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The aim of this paper is to prove some best proximity point theorems for new classes of cyclic mappings, called pointwise cyclic
orbital contractions and asymptotic pointwise cyclic orbital contractions. We also prove a convergence theorem of best proximity

point for relatively nonexpansive mappings in uniformly convex Banach spaces.

1. Introduction and Preliminaries

Let (X, d) be a metric space, and let A, B be subsets of X. A
mapping T : AUB — AU Bissaid to be cyclic provided that
T(A) € Band T(B) < A.In 2003, Kirk et al. [1] proved the
following generalization of Banach contraction principle.

Theorem 1 (see [1]). Let A and B be nonempty closed subsets
of a complete metric space (X, d). Suppose that T is a cyclic
mapping such that

d(Tx,Ty) < ad (x, y), ey

for some o € (0,1) and for all x € A,y € B. Then T has a
unique fixed point in A N B.

In [2] Eldred and Veeramani introduced the class of cyclic
contractions as follows.

Definition 2 (see [2]). Let A and B be nonempty subsets of a
metric space X. A mapping T : AUB — AU Bis said to be
a cyclic contraction if T' is cyclic and

d(Tx,Ty) < ad (x, y) + (1 - a) dist (A, B), (2)

for some o € (0,1) and forall x € A, y € B.

Let T be a cyclic mapping. A point x € AUBissaid tobea
best proximity point for T provided that d(x, Tx) = dist(A, B),
where

dist (A, B) :=inf {d (x,y) : x € A, y € B}. 3)

Note that if dist(A, B) = 0, then the best proximity point is
nothing but a fixed point of T'.

The next theorem ensures existence, uniqueness, and
convergence of best proximity point for cyclic contractions
in uniformly convex Banach spaces.

Theorem 3 (see [2]). Let A and B be nonempty closed convex
subsets of a uniformly convex Banach space X and let T : AU
B — AU B be a cyclic contraction map. For x, € A, define
Xp41 = Tx, for each n > 0. Then there exists a unique x € A
such that x,, — x and ||x — Tx|| = dist(A, B).

Recently, Suzuki et al. in [3] introduced the notion of
property UC which is a kind of geometric property for subsets
of a metric space X.

Definition 4 (see [3]). Let A and B be nonempty subsets of a
metric space (X, d). Then (A, B) is said to satisfy property UC
if the following holds.



If {x,} and {z,} are sequences in A and {y,} is a sequence in
B such that lim, d(x,,, y,) = dist(A, B) and lim,, d(z,,, y,) =
dist(A, B), then we have lim, d(x,, z,,) = 0.

We mention that if A and B are nonempty subsets of a
uniformly convex Banach space X such that A is convex,
then (A, B) satisfies the property UC. Other examples of pairs
having the property UC can be found in [3]. Here, we state the
following two lemmas of [3].

Lemma 5 (see [3]). Let A and B be nonempty subsets of a
metric space (X,d). Assume that (A, B) satisfies the property
UC. Let {x,} and {y,} be sequences in A and B, respectively,
such that either of the following holds:

Jim supd (x,,,, y,) = d (A, B)
) (4)
or  lim supd (x,,y,) = d (A, B).

Then {x,} is a Cauchy sequence.

Lemma 6 (see [3]). Let (X,d) be a metric space and let A
and B be nonempty subsets of X such that (A, B) satisfies the
property UC. Let T : AUB — AU B be a cyclic map such that

d(T’x,Tx) <d(x,Tx) Vxe€ A,
d (sz, Tx) <d(x,Tx) VxeA (5)
with dist (A, B) < d (x,Tx).
For a point z € A, the following are equivalent:
(i) z is a best proximity point of T;
(ii) z is a fixed point of T

Throughout this paper, (A, B) stands for a nonempty pair
in a metric space (X,d). When we say that a pair (A, B)
satisfies a specific property, we mean that both A and B satisfy
the mentioned property. Also, we define (A,B) < (C,D) &
A < Cand B < D. Moreover, we use the following notations:

0, (A)=sup{d(x,y): ye A} VxeX,
8(A,B) =sup{d(x,y):x€ A, ye€B}, (6)
diam (A) = 8§ (A, A).

For a cyclic mappingT: AUB — AUBandx € AU B, we
define the orbit setting at x by

Opox = {x, T’x, T*x, ..., T"x, .. } , (7)

where T#'x = T(T*"'x) for n > 1 and T%x = x. We set

O (x,y) = Op (x) U Op (y), (8)

forall x, y € AUB. Note thatif (x, y) € AxB,then Opx C A
and Oz y € B. Also, the set of all best proximity points of the
mapping T in A will be denoted by B.PP(T) N A.
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We mention that a mapping T : A UB — AUBis
said to be relatively nonexpansive provided that T is cyclic and
satisfies the condition |[Tx — Ty| < [lx — y| for each (x, y) €
A x B. Note that a relatively nonexpansive mapping need not
be a continuous mapping. Also every nonexpansive self-map
can be considered as a relatively nonexpansive mapping.

In 2005 Eldred et al. in [4] introduced a geometric
concept called proximal normal structure. Using this notion
they proved that if (A, B) is a nonempty weakly compact
convex pair in a Banach space XandT: AUB — AUB s
a relatively nonexpansive mapping, then there exists (x, y) €
A x Bsuch that || x — Tx ||=[| Ty — y ||= dist(A, B). For more
details on this subject, we refer the reader to [5-10].

2. Pointwise Cyclic Orbital Contractions

In [11], the notion of pointwise cyclic contractions was intro-
duced as follows.

Definition 7 (see [11]). Let (A, B) be a pair of subsets of a
metric space (X,d). Let T : AUB — A U B be a cydlic
mapping. T is said to be a pointwise cyclic contraction if for
each (x, y) € A x Bthereexist0 < a(x) < 1,0 < a(y) < 1
such that

d(Tx,Ty) < a(x)d(x,y) + (1 — a(x)) dist (A, B)

Vy € B,
©)
d(Tx, Ty) <a(y)d(x,y)+ (1 —a(y))dist (A, B)

Vx € A.

The following result was proved in [11].

Theorem 8 (see [11]). Let (A,B) be a nonempty weakly
compact convex pair in a Banach space X and suppose that
T is a pointwise cyclic contraction mapping. Then there exists
(x,y) € Ax Bsuch that |x — Tx| = |y — Tyl = dist(A, B).

In this section, we introduce a new class of cyclic
mappings, called pointwise cyclic orbital contractions, which
contains the pointwise cyclic contractions as a subclass. For
such mappings, we study the existence of best proximity
points in Banach spaces.

Definition 9. Let (A, B) be a pair of subsets of a metric space
(X,d). A cyclic mapping T : AUB — AU B is said to be
a pointwise cyclic orbital contraction if there exists o : A U
B — [0,1) such that for each (x, y) € Ax B

d(Tx,Ty) < a(x)8, (Op2y) + (1 - a (x)) dist (A, B)

Vy € B,
d(Tx,Ty) < a(y)8, (Opx)+ (1 -a(y))dist (A, B)

Vx € A. w

It is clear that the class of pointwise cyclic orbital contrac-
tions contains the class of pointwise cyclic contractions as a
subclass. The following example shows that the converse need
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not be true. Moreover, it is interesting to note that a pointwise
cyclic orbital contraction may not be relatively nonexpansive.

Example 10. Let X := R with the usual metric. For A = B =
[0,1/2],defineT: AUB — AUBby

1 . 1
-x if0<x<-—,
Tx=1{8 4 (12)
1 1
0 if —<x<-—-.
4 2

Then T is pointwise cyclic orbital contraction with a(x) =
7/8 for all x € A.

Proof. If either 0 < x,y < 1/40r 1/4 < x,y < 1/2, then it
is easy to see that relations (10) and (11) hold. Suppose that
0<x<1/4and1/4 < y <1/2. Thus,

d(Tx, Ty) = +x,
8
(13)
8, (Og2y) = sup |x - TZ"y| = max {x, y — x}.
n=0

Hence,

d(Tx,Ty) = %x < gmax{x,y—x} =a(x)8, (0g2y),
(14)

that is, (10) holds. Also, by the fact that 8y(@Tz X) = sup,soly—
T*"x| = y then

1 7
d(Tx,Ty) = gXsgr=a ()8, (Opx), (15)

which implies that (10) and (11) hold. Thus, T is a pointwise
cyclic orbital contraction. Now, we show that T is not
pointwise cyclic contraction. Indeed, if there exists a function
a:AUB — [0,1) such that d(Tx, Ty) < a(x)d(x, y) for all
(x,¥) € Ax B, then for x = 1/4and y = 26/100 we must
have

25 25 1
X To0 = d(Tx,Ty) < a(x)d(x,y) = oc<100> X 108,6)

1
8

and hence 25/8 < «(1/4), which is a contradiction. Therefore,
T is not pointwise cyclic contraction. Moreover, we note that
since T is not continuous, T is not relatively nonexpansive.

O

Let us state our main result of this section.

Theorem11. Let (A, B) be a nonempty weakly compact convex
pair in a Banach space X. If T : AUB — AU B s a pointwise
cyclic orbital contraction, then the set of best proximity points
of T is nonempty.

Proof. Let £ denote the collection of all nonempty weakly
compact convex pairs (E, F) which are subsets of (A, B) and
such that T is cyclic on E U F. Then X is nonempty, since
(A,B) € X. X is partially ordered by reverse inclusion; that

is, (A,B) < (C,D) & (C,D) < (A,B). It is easy to check
that every increasing chain in X is bounded above. Hence by
Zorn’s lemma we can get a minimal element say (K, K,) € Z.
We have

(€ (T (K3)),eo (T (K))) < (Ky, Ky). (17)
Moreover
T(co(T(K,))) € T(K)) ceo(T(Ky)),  (18)
and also
T (co(T (K}))) c o (T (K3)). (19)

Now, by the minimality of (K}, K,), we have co(T(K,)) =
K, , co(T(K;)) = K,. Suppose that a € K;. Then for each
y € K, we have

|Ta-Ty| < «(a)é, (Or2y) + (1 — a(a)) dist (A, B)
(20)
<a(@)s, (K,) + (1 - a(a)) dist (A, B),

which implies that T(K,) <€ %B(Ta;a(a)d,(K,) + (1 — ala))
dist(A, B)). Hence,

K, =co(T (K))

€ B(Ta;a(a)d, (K,) + (1 - a(a))dist (A, B)).
(21)

Thus, for each x € K; we must have
lx - Tal < «(a)d, (K,) + (1 —a(a)dist (A, B), (22)
which ensures that
0. (Ky) <a(a)d, (Ky) + (1 —a(a))dist(A,B). (23)
Similarly, we can see that if b € K, then
O, (Ky) <a(b)d, (Ky) + (1 —a(b))dist(A,B). (24)
Assume that (p,q) is a fixed element in K; x K,. Let

SP(KZ) < (Sq(Kl). Setr := SP(KZ) and

E::{yGKZ:Sy(KI)ST},
(25)
F:={x€eK,;:6,(K,)<r}.

Obviously, p € F. Also, from (23) Tp € E and then (E, F)
is a nonempty pair. Besides, it is easy to see that

E=()%@r)nkK,
aekK, (26)
F:= ()% @b:r)nK,.

bekK,

Now, let y € E.Then y € K, and by (24), 61,(K;) <
Sy(Kl) < r which implies that Ty € F. Hence, T(E) < F.
Similarly, by relation (23) we conclude that T(F) € E. That is,



T is cyclic on E U F. By the minimality of (K, K,) we must
have F = K, and E = K,. Therefore,

8. (K,) <, 8,(Ky)<r, (27)
for each (x, y) € A x B. Then for all (x, y) € A x B we have
8, (K;) <6, (K,), 8,(K)<6,(K,). (28)
Particularly, 6,,(K;) < 6,(K;) < 8,(K;). Thus,
3, (K;) =98, (K;). (29)

Similar argument implies that if §,(K;) < §,(K,), then
relation (29) is to be achieved. Therefore, (29) holds for all
(p,q) € K, x K,. To complete the proof of the theorem, we
consider the following cases.

Case 1. If 6P(K2) = dist(A, B), then we have

|lp—Tp| <8, (K,) = dist (A, B), (30)
that is, p is a best proximity point of T.

Case 2. If 6P(K2) > dist(A, B), it now follows from (23) and
(29) that

8p (Kz) = 6Tp (Kl)
<a(p)d,(K,)+(1-a(p))dist(A,B)  (31)
<4, (K,),

which is a contradiction. Hence, each point of K; is a best
proximity point of T and so K; < B.P.P(T) n A. Similarly,
we can see that K, € B.P.P(T) N B. Thus, for each (x, y) €
K, x K, we must have

lx - Tx| = ||Ty - y" = dist (A, B). (32)
O
3. Asymptotic Pointwise Cyclic
Orbital Contractions

Definition 12. Let (A, B) be a pair of subsets of a metric space
(X,d). A cyclic mapping T : AUB — A U Bis said to be
an asymptotic pointwise cyclic orbital contraction if for each
(x,y) € AXB,

d (TZ"x, Tzny) < a, (x) diam O (x, y)

+(1-a,(x))dist(A,B) Vy€B,
(33)
d (Tznx, Tzny) < a, (y) diam O (x, y)
+(1-a,(y))dist(A,B) Vxe€ A,

where for each n € N, a, AUB — R"and
limsup,, _, o, (x) < 7 for some 0 < # < 1and forall x €
AUB.
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The following theorem establishes existence and conver-
gence of a best proximity point for asymptotic pointwise
cyclic orbital contractions in metric spaces with the property
UC.

Theorem 13. Let (A,B) be a nonempty closed pair in a
complete metric space (X,d) such that (A, B) satisfies the
property UC. Assume thatT : AUB — AUB is an asymptotic
pointwise cyclic orbital contraction such that T is continuous on
A. If there exists x € A such that the orbit of T at x is bounded,
then T has a best proximity point in A. Moreover, if x, € A and
X1 = I'x,, then {x,,} converges to the best proximity point of

Proof. Let x € A, We note that the sequence
{diam [0 (T*"x, T**"'x)]} is decreasing and bounded
below by dist(A, B). Let diam[O.(T*"x, T**"'x)] — r, >
dist(A, B). We claim that r, = dist(A, B). For all k;,k, € N
with k; < k, we have

d (TZ(”+k1)x, TZ(n+k2) (Tx))
< i, (%) diam [0z (x, Tx)] (34)
+ (1= @, (x))dist (A, B).

Taking the supremum with respect to k; and k, and then
letting n — 00 we obtain

r, < ndiam [Op (x, Tx)] + (1 —#x)dist (A,B).  (35)
Besides, for each m € N we have
r, = lim diam [0 (T (T*"x), T (T*" (Tx)))]

< ndiam O (T*"x, T*" (Tx)) + (1 — ) dist (A, B).

(36)
Now, if m — 00 we obtain
re <nre + (1 —n)dist (A, B), (37)
and hence r, = dist(A, B). We now conclude that
lim sup d (T*"x, T*"*'x) = dist (A, B). (38)

n—o
Omzn

Since (A, B) has the property UC, by Lemma 5 {T*"x} is
a Cauchy sequence. Suppose that x,, — p. Continuity of T
on A implies that x,,,;, — Tp. Thus, d(p,Tp) = dist(A, B).
Thatis, p is a best proximity point of the mapping T'in A. [

The next corollary is a direct result of Theorem 13.

Corollary 14 (compare to Theorem 3). Let (A,B) be a
nonempty closed pair in a uniformly convex Banach space X
such that A is convex. Assume thatT : AUB — AUB s
an asymptotic pointwise cyclic orbital contraction such that T
is continuous on A. If there exists x € A such that the orbit
of T at x is bounded, then T has a best proximity point in A.
Moreover, if x, € A and x,,,, = Tx,, then {x,,} converges to
the best proximity point of T.
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4. A Convergence Theorem

In this section, we give a convergence theorem of best
proximity point for cyclic mappings which is derived from
Ishikawas convergence theorem ([12]). We begin with the
following proposition which is an inequality characterization
of uniformly convex Banach spaces.

Proposition 15 (see [13]). Let X be a uniformly convex Banach
space. Then for each v > 0, there exists a strictly increasing,
continuous and convex function ¢ : [0,1) — [0, 1) such that
¢(0) = 0 and

Ao+ (1= 1)y <Ml +1 = ) [y -2 =1 @ (- y]) »
(39)

forall A € [0,1] and all x,y € X such that |x| < r and
Iyl <r.

Definition 16. Let (A, B) be a nonempty pair of subsets of a
normed linear space X. Suppose thatT: AUB — AUBisa
cyclic mapping on AUB. We say that T' is hemicompactness on
A provided that each sequence {x, } in A with ||x,, — szn I —
0 has a convergent subsequence.

It is clear that if A is compact set, then each cyclic
mapping defined on A U B is hemicompactness, where B is
a nonempty subset of X.

Theorem 17. Let (A, B) be a nonempty, bounded, closed, and
convex pair in a uniformly convex Banach space X. Assume
that T : AUB — AU B is a cyclic relatively nonexpansive
mapping such that T is hemicompactness on A and T* is
continuous and satisfies the condition

|72 = Tx|| < 1T - xI, (40)

forall x € AUBwith || x—Tx| > dist(A, B). Define a sequence
{x,}in Abyx, € Aand

x,,, =ax, +(1-a)T°x,, (41)

forn € N, where « is a real number belonging to (0,1). Then
{x,} converges strongly to a best proximity point of T in A.

Proof. Since (A, B) is a bounded, closed, and convex pair in a
uniformly convex Banach space X, the relatively nonexpan-
sive mapping T has a best proximity point in B ([4]). Also, we
note that both of the (A, B) and (B, A) have the property UC.
So, by Lemma 6 a point p € B is a best proximity point of
the mapping T if and only if p is a fixed point of the mapping
T?|. We now have

%1 = 2l
= “ocxn +(1-a) szn - sz”
= “(xxn +(1-«) szn - ocT2p -(1-«) T2p|| (42)
<alx,-p|+(1-a) “szn - T2p||

<alx, - pl+ - |x, - p| = |x. - pl-

Therefore, {||lx,, — pll} is a decreasing sequence and hence
{llx, — pl} is convergent. So {x,} is bounded. From the
uniform convexity of a Banach space X and by Proposition 15,
there exists a strictly increasing, continuous and convex
function ¢ : [0,1) — [0, 1) such that ¢(0) = 0 and

”xn+1 - P"2
et a-a(r )l
<, - pl + - P - @)

)

X, — szn").

2
x,-Tx,

—oc(l—oc)(p(

<= I~ -y o
Thus

a(1=@) ([, = T°x,])) < I, = I = %01 - I

(44)

which implies that ¢(||x, — Tx,[]) — 0. Since ¢ is strictly
increasing and continuous at 0, it follows that || x,, — sznll —
0.

2
Hxn -T"x,

— 0. (45)

On the other hand, since T is hemicompactness on A,
there exists a subsequence {xnj} of the sequence {x,,} such that

X, — q €A By the continuity of the mapping T2 on A, we
have sznj - Tzq. Since ||xnj - sznj | — 0, weobtaing =
T?q. Hence g € A is a fixed point of the mapping T* in A and

again by Lemma 6, g is a best proximity point of T in A and
x, — q € Astrongly. O
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