, the disturbance, and the
controlled output, respectively, and ¢x (1) = v2sin(karn), for € (0,1), k > 1.

Now, let a Hilbert space X := L?(0,1) which is a set of all square integrable functions
on (0,1). Then, we remark that {¢; k > 1} is an orthonormal basis of A = L?(0,1). Further,
define the following operators as

A(a) :=Ap+ A, a€R,

d?x (1)
dn?

(Aox)(7) = , x€D(A):= {x = ixkgbk €A i|/\kxk|2 < oo},
k=1 k=1

(Alx) = (x, (i)l + (I)z + (i)3>((i)1 + (i)2 + (i)3), X € D(A1) = ,K,
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B(B) :=By+pB;, PER,
Bou := (¢1 - 2¢2)u, u€D(By) =R,
Biu:= (g1 +¢o+ ¢3)u, uecD(By) =R,
C(y) =Co+yC1, YER,
Co:=(x,2¢1 - ¢2), xeD(Cp) =X,
Ci=(x, 1+ P> —2¢3), xeD(Cy):=X,
Dx = (x,¢1 + 2 - 2¢3), x€D(D):= X,

E¢:=(pr+Po+¢3)¢, ¢€D(E):=R,
(4.2)

where (-, -) means the inner product in X.
Then, it is easily seen that Ag is the infinitesimal generator of a Cjp-semigroup
{Sa,(t);t > 0} on X and that for each k > 1 ¢ is an eigenvector of Ay belonging to

an eigenvalue Ay = —k%7r2. Moreover, the operators Ai, By, Bi, Co, C1, D, and E are all
bounded. Then, by using these operators we can rewrite the above system as

%0 = Al@yx(t) + BB)u(t) + EX(),

y(t) = C(y)x(®),
z(t) = Dx(t).

(4.3)

Since S s (t)ImE¢ Ker D for all t > 0, one can see that the controlled output z(-) of the
original system (4.3) is influenced by disturbunces &(-).
Let us define two closed subspaces U; and U, of X as

U= {I.Z((Pl +¢2+¢3) |a€R}, Uy = {a(¢1+¢2+¢3)+b(q§1—¢2) Ia,bER}. (44)
If we introduce an operator G € B(R; X) as

Gs := {()Lz + )L3)(i)1 + (.)Ll + )L3)(i)2 + (./\1 + Ag)¢3}s, s €R, (45)

then the condition (ii) of Theorem 2.4 for the system (4.3) is satisfied, and hence it follows
from Theorem 2.4 that U is a generalized S(C, A)-invariant. Moreover, if we introduce an
operator F € B(X;R) as

Fx = (x,\Mip1 + Lopp —203¢3), x€ X, (4.6)
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then it follows from Theorem 2.3 that U, is a generalized S(A, B)-invariant. Thus, we can see

that the (Uy, U,) is a generalized S(C, A, B)-pair and it is easily shown that the pair (U;, U5)
satisfies the conditions of Theorem 3.1 for the system (4.3), that is,

{ImB1 + ImE} cCU,CcOC {Ker C1 N KerD}, A1U, C U, U, C D(A()) (47)

Therefore, it follows from Theorem 3.1 that the PIDRPDC is solvable by using a
dynamic compensator which is constructed in terms of the proof of Lemma 2.10. In fact, we
can obtain the dynamic compensator X in a Hilbert space %0 described by

%w(t) = Nw(t) + My(t),

s (4.8)
u(t) = Lw(t) + Ky(t),
where %0 := U, NU{ = {ag; ¢ = ¢1 — $2, a € R} and
Nw = —(4h1 + 40 - 9\3)w, Lw := (w,—(A1 + 24, = 3A3)¢), for w € W,
(4.9)

My = (211 + Ay — 3.)L3)y(p', K]/ = (-)Ll +A2 - 2-/\3)]// for AS R,

which solves the PIDRPDC.

5. Concluding Remarks

In this paper we studied the concept of generalized S(C, A, B)-pairs and its properties
for infinite-dimensional systems. This concept is an extension of generalized (C, A, B)-
pairs investigated by Otsuka [13] to infinite-dimensional systems. After that a parameter
insensitive disturbance-rejection problem with dynamic compensator was formulated and
its solvability conditions were given. Further, an illustrative example was also examined.

In the present investigation, it should be pointed out that the sufficient conditions of
Theorem 3.1 is not easy to check. As future studies it is useful to investigate the existence
conditions and computational algorithms of the minimal element U;, and the maximal
element U; of Corollary 3.2 in order to check easily the solvability conditions of the PIDRPDC.
Further, we need to study stabilizability problems for the parameter insensitive disturbance-
rejected systems.
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