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We study strong convergence of the sequence generated by implicit and explicit general iterative
methods for a one-parameter nonexpansive semigroup in a reflexive Banach space which admits
the duality mapping J,, where ¢ is a gauge function on [0, ). Our results improve and extend
those announced by G. Marino and H.-K. Xu (2006) and many authors.

1. Introduction

Let E be a real Banach space and E* the dual space of E. Let K be a nonempty, closed, and
convex subset of E. A (one-parameter) nonexpansive semigroup is a family § = {T(t) : t > 0}
of self-mappings of K such that

G
(ii

(ii

) T(0)x = x forall x € K,

YT(t+s)x=T()T(s)x forallt,s >0and x € K,

) for each x € K, the mapping T'(-)x is continuous,
)

(iv) for each t > 0, T(t) is nonexpansive, that is,

ITHx-THt)y|| <||x-v|, VxyekK (1.1)

We denote F by the common fixed points set of §, that is, F := (5o F(T(t)).
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In 1967, Halpern [1] introduced the following classical iteration for a nonexpansive
mapping T : K — K in a real Hilbert space:

Xp1 =agu+ (1-a,)Tx, n>0, (1.2)

where {a,} € (0,1) and u € K.

In 1977, Lions [2] obtained a strong convergence provide the real sequence {a,} satis-
ties the following conditions:

Cl: limy o oy = 0; C2: 32ty = 00; C3: limy, oo (a4 — @y-1) /% = 0.

Reich [3] also extended the result of Halpern from Hilbert spaces to uniformly smooth
Banach spaces. However, both Halpern’s and Lion’s conditions imposed on the real sequence
{a,} excluded the canonical choice a, =1/(n + 1).

In 1992, Wittmann [4] proved that the sequence {x,} converges strongly to a fixed
point of T if {a,} satisfies the following conditions:

Cl: limy, o oty = 0; C2: > 77 gy = 00; C3: X077 |1 — | < o0

Shioji and Takahashi [5] extended Wittmann's result to real Banach spaces with uni-
formly Gateaux differentiable norms and in which each nonempty closed convex and
bounded subset has the fixed point property for nonexpansive mappings. The concept of
the Halpern iterative scheme has been widely used to approximate the fixed points for
nonexpansive mappings (see, e.g., [6—12] and the reference cited therein).

Let f : K — K be a contraction. In 2000, Moudafi [13] introduced the explicit viscosity
approximation method for a nonexpansive mapping T as follows:

Xp+1 = ‘an(xn) +(1-a,)Tx,, n2>0, (1.3)

where a, € (0,1). Xu [14] also studied the iteration process (1.3) in uniformly smooth Banach
spaces.

Let A be a strongly positive bounded linear operator on a real Hilbert space H, that is,
there is a constant y > 0 such that

(Ax,x) >¥llx|>, VYxeH. (1.4)

A typical problem is to minimize a quadratic function over the fixed points set of a
nonexpansive mapping on a Hilbert space H:

1
ine _ 1.
minz (Ax, x) - (x,b), (1.5)

where C is the fixed points set of a nonexpansive mapping T on H and b is a given point in
H.

In 2006, Marino and Xu [15] introduced the following general iterative method for a
nonexpansive mapping T in a Hilbert space H:

X1 = anY f(xn) + (I —anA)Tx,, n2>1, (1.6)
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where {a,} C (0,1), f is a contraction on H, and A is a strongly positive bounded linear
operator on H. They proved that the sequence {x,} generated by (1.6) converges strongly to
a fixed point x* € F(T) which also solves the variational inequality

((A-yf)x*,x-x*) >0, VxeF(T), (1.7)

which is the optimality condition for the minimization problem: min,ec(1/2)(Ax, x) — h(x),
where h is a potential function for yf (i.e., h'(x) = yf(x) for x € H).

Suzuki [16] first introduced the following implicit viscosity method for a nonexpan-
sive semigroup {T(t) : t > 0} in a Hilbert space:

Xp=apu+ (1—a,)T(ty)x,, n>1, (1.8)

where {a,} € (0,1) and u € K. He proved strong convergence of iteration (1.8) under suitable
conditions. Subsequently, Xu [17] extended Suzuki’s [16] result from a Hilbert space to a
uniformly convex Banach space which admits a weakly sequentially continuous normalized
duality mapping.

Motivated by Chen and Song [18], in 2007, Chen and He [19] investigated the implicit
and explicit viscosity methods for a nonexpansive semigroup without integral in a reflexive
Banach space which admits a weakly sequentially continuous normalized duality mapping:

Xn = anf(xn) + (A -a)T(ty)x,, n2x1, (1.9)

Xn+l = “nf(xn) + (1= an)T(ty)xn, n>1, (1.10)

where {a,} C (0,1).

In 2008, Song and Xu [20] also studied the iterations (1.9) and (1.10) in a reflexive and
strictly convex Banach space with a Gateaux differentiable norm. Subsequently, Cholamjiak
and Suantai [21] extended Song and Xu's results to a Banach space which admits duality
mapping with a gauge function. Wangkeeree and Kamraksa [22] and Wangkeeree et al. [23]
obtained the convergence results concerning the duality mapping with a gauge function in
Banach spaces. The convergence of iterations for a nonexpansive semigroup and nonlinear
mappings has been studied by many authors (see, e.g., [24-38]).

Let E be a real reflexive Banach space which admits the duality mapping ], with a
gauge ¢. Let {T(t) : t > 0} be a nonexpansive semigroup on E. Recall that an operator A is
said to be strongly positive if there exists a constant y > 0 such that

(Ax, Jo(x)) 2 Ylixllollx]),
laT = pA|| = sup |((al - pA)x, Jy(x))

llxll<1

(1.11)

7

where a € [0,1] and € [-1,1].
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Motivated by Chen and Song [18], Chen and He [19], Marino and Xu [15], Colao et al.
[39], and Wangkeeree et al. [23], we study strong convergence of the following general itera-
tive methods:

Xn = any f(xp) + (I —a, A)T(ty)x,, n2>1, (1.12)
Xne1 = Y f(x0) + (I — a2, A)T (tn)x,, n21, (1.13)

where {a,} C (0,1), f is a contraction on E and A is a positive bounded linear operator on E.

2. Preliminaries

A Banach space E is called strictly convex if ||x + y||/2 < 1 for all x,y € E with ||x]| = ||y|| =1
and x #y. A Banach space E is called uniformly convex if for each e > 0 there is a 6 > 0 such
that for x, y € E with ||x||, ||y|| £ 1 and ||[x - y|| > €, |x + y|| £ 2(1 - 6) holds. The modulus of
convexity of E is defined by

. 1
6c(e) = 1nf{l - Hz(x+y)H x|yl <1 |[x -y = e}, (2.1)

for all € € [0,2]. E is uniformly convex if 6g(0) = 0, and 6g(e) > 0 for all 0 < € < 2. It is known
that every uniformly convex Banach space is strictly convex and reflexive. Let S(E) = {x €
E : ||x|| = 1}. Then the norm of E is said to be Gateaux differentiable if

g 1t = Dl 2.2)
t—0 t

exists for each x,y € S(E). In this case E is called smooth. The norm of E is said to be Fréchet
differentiable if for each x € S(E), the limit is attained uniformly for y € S(E). The norm of E is
called uniformly Fréchet differentiable, if the limit is attained uniformly for x, y € S(E). Itis well
known that (uniformly) Fréchet differentiability of the norm of E implies (uniformly) Gateaux
differentiability of the norm of E.

Let pg : [0,00) — [0, 00) be the modulus of smoothness of E defined by

pe(t) =sup{ 5 (Ilx+ll + [x =yl -1: xeSE), Iyl <t}. @3)

A Banach space E is called uniformly smooth if pp(t)/t — 0ast — 0. See [40-42] for
more details.
We need the following definitions and results which can be found in [40, 41, 43].

Definition 2.1. A continuous strictly increasing function ¢ : [0,00) — [0, o0) is said to be
gauge function if ¢(0) = 0 and lim;_, -, ¢p(f) = oo.
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Definition 2.2. Let E be a normed space and ¢ a gauge function. Then the mapping J, : E —
2E" defined by

Jo@) = {f € E": (x, f*) = xlloCllx), [|f*]| = ¢(llxD}, x€E, (2.4)

is called the duality mapping with gauge function ¢.

In the particular case ¢(t) = t, the duality mapping J, = ] is called the normalized
duality mapping.

In the case ¢(t) = t97!, g > 1, the duality mapping J, = J, is called the generalized
duality mapping. It follows from the definition that J,(x) = ¢(||x[[)/[lx[[J(x) and J,;(x) =
2 (x), g > 1.

Remark 2.3. For the gauge function ¢, the function @ : [0,0) — [0, o0) defined by
t
D(t) = f p(s)ds (2.5)
0

is a continuous convex and strictly increasing function on [0, o). Therefore, @ has a continu-
ous inverse function @'

It is noted that if 0 < k < 1, then ¢(kx) < ¢(x). Further

kt t t
dkt) = | ¢(s)ds = kj p(kx)dx < kf p(x)dx = k(t). (2.6)
0 0 0

Remark 2.4. For each x in a Banach space E, J,(x) = 0®(||x||), where 0 denotes the sub-
differential.

We also know the following facts:

(i) J, is a nonempty, closed, and convex set in E* for each x € E,
(i) J, is a function when E* is strictly convex,

(iii) If J, is single-valued, then

_ sign(Vp(lAx]) e en
oy vl VreEAdeR 27)

(x =y, Jo(x) = Jo(y)) = (o(llxI) = ol D) Ulxll = [l¥]),  ¥x,y €E.

Jo(Ax)

Following Browder [43], we say that a Banach space E has a weakly continuous duality
mapping if there exists a gauge ¢ for which the duality mapping J, is single-valued and
continuous from the weak topology to the weak* topology, that is, for any {x,} with x, — x,
the sequence {],(x,)} converges weakly* to J,(x). It is known that the space €7 has a weakly
continuous duality mapping with a gauge function ¢(t) = tP~! for all 1 < p < oo. Moreover, ¢
is invariant on [0, 1].
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Lemma 2.5 (See [44]). Assume that a Banach space E has a weakly continuous duality mapping J,
with gauge ¢.

(i) For all x,y € E, the following inequality holds:
©([lx + yll) < D(Uxll) + (. Jp (x + ))- (28)
In particular, for all x,y € E,

lc+yI” < 1% + 2(y, T (x + ). (2.9)

(ii) Assume that a sequence {x,} in E converges weakly to a point x € E. Then the following
holds:

lim sup® (||, - y||) = limsup®(|lxc, — x]|) + O([|x - y||) (2.10)

n—oo n— oo

orall x,y € E.
f y

Lemma 2.6 (See [23]). Assume that a Banach space E has a weakly continuous duality mapping J,
with gauge ¢. Let A be a strongly positive bounded linear operator on E with coefficient y > 0 and
0<p < @()I|AI™. Then [II - pAll < p(1)(1 - pY).

Lemma 2.7 (See [12]). Assume that {a,} is a sequence of nonnegative real numbers such that

aps1 < (1 - Yn)an + Yn6nr n2 1/ (211)

where {y,} is a sequence in (0,1) and {6,} is a sequence in R such that
(@) 324 Y = 007 (b) limsup, 6, < 0 0r 52, |yubin| < o0,
Then lim,, _, ,a, = 0.

3. Implicit Iteration Scheme
In this section, we prove a strong convergence theorem of an implicit iterative method (1.12).

Theorem 3.1. Let E be a reflexive which admits a weakly continuous duality mapping ], with gauge
@ such that ¢ is invariant on [0,1]. Let § = {T(t) : t > 0} be a nonexpansive semigroup on E such that
F#0. Let f be a contraction on E with the coefficient & € (0,1) and A a strongly positive bounded
linear operator with coefficient y > 0 and 0 < y < yp(1)/a. Let {a,} and {t,} be real sequences
satisfying 0 < a, < 1, t, > 0 and lim,,_, ot, = lim, o, /t, = 0. Then {x,} defined by (1.12)
converges strongly to q € F which solves the following variational inequality:

((A=vf)(a),Jp(q-w)) <0, VweF. (3.1)
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Proof. First, we prove the uniqueness of the solution to the variational inequality (3.1) in F.
Suppose that p, g € F satisfy (3.1), so we have

((A=yf)(p) Jo(p-q)) <0,

(3.2)
((A-vf)(@).Jy(a-p)) <0.
Adding the above inequalities, we get
(Alp) - Ala) -v(f(p) - f(@)). Jy(p—q)) <O. (33)
This shows that
(Alp-a) Jo(p—a)) <v{f(p) = f(a). Jy(P—49)), (34)
which implies by the strong positivity of A
vl =allo(llp -all) < (A(p-a). Jo(p = 9)) < vallp - alle(llp - 4l)- (3.5)
Since ¢ is invariant on [0, 1],
eMYllp - allellp - all) < vallp - allellp - 4l)- (3.6)
It follows that
(WY =ya)|lp - allo(llp - all) <0. (3.7)
Therefore p = g since 0 < y < (yop(1))/a.
We next prove that {x,} is bounded. For each w € F, by Lemma 2.6, we have
llxc, — w0l = ”‘Xan(xn) + (I —anA)T (tn)xn - w”
= ||(I = anA)T (tn)xn — (I — 2y A)w + an (y f (xn) — Aw)) || 3)
<) (1 = any)llxn —w|| +an(yallx, —w| + ||y f(w) - A(w)]|)
< loen = wll = anp(V)yllxn = w|| + anyalxn — w| + an|y f (w) - A(w)||,
which yields
loew =01l € [y fa0) ~ AGw)| (39)
nTE My e ‘ '

Hence {x,} is bounded. So are { f(x,)} and { AT (t,)x,}.
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We next prove that {x,} is relatively sequentially compact. By the reflexivity of E and
the boundedness of {x,}, there exists a subsequence {x,, } of {x,} and a point p in E such that
Xp, — pasj — oo. Now we show thatp € F. Put x; = xy,, f; = a, and s; = t,,; for j € N, fix
t > 0. We see that

[t/si]-1

|lxj - T)p|| < 1T ((k +1)sj)x; = T(ks;)xju]|
k=0

by

t
< H 175 -1+ 1~ ) +

+ +

(o
R
(-

| | - vrcn e o+

tB;
< S—;llAT(Sf)xj =yf )|+ |lx - pll

+max{||T(s)p-p|| : 0 < s < s}

So we have

limsup®@(||x; - T(H)p||) <limsup®@(||x; - pl|)- 3.11)

jooo joo
On the other hand, by Lemma 2.5 (ii), we have

tim sup®(|}z; - T(0pl]) = limsup®d(|lx; ~pll) + ©(ITOR ~pl). (312

jooe jooe
Combining (3.11) and (3.12), we have

o(||[Ttp-p|) <O. (3.13)
This implies that p € F. Further, we see that

lxj = pllo(llx; = pll) = (xj = p. T (x; = p))
=((I-BjA)T(sj)x; = (I - BjA)p, Jo(x; - p))
+Bi(rf(x;) =vf(P) Jo(xj =) + By f () = A(p). Jy (x; = P))
<oA= B7)llx; = pllollx - pl)

+Biyal|lx; - plle(llx; —p|) +Bi{yf (p) = Ap), Jo(x; - p))-
(3.14)
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So we have
1
Xj— Xj— S—— -A(p), Jo(x; - . 3.15
Il =Pl =Pl < Caye— 2 rf () = AW). Jo(x; =) (3.15)
By the definition of @, it is easily seen that
O(llx; = pl) < lIx; = pllollx =PI (3.16)
Hence
1
D(|[x; — S— -A(p), Jo(xi—p)). 3.17
(b =Pl < e —y2 (7 () = AR) Jo () =) (3.17)

Therefore @(||x; —p||) — Oasj — oo since J, is weakly continuous; consequently, x; — p as
j — oo by the continuity of ®. Hence {x,} is relatively sequentially compact.

Finally, we prove that p is a solution in F to the variational inequality (3.1). For any
w € F, we see that

<(I =T (tn))xn— (I - T(tn))w/]tp(xn - w)> = <xn - w, ]tp(xn - w)>

- <T(tn)xn - T(tn)w/ ]tp(xn - w)>

2 ||loxn — wllepllxn — wl|
- ”T(tn)xn - T(tn)w” II]tp(xn - w)” (318)

2 |loxn = wllgl|xn — wl|
= Nlxn = wll|| Ty (3 = w) ||

=0.

On the other hand, we have
(A=7f) ) =~ (I~ AT ~T(t), (319)

which implies

<(A - Yf) (xn)r]tp(xn - w)> = _[Xln<(1 =T (tn))xn— (I - T(tn))wrjtp(xn - w)>
+ (AT = T(t) X, Jy (tn — ) (3.20)
< <A(I =T (tn))xn, ](p(x‘rl - w)>

Observe

lxj = T(sj)x;|| = Billyf (xj) = AT (s) x| — 0, (3.21)
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as j — oo. Replacing n by n; and letting j — oo in (3.20), we obtain
(A=v)) ) Jp(p-w)) <0, VweF. (3.22)

So p € F is a solution of variational inequality (3.1); and hence p = g by the uniqueness. In a
summary, we have proved that {x,} is relatively sequentially compact and each cluster point
of {x,} (asn — oo) equals q. Therefore x, — gasn — oo. This completes the proof. O

4. Explicit Iteration Scheme

In this section, utilizing the implicit version in Theorem 3.1, we consider the explicit one in a
reflexive Banach space which admits the duality mapping J,,.

Theorem 4.1. Let E be a reflexive Banach space which admits a weakly continuous duality mapping
Jo with gauge ¢ such that ¢ is invariant on [0,1]. Let {T(t) : t > 0} be a nonexpansive semigroup
on E such that F#0. Let f be a contraction on E with the coefficient « € (0,1) and A a strongly
positive bounded linear operator with coefficient y > 0and 0 <y <y ¢(1)/a. Let {a,} and {t,} be
real sequences satisfying 0 < an, <1, 377 ay = o0, ty, > 0 and limy, oty = lim, 0, /t, = 0.
Then {x,} defined by (1.13) converges strongly to q € F which also solves the variational inequality
(3.1).

Proof. Since a,, — 0, we may assume that a,, < oD A" and 1 —a,(p(1)y —ya) > 0 for all n.
First we prove that {x,} is bounded. For each w € F, by Lemma 2.6, we have
lxns1 —wl| = ”aan(xn) + (I =, A)T (tn)xn — w”
= ” (I - anA)T(ty)xn — (I —a,A)w + “n()’f(xn) - A(w)) ”

< o)1= any)llxn = wll + anyalxn — wl + au||y f (w) - A(w)||

= (p(1) = an (V)Y = ya)) |12 = || + ata]|y f (w) = A(w) ]| b
< (1= an(p(VF — y)) l1xn = ]l + (9 (1) — ya1)) ”Yf(;(“l’;?"_f‘y(:") I
It follows from induction that
R E max{ s - o 1L~ 2] } n21 2)

Thus {x,} is bounded, and hence so are { f(x,)} and { AT (t,)x,}. From Theorem 3.1, there is
a unique solution g € F to the following variational inequality:

((A-yf)a,Jy(g-w)) <0, YweF. (4.3)
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Next we prove that

limsup((A - yf)q,J(q = xn1)) <0. (44)

n— oo

Indeed, we can choose a subsequence {x,, } of {x,} such that

limsup((A - £)q, J(q - %)) = limsup (A= yf)q, Jy (4= %2,) ) (4.5)

n—oo ]—>OO

Further, we can assume that Xp, = pE€E by the reflexivity of E and the boundedness of {x,}.
Now we show that p € F. Put x; = x,,,, fj = an; and s; = 1y, for j €N, fix t > 0. We obtain

[t/Sj]—l

[|xje1 = T(t)p]| < IT((k +1)sj)x; = T (ksj)xju]]
k=0

L(ERER(E

t
<[ |pres st s«

+ +

(o
e w
(-

_ [Sij]ﬁfllAT(si)xj rF) -l +

tp;
< S_;||AT(Sf)xf =yl + llx -l

+max{||T(s)p-p|| : 0 < s <sj}.

It follows that limsup, , @ (||x; - T(t)p||) < limsup, , ®(||x;—pl|). From Lemma 2.5 (ii) we
have

lim sup®(l; ~ T(H)p[]) = lim sup®(x; - p[|) + DT O)p - p])- (4.7)

n—oo

So we have @(||T(t)p - pll) < 0 and hence p € F. Since the duality mapping J, is weakly
sequentially continuous,

limsup((A=y£)q, Jp (4 = Xnn)) = limsup ((A=1£)q, Jp (4 = %a1) )
nme U (4.8)

=((A-yf)a.J,(a-p)) <O.
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Finally, we show that x, — g. From Lemma 2.5 (i), we have

(|| = ql]) = DT - an AT (tn)xn = (I = anA)q + an(yf (xn) = ¥ (q))
+an(yf(q) - A(@)))

< O(||(I - anA) (T (ta)xn = ) + an(yf (xn) = vf (@) ])
+an(yf(q) = A@), Jy(xn1 - 9))

<O(p(1) (1 = an¥) || — ql| + anyal|x. - q]|)
+an(yf(q) = A@), Jp (X1 - q))

= O((p(1) — an (V)7 — ya)) [ xn 4l
+an(yf(9) = Aq), Jp(Xn1 = q))

< (1= an(p)y - ya) ) ([|xn — ql|)
+an(yf(q) = A(q), Jp(Xne1 - 9))-

(4.9)

Note that Y72 a, = oo and limsup, . _(yf(q) — A(9), Jo(xn1—9)) < 0. Using Lemma 2.7, we
have x, — gasn — oo by the continuity of ®@. This completes the proof. O

Remark 4.2. Theorems 3.1 and 4.1 improve and extend the main results proved in [15] in the
following senses:

(i) from a nonexpansive mapping to a nonexpansive semigroup,

(ii) from a real Hilbert space to a reflexive Banach space which admits a weakly contin-
uous duality mapping with gauge functions.
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