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We introduce the notions of the asymptotic S_MK-sequence with respect to the stronger Meir-
Keeler cone-type mapping ¢ : int(P) U {8} — [0,1) and the asymptotic W_MK-sequence with
respect to the weaker Meir-Keeler cone-type mapping ¢ : int(P) U {0} — int(P) U {6} and prove
some common fixed point theorems for these two asymptotic sequences in cone metric spaces with
regular cone P. Our results generalize some recent results.

1. Introduction and Preliminaries

Let (X, d) be a metric space, D a subset of X, and f : D — X a map. We say f is contractive
if there exists a € [0, 1) such that forall x,y € D,

d(fx, fy) <a-d(xy). (L1)

The well-known Banach’s fixed point theorem asserts that if D = X, f is contractive and
(X, d) is complete, then f has a unique fixed point in X. It is well known that the Banach
contraction principle [1] is a very useful and classical tool in nonlinear analysis. Also, this
principle has many generalizations. For instance, Kannan [2] and Chatterjea [3] introduced
two conditions that can replace (1.1) in Banach’s theorem.

(Kannan [2]) There exists a € [0,1) such that for all x, y € X,

d(fx, fy) < Fld(x, fx) +d(y, fv)]. (12)
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(Chatterjea [3]) There exists a € [0, 1) such that for all x, y € X,
a
d(fx fy) < 31d(x fy) +d(y, fx)]. (1.3)

After these three conditions, many papers have been written generalizing some of the
conditions (1.1), (1.2), and (1.3). In 1969, Boyd and Wong [4] showed the following fixed
point theorem.

Theorem 1.1 (see [4]). Let (X, d) be a complete metric space and f : X — X a map. Suppose there
exists a function ¢ : R — R satisfying $(0) = 0, ¢p(t) < t forall t > 0 and ¢ is right upper
semicontinuous such that

d(fx, fy) <¢(d(x,y)) Vx,yeX (1.4)

Then, f has a unique fixed point in X.

Later, Meir-Keeler [5], using a result of Chu and Diaz [6], extended Boyd-Wong's
result to mappings satisfying the following more general condition:

V1 >036>0such that n<d(x,y) <n+6=d(fx, fy) <m, (1.5)

and Meir-Keeler proved the following very interesting fixed point theorem which is a
generalization of the Banach contraction principle.

Theorem 1.2 (Meir-Keeler [5]). Let (X, d) be a complete metric space and let f be a Meir-Keeler
contraction, that is, for every n > 0, there exists 6 > 0 such that d(x, y) < n+06 implies d(fx, fy) <n
forall x,y € X. Then, f has a unique fixed point.

Subsequently, some authors worked on this notion of Meir-Keeler contraction (e.g.,
[7-10]).

Huang and Zhang [11] introduced the concept of cone metric space by replacing the
set of real numbers by an ordered Banach space, and they showed some fixed point theorems
of contractive type mappings on cone metric spaces. The category of cone metric spaces
is larger than metric spaces. Subsequently, many authors like Abbas and Jungck [12] have
generalized the results of Huang and Zhang [11] and studied the existence of common fixed
points of a pair of self-mappings satisfying a contractive type condition in the framework of
normal cone metric spaces. However, authors like Rezapour and Hamlbarani [13] studied
the existence of common fixed points of a pair of self and nonself mappings satisfying a
contractive type condition in the situation in which the cone does not need to be normal.
Many authors studied this subject, and many results on fixed point theory are proved (see,
e.g., [13-27]).

Throughout this paper, by R we denote the set of all real numbers, while N is the set
of all natural numbers, and we initiate our discussion by introducing some preliminaries and
notations.
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Definition 1.3 (see [11]). Let E be a real Banach space and P a nonempty subset of E. P # {0},
where 0 denotes the zero element of E, is called a cone if and only if

(i) P is closed,
(ii))a,beR ab>20,x,yec P=ax+byecP,
(ili) x e Pand -x e P = x = 6.
For given a cone P C E, we can define a partial ordering with respect to P by x < v
or x = y if and only if y — x € P for all x, y € E. The real Banach space E equipped with the

partial ordered induced by P is denoted by (E, <). We shall write x < y to indicate that x < y
but x # y, while x 5 y will stand for y — x € int(P), where int(P) denotes the interior of P.

Proposition 1.4 (see [28]). Suppose P is a cone in a real Bancah space E. Then,
(i)Ife< fand f < g, thene K< g.
(ii) fe < fand f X g thene < g.
(iii) Ife < fand f < g, thene < g.
(iv) If a € P and a < e for each e € int(P), then a = 0.

Proposition 1.5 (see [29]). Suppose e € int(P), 0 < a,, and a, — 0. Then, there exists ng € N
such that a, < e for all n > ny.

The cone P is called normal if there exists a real number K > 0 such that forall x, y € E,
0xx<y = x| <K]lyl. (L6)

The least positive number K satisfying above is called the normal constant of P.
The cone P is called regular if every increasing sequence which is bounded from above
is convergent, that is, if {x,} is a sequence such that

X0 IS RY, (1.7)

for some y € E, then there is x € E such that ||x, — x|| — 0asn — oo. Equivalently, the
cone P is regular if and only if every decreasing sequence which is bounded from below is
convergent. It is well known that a regular cone is a normal cone.

Definition 1.6 (see [11]). Let X be a nonempty set, E a real Banach space, and P a cone in E.
Suppose the mapping d : X x X — (E, %) satisfies

(i) 0 g d(x,y), forallx,y € X,
(ii) d(x,y) =0ifand only if x = v,
(iii) d(x,y) =d(y,x), forall x,y € X,
(iv) d(x,y) +d(y,z) = d(x,z), forall x, y,z € X.

Then, d is called a cone metric on X, and (X, d) is called a cone metric space.
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Definition 1.7 (see [11]). Let (X, d) be a cone metric space, and let {x,} be a sequence in X
and x € X. If for every c € E with 0 <« c there is ny € N such that

d(xp,x) <c, VYn>ny, (1.8)

then {x,} is said to be convergent and {x,} converges to x.

Definition 1.8 (see [11]). Let (X, d) be a cone metric space, and let {x,} be a sequence in X.
We say that {x,} is a Cauchy sequence if for any ¢ € E with 8 « ¢, there is ny € N such that

Ad(xp, xm) <c, VYn, m> ny. (1.9)

Definition 1.9 (see [11]). Let (X, d) be a cone metric space. If every Cauchy sequence is
convergent in X, then X is called a complete cone metric space.

Remark 1.10 (see [11]). If P is anormal cone, then {x,} converges to x if and only if d(x,, x) —
0 as n — oo. Further, in the case {x,} is a Cauchy sequence if and only if d(x,, x,,) — 0 as
m,n — oo.

In this paper, we introduce the notions of the asymptotic S_#K-sequence with respect
to the stronger Meir-Keeler cone-type mapping ¢ : int(P) U {6} — [0,1) and the asymptotic
JOMK-sequence with respect to the weaker Meir-Keeler cone-type mapping ¢ : int(P) U
{8} — int(P) U {0} and prove some common fixed point theorems for these two asymptotic
sequences in cone metric spaces with regular cone P.

2. Common Fixed Point Theorems for the Asymptotic S_fX-Sequences

In 1973, Geraghty [30] introduced the following generalization of Banach’s contraction
principle.

Theorem 2.1 (see [30]). Let (X,d) be a complete metric space, and let S denote the class of the
functions B : [0,00) — [0,1) which satisfy the condition

pty) —1=t, — 0. (2.1)
Let f : X — X be a mapping satisfying
d(fx, fy) < p(d(x,y)) -d(x,y), forx,y€X, (22)

where p € S. Then, f has a unique fixed point z € X.

In this section, we first introduce the notions of the stronger Meir-Keeler cone-type
mapping ¢ : int(P) U {8} — [0,1) and the asymptotic S_MK-sequence with respect to this
stronger Meir-Keeler cone-type mapping ¢, and we next prove some common fixed point
theorems for the asymptotic S_MK-sequence in cone metric spaces.
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Definition 2.2. Let (X, d) be a cone metric space with cone P, and let
¢ int(P)u {6} — [0,1). (2.3)

Then, the function ¢ is called a stronger Meir-Keeler cone-type mapping, if for each 7 € int(P)
with 7 > 0 there exists 6 > 0 such that for x,y € X with 7 X d(x,y) < 6 + 1 there exists
Yy € [0,1) such that {(d(x, y)) < vy

Example2.3. Let E=R, P={x € E: x > 0} anormal cone, X = [0,0),and letd : X xX — E
be the Euclidean metric. Define ¢ : int(P) U {6} — [0,1) by ¢(d(x,y)) = y where y € [0,1),
x,y € X, then ¢ is a stronger Meir-Keeler cone-type mapping.

Example2.4. Let E=R, P={x € E: x > 0} anormal cone, X = [0,0),and letd : X xX — E
be the Euclidean metric. Define ¢ : int(P)u{0} — [0,1) by ¢(d(x,y)) = ||d(x, v)||/(|d(x, y)||+
1) for x, y € X, then ¢ is a stronger Meir-Keeler cone-type mapping.

Definition 2.5. Let (X, d) be a cone metric space with a cone P, ¢ : int(P) U {8} — [0,1) a
stronger Meir-Keeler cone-type mapping, and let

{fulwas fn: X —X (2.4)

be a sequence of mappings. Suppose that there exists a € N such that the sequence { f,},en
satisfy that

d(ffx,f}’y) <¢(d(x,y))-d(x,y), VYx,yeX, andi,jeN (2.5)
Then, we call { f,} . an asymptotic S_MK-sequence with respect to this stronger Meir-Keeler
cone-type mapping ¢.

Example 2.6. Let E = R* and P = {(x,y) € R?|x,y = 0} a normal cone in E. Let

X={@0er|x>0}u{(0y) e® |y>0}, (2.6)

and we define the mapping d : X x X — E by

x—y|>/

3
,§|x—y|>, (2.7)

9
(0, (5.0)) = (3l -vl,

(02, 0,9)) = (x-v

4((x,0), 0.1)) =d(O,), (50) = (Fx+ vx+ 2y ).
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Let the asymptotic S_MK-sequence of mappings, { fr},en, fn 1 X — X be

fn(x/ 0) = (0/ 3nx)’

£20.9) = (5iv.0), 28)
and let ¢ : int(P) — [0,1) be
) %Ild(x/y) . ifd(xy) %
s 29)
%, if d(x,y) > %

Then, ¢ is a stronger Meir-Keeler cone-type mapping and for &« = 2, and let {f,}, .y be an
asymptotic S_MK-sequence with respect to this stronger Meir-Keeler cone-type mapping ¢.

Now, we will prove the following common fixed point theorem of the asymptotic
S_MK-sequence with respect to this stronger Meir-Keeler cone-type mapping for cone metric
spaces with regular cone.

Theorem 2.7. Let (X, d) be a complete cone metric space, P a reqular cone in E, and let ¢ : int(P) U
{8} — [0,1) be a stronger Meir-Keeler cone-type mapping. Suppose

{fulpenr frn: X —X (2.10)

is an asymptotic S_MK-sequence with respect to this stronger Meir-Keeler cone-type mapping ¢. Then,
{ fu} nex has a unique common fixed point in X.

Proof. Since {fn},oy is an asymptotic S_MAK-sequence with respect to this stronger Meir-
Keeler cone-type mapping ¢, there exists & € N such that

d<fi"‘x,f]’."y> <é(d(x,y))-d(xy), Vx,yeX, andijeN (2.11)

Given xg € X and we define the sequence {x,} recursively as follows:
Xn = fyxn1, YneN (2.12)

Hence, for each n € N, we have

d(xn, Xn1) = d(fy X1, f1%n)
< 8(d(xn-1,xn)) - d(Xn-1, Xn) (%)

L d(xp-1,%y).
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Thus, the sequence {d(x;,, xn+1)} is descreasing. Regularity of P guarantees that the

mentioned sequence is convergent. Let limy, _, ..d (x,, X4+1) = 71 2 0. Then, there exists kg € N
such that for all n > xg

1 < d(Xn, Xpa1) K< 7+ 6. (2.13)

For each n € N, since ¢ is a stronger Meir-Keeler type mapping, for these 77 and 6 > 0
we have that for Xy s, Xxyini1 € X With 17 < d(Xxyin, Xxpense1) K 6 + 17, there exists y,; € [0,1)
such that &(d(xxy+n, Xxyn+1)) < ¥y Thus, by (x), we can deduce

d(xxo+n/ xxo+n+1) = é(d(xxmn—l/ xxo+n)) : d(xxo+n—1/ xxo+n)

(2.14)
<Yy d(xK(]+Tl—1l xK(]+1’l)/
and it follows that for eachn € N
d(xx0+n/ xx0+n+1) <Yy d(xonrn—l/ x;c0+n)
L - (2.15)
LYy A(Xig+1, Xge2)-
So,
,}illgod(x’%m' Xgtn+l) = 0, since Yy < 1. (2.16)
We now claim that lim,, _, ;. d (X +n, Xxg+m) = 0 for m > n. For m,n € N with m > n, we
have
m-1 m-1
A (Xrns Bsyrm) < 25t Xrint) < T Ceen, ), (217)
i= i

and hence d(x,, x,) — 0, since 0 <y, < 1. So {x,} is a Cauchy sequence. Since (X, d) is a
complete cone metric space, there exists v € X such that lim,, _, ., x, = v.
We next prove that v is a unique periodic point of f;, for all j € N. Since for all j € N,

d<v, f]"‘v> =d(v,x,) + d<xn,fj”‘v>
=d(v,x,) + d<f,‘fxn,1,f]’-"v>

= d(v, xn) +§(d(xn-1,v)) - d(xn-1,v)

(2.18)

< d(v, %) + vy - d(xn-1,v),

we have d(v, f{'v) — 6. This implies that v = f*v. So, v is a periodic point of fj, for all j € N.
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Let p be another periodic point of f;, for all i € N. Then,

d(u,v) = d(fiu, f1v) < &(d(v)) - d(uv) < vd(,v). (2.19)

Then, p =v.
Since fiv = fi(f{'v) = f}(fiv), we have that fivis also a periodic point of f;, forall j € N.
Therefore, v = fiv, for all j € N, that is, v is a unique common fixed point of { f,},cx- O

Example 2.8. 1t is easy to get that (0,0) is a unique common fixed point of the asymptotic
SMAK-sequence { f,} ey of Example 2.6.

If the stronger Meir-Keeler cone-type mapping ¢(t) = ¢ for some ¢ € [0, 1), then we are
easy to get the following corollaries.

Corollary 2.9. Let (X, d) be a complete cone metric space, P a regular cone of a real Banach space E,
and let ¢ € [0,1). Suppose the sequence of mappings

{fulwarnr frn: X —X (2.20)
satisfy that for some a € N,
d<fi”‘x,f;"y> gc-d(xy), VxyeX, andi,jeN (2.21)

Then, { fu} ex has a unique common fixed point in X.

Corollary 2.10 (see [11]). Let (X, d) be a complete cone metric space, P a reqular cone of a real
Banach space E, and let ¢ € [0, 1). Suppose the mapping f : X — X satisfies that for some a € N,

d(fex, f*y) < c-d(x,y), VYx,yeX. (2.22)

Then, f has a unique fixed point in X.

Definition 2.11. Let (X, d) be a cone metric space with a cone P, and let

¢ & int(P)u {6} — [0,1), Vi,jeN (2.23)
be stronger Meir-Keeler cone-type mappings with

supg;(t) <§(t) VteP. (2.24)
i,jeN

Suppose the sequence { f,,},en, fn : X — X satisfy that for some a € N,

d(fi’"x, f]"‘y> <&(d(xy))-dxy), VxyeX ijeN (2.25)
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Then, we call { f,}, v @ generalized asymptotic S_MK-sequence with respect to the stronger
Meir-Keeler cone-type mappings {¢;j}; jen-

Example 2.12. Let E = R? and P = {(x,y) € R?*|x,y = 0} a normal cone in E. Let

X:{wﬁ)ew|x20}u“ay)ewly20} (2.26)

and we define the mapping d : X x X — E by

wy&

3
,§|x—y|>, (2.27)

9
(%0, (5,0) = (Zlx- vl

402, 0.9) = (Ix-
d((x,0),(0,y)) =d((0,y),(x,0)) = <§x+y,x+ gy>

Let { fu}enys fn: X — X be

fn(x,0) = (0,2"x),

1 (2.28)
fx(0y) = (W%O)/
andlet¢;;,¢: P — [0,1) be
%, ift<g1,
éi,f (t) = 1 1 )
=+ —, ift>1,
24
(2.29)
3 ift<3
é(t) B 4/ ) 4
Il , if t > 3.
lI£ll +1
Then, {§;}; jen be stronger Meir-Keeler cone-type mappings with
supg;;j(f) < ¢(t) Vt€EP, (2.30)

ijeN

and for a = 2, let { f,},cn be a generalized asymptotic S_MK-sequence with respect to the
stronger Meir-Keeler cone-type mappings {¢i;}; je-

Follows Theorem 3.4, we are easy to conclude the following results.



10 Journal of Applied Mathematics

Theorem 2.13. Let (X, d) be a complete cone metric space, P a regular cone of a real Banach space E,
let

¢ & int(P)u {0} — [0,1), Vi,jeN (2.31)

be stronger Meir-Keeler cone-type mappings with

is,j‘ég'gi,j(t) <é(t) ViePD, (2.32)
and let
{fuliewr f: X —X (2.33)

be a generalized asymptotic S_MK-sequence with respect to the stronger Meir-Keeler cone-type
mappings {§ij}i jen- Then, { fu}nen has a unique common fixed point in X.

Example 2.14. 1t is easy to get that (0,0) is a unique common fixed point of the generalized
SMAK-sequence { f,} ey of Example 2.12.

3. Common Fixed Point Theorems for the Asymptotic
JMK-Sequences

In this section, we first introduce the notions of the weaker Meir-Keeler cone-type mapping
¢ @ int(P) U {0} — int(P) U {0} and the asymptotic IW_MK-sequence with respect to this
weaker Meir-Keeler cone-type mapping ¢, and we next prove some common fixed point
theorems for the asymptotic W_MK-sequence in cone metric spaces.

Definition 3.1. Let (X, d) be a cone metric space with cone P, and let
¢ :int(P) U {0} — int(P) U {B}. (3.1)

Then, the function ¢ is called a weaker Meir-Keeler cone-type mapping, if for each 7 € int(P)
with 7 > 0 there exists 6 > 0 such that for x,y € X with n X d(x,y) < 6 + 1 there exists
ny € N such that ¢™ (d(x,y)) < 1.

Example3.2. Let E=R, P={x € E: x > 0} anormal cone, X = [0,0),and letd : X xX — E
be the Euclidean metric. Define ¢ : int(P) U {0} — int(P) U {0} by ¢(d(x,y)) = (1/3)d(x,y)
for x, y € X, then ¢ is a weaker Meir-Keeler cone-type mapping.

Definition 3.3. Let (X, d) be a cone metric space with a cone P, ¢ : int(P) U {0} — int(P)U {6}
be a weaker Meir-Keeler cone-type mapping, and let

{fulpenr fn: X — X (3.2)
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be a sequence of mappings. Suppose that there exists a € N such that the sequence { f,},exn
satisfy that

d<fi”‘x,f;"y> < ¢(d(x,y)), Vx,yeX, ijeN (3.3)
Then, we call { f, } e an asymptotic W_MAK-sequence with respect to this weaker Meir-Keeler

cone-type mapping ¢.

Now, we will prove the following common fixed point theorem of the asymptotic
WM K-sequence with respect to this weaker Meir-Keeler cone-type mapping for cone metric
spaces with regular cone.

Theorem 3.4. Let (X, d) be a complete cone metric space, P a regular cone in E, and let ¢ : int(P) U
{8} — int(P) U {0} be a weaker Meir-Keeler cone-type mapping, and ¢ also satisfies the following
conditions:

(i) ¢(0) = 0; p(t) <t forallt> 0,
(ii) for t, € int(P) U {0}, if limy ooty = y > O, then limy,_, o, p(t,) < 7,
(iii) {@"(t)},en is decreasing.
Suppose that

{fu)wer frn: X —X (3.4)

is an asymptotic W_MK-sequence with respect to this weaker Meir-Keeler cone-type mapping ¢. Then,
{ fn} nen has a unique common fixed point in X.

Proof. Since { f, } ,en is an asymptotic _MK-sequence with respect to this weaker Meir-Keeler
cone-type mapping ¢, there exists a € N such that

d<fi”‘x,f;"y> < ¢(d(x,y)), Vx,yeX, ijeN (3.5)

Given xg € X and we define the sequence {x,} recursively as follows:

Xn = fyxn1, YneN (3.6)

Hence, for each n € N, we have

d(xn/xn+1) = d(f;xn—l/f,t:ﬂxn)
< §(d(xn-1,xn))
= (d(fraxn2, fixn1))

3.7)
< ¢*(d(xn-2, Xn-1))

N

< ¢"d(x0, x1).
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Since {¢"(d(x0,x1)) } e is decreasing. Regularity of P guarantees that the mentioned
sequence is convergent. Let lim,_,,¢" (d(xo,x1)) = 1, 1 > 6. We claim that 77 = 6. On the
contrary, assume that 6 <« 7. Then, by the definition of the weaker Meir-Keeler cone-type
mapping, there exists 6 > 0 such that for xp, x1 € X with 7 < d(x9,x1) <« 6 + 7] there exists
ny € N such that ¢™ (d(x9,x1)) < 7. Since lim,,_, ,¢™(d(x, fx)) = 1, there exists my € N such
that 7 < ¢™d(x0,x1) < 6 + 1, for all m > my. Thus, we conclude that ¢™*™ (d(xg, x1)) < 7.
So, we get a contradiction. So, lim,, —, " (d(x9, x1)) = 6, and so lim,, _, o,d (xp, Xy41) = 6.

Next, we let ¢;, = d (X, Xm+1), and we claim that the following result holds:

for each &€ > 6, there is ny(¢) € N such that for all m, n > ny(¢),
(%)

A(Xm, Xm+1) <K €.
We will prove (3.7) by contradiction. Suppose that (3.7) is false. Then, there exists some ¢ > 0
such that for all k € N, there are my, nx € N with my > ny > k satisfying:

(1) my is even and ny is odd,
(2) d(xmk/xnk) £

(3) my is the smallest even number such that the conditions (1), (2) hold.

By (2), we have limg _, od (X, , Xn,) = €, and

€ X d(xXmy, Xn,)
# d(xmk/xmk+1) + d(xmk+1/ xnk+1) + d(xnk+1/xnk) (38)

< d(xmk/xkarl) + ¢(d(xmk/ xnk)) + d(xnk+1/ xnk)-

Letting k — oo. Then, by the condition (ii) of this weaker Meir-Keeler cone-type mapping ¢,
we have

£ 0+ lim ¢(d(xm,, xn,)) +0 < €, (3.9)
k— oo
a contradiction. So, {x,} is a Cauchy sequence. Since (X, d) is a complete cone metric space,

there exists v € X such that lim,, _, . x, = v.
We next prove that v is a unique periodic point of f;, for all j € N. Since for all j € N,

d<v,f]’-"v> =d(v,x,) + d<xn,f;"v>
=d(v,x,) + d(ffl‘xn,l,f]‘-’v>

=dv, x,) + P(d(xn-1,7))

< d(v,xp) +d(xy-1,7v),

(3.10)

we have d(v, f{'v) — 6. This implies that v = f*v. So, v is a periodic point of fj, for all j € N.
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Let p be another periodic point of f;, for all i € N. Then,

d(uv) = d(fop fv) < $d(pv)) < d(p,»). (3.11)
Then, p =v.
Since fiv = fi(f{'v) = f}(fiv), we have that fivis also a periodic point of f;, forall j € N.
Therefore, v = f;v, forall j € N, that is, v is a unique common fixed point of { f,,} ,ex- O
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