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The aim of this paper is to present the point of coincidence and common fixed point for three mappings in cone metric spaces
over normal cone which satisfy a different contractive condition. Our result generalizes the recent related results proved by Stojan

Radenovi¢ (2009) and Rangamma and Prudhvi (2012).

1. Introduction and Preliminaries

It is well known that the classical contraction mapping prin-
ciple of Banach is a fundamental result in fixed point theory.
Several authors have obtained various extensions and gen-
eralizations of Banach’s theorems by considering contractive
mappings on different metric spaces. Huang and Zhang [1]
have replaced real numbers by ordering Banach space and
have defined a cone metric space. They have proved some
fixed point theorems of contractive mappings on cone metric
spaces. Further generalizations of Huang and Zhang were
obtained by Abbas and Jungck [2]. In 2009 Radenovi¢ [3]
has obtained coincidence point result for two mappings in
cone metric spaces which satisfy new contractive conditions.
Recently, in this paper we generalized the coincidence point
results of Radenovi¢ [3] for three maps with different contrac-
tive condition.

We recall some definitions and results that will be needed
in what follows.

Definition 1. Let E be a real Banach space and P be a subset
of E. Then P is called a cone if
(1) P is closed, nonempty and satisfies P # {0},
(2)a,beR,a,b>0,and x, y € Pimply ax + by € P,
(3) x € Pand —x € Pimply x = 0.

Given a cone P C E, we define a partial ordering < with
respect to P by x < y if and only if y — x € P. We shall write
x < yifx < yandx# y, while x « yifandonlyif y — x €
int P, where int P is the interior of P. A cone P is called normal
ifthereisanumber K > Osuch that,forallx,y e E,0<x <y
implies [|x|| < K||y|l. The least positive number satistying the
above inequality is called the normal constant of P.

In the following we suppose that E is a real Banach space
and P is a cone in E with int P # ¢ and < is a partial ordering
with respect to P.

Definition 2. Let X be a nonempty set. Suppose that the
mapping d : X x X — E satisfies
(i) 0 < d(x, y)forall x, y € Xand d(x, y) = 0ifand only
ifx=y,

(ii) d(x, y) =d(y, x) forall x, y € X,

(iii) d(x, y) < d(x,2z) + d(z, y) forall x, y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone
metric space.

Example 3. Let E = R, P={(x,y) € E : x,y = 0} € R?,
X =R%andd: Xx X — E be defined by d(x, y) = d((x,,
%), (1> ¥2)) = [max(|x; =y, |, 1%, = 3, 1), @ max(|x; — y, |, |, -
¥,1)], where « > 0 is a constant; then (X, d) is a cone metric
space.



Definition 4. Let (X,d) be a cone metric space, {x,} be a
sequencein X and x € X. Then {x, } converges to x if for every
c lies in E with 0 « ¢ there is an N such that for alln > N,
d(x,,x) < c. One denotes thisby x, — xasn — oo.

Definition 5. Let (X,d) be a cone metric space, {x,} be a
sequence in X. If for every c lies in E with 0 <« ¢ there is
an N such that for all n,m > N, d(x,, x,,) < ¢, then {x,} is
called a Cauchy sequence in X.

Definition 6. A cone metric space (X, d) is said to be complete
if every Cauchy sequence in X is convergent in X.

Lemma?7. Let (X, d) be a cone metric space and P be a normal
cone. Let {x,} be a sequence in X. One has the following.

(i) {x,} converges to x € X if and only if d(x,,x) — 0as
n — oo.

(ii) {x,} is a Cauchy sequence if and only if d(x,, x,,,) — 0
as n,m — 0o.

(iii) {x,,} converges to x € X and {x,} converges to y € X.
Then x = y.

Definition 8. Let f and g be self-maps on set X. If fx = gx =
w for some x in X, then x is called a coincidence point of f
and g, and w is called a point of coincidence of f and g.

Definition 9. Two self-mappings f and g of a cone metric
space X are said to be weakly compatible if fgx = gfx wheth-

er fx = gx.

2. Main Result

In this section, we give fixed point theorems for mappings
defined on cone metric space with generalized contractive
condition.

Theorem 10. Let (X, d) be a cone metric space and P be a nor-
mal cone with normal constant K. Suppose that the mappings
f,g,and h: X — X satisfy the condition

|d (fx, gy)|| < a|ld (hx, hy)|| + b|d (fx, hx)|
+c|d (gy. )| + A {|ld (hx, gy)]|

+ 4 (fx )l
M

forall x, y € X, wherea, b, ¢, and A are nonnegative real num-
bers satisfying a + b + ¢ + 21 < 1. If the range of h contains
range of f and also range of g and h(X) is a complete subspace
of X, then f, g, and h have a unique point of coincidence in X.
Moreover, if (f, h) and (g, h) are weakly compatible, then f, g,
and h have a unique common fixed point.

Proof. Let x, € X be an arbitrary point. Since f(X) and g(X)
are contained in h(X), there exists x; € X such that y, =
fx, = hx,, and also there exists x, € X such that y, = gx, =
hx,. Continuing this process, a sequence {y,} can be chosen
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such that y,, = fX5, = hxp,,; and yy,.1 = 9%ou41 = hXopis
forn=0,1,2,...;then

14 (32 o) = 1 (o> 922011
< ald (hxy hxyy,y)|
+bld (fxz hixy,)|
+c|d (gxanns hxapn)|
+ A {{ld (hxyr 9201 )|
+ld (fxz By}
= alld (1> 20)
+0]ld (Y2 Yan- )| + € 14 (2ners y20)
+ 2{ld (Van-t Yae )+ 1 (Do 2|1}
< alld (yan-1> y2)| + 0 |14 (Y20 o s

tc "d (y2n+1’ y2n)" +A {”d (y2n—1’ yZn)”
+ "d (yZn’ y2n+1)||}
=(a+b+1) "d (V21> )’2n)"

+(c+A) Hd (yZn’ y2n+1)|| .
(2)

This implies that [|d(y5,, Vo)l < ((@+ b+ A)/(1 - (c +

MIIAYan-1> Yol
Thus

"d (yZn’y2n+1)" =7 "d (}’2n—1’)’2n)“ > 3)

where#n = (a+b+1)/(1-(c+A) ) € [0,1),asa+b+c+2A < L.
Writing d,, = |d(,,> ¥,.:1)|l, we obtain

d2n < rld2n—1' (4)
Again

"d (J’2n+2’ )’2n+1)“ = ”d (fX2n+2’ gx2n+1)”

< ald (htyys0: X )|
+b|[d (Framea BXonss)|
+ c||d (g%ams1s o )|
+ M ||d (h%a125 o)

+ ”d (fx2n+2, hx2n+l)”}
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= ad (a1 20|
+bld (a2 Yo
+c lld (yaners 20|
+ Ml (yansr> yaned)|
+[d Gansa y2)lI}

IN

ald (Yot Yan)|
+d (V242> Yaued)|
+clld (Yot an)|
+ A {1 (Vanezs Yo

+1d (Daner> 21}
=(a+c+M)|d (Yo ¥
+ 0+ |4 (Yo Vo)l -

)

This implies that |d(¥,,12> Vo)l < ((@+ ¢+ A)/(1 - (b +
MDAV 2115 Vo)l

Thus
ld (Y2ns2> Yare )| < 0 1d (Pasrs y2)ll» (6)
where y = (a+c+A)/(1-(b+A) ) € [0,1),asa+b+c+2A < 1.
Therefore
Aypi1 < Y Aoy 7)

From (4) and (7) we get

dyy <My S My, 5 < - <y'W'dy,

dyir < pidyy, < pudy, ;< - <", @
Therefore

dp + dyy < W (1+ ) do, ©)

Ayir + oy <7 (14 77) dy,. (10)

Now we will show that {y,} is a Cauchy sequence. By triangle
inequality for m > n, we have

A ) <A Yo Yn) + A (Vs> Ys) W
+otd (Yot Ym) -
Hence, as P is normal cone with normal constant K,
1 (s )l < Kl (s Y1) + @ (Drasrs Yius2)
ot d (Y )|
< KAld (s yus)| + 14 s v

bt W G sl
(12)

If n is even, then from (9) and (12) we have
"d (yn’ ym)" <K {dn + dn+1 + dn+2 + dn+3 L }
< K{n"2u"*(1 + ) d,

IRy d g }

(13)
If nis odd, then from (10) and (12) we have

"d (ywym)" = K{dn + dn+1 + dn+2 + dn+3 +- }

<K {11(”*1)/2[4(”*1)/2“ n+l1)/2

(1 +n)d, + 7'

><M(n+1)/2+1(1 + 17) do .. }

(n-1)/2
1
_ ) ()

(14)

Since < 1, u < 1, therefore yu < 1, so in both cases,
4y, vy, )l — 0asn — oo.

From Lemma 7, it follows that {y,} = {hx,,,,} is a Cauchy
sequence. Since h(X) is a complete subspace of X, there exists
q in h(X) such that {hx, ,;} — qasn — o0; consequently
we can find p in X such that hp = q. We shall show that hp =

fr = gp.

Now using contractive condition (1), we can write

ld (fp 9201l < @ [|d (hp, ity 1)
+b|d (fp:hp)|
+clld (92 Bx)| - (15)
+ 2 {lld (hp, gx21)|
+d (fpr hxa)} -
Taking 71 — 00, we have
ld (fp.9)|l < alld (hp.q)|| + b |d (fp. hp)|
+c|d (g q)| + Al (hp, q)|| + | (fp> )|}

=b+A)|d(fp.q)|, since hp=q.

(16)

Hence, fp = g, sincea+b+c+2A <landa,b,c,A>0.
Again from (1), we can write

ld (fxo0 gp)| < a|d (hxy, hp)|
+bd (fxo hixy,)| + ¢ |d (gp. hp)|

+A {"d (hx2,s QP)" + "d (fx2n7hP)"}-
(17)



Takingn — o0, we have

Id (¢, gp)|| < a|d (g, hp)|| + b |d (g, 9)|
+c|d (gp,hp)|

(18)
+Mld (g gp)]l + 1 (9. ho)ll}
=(c+MN)|d(gp.q)|, since hp=q.
Hence, gp = g, sincea+b+c+2A <landa,b,c,A > 0.
So we get
hp=gp=fp=q (19)

Therefore p is a coincidence point of f, g, and h.

Now we show that f, g, and h have a unique point of
coincidence. For this, assume that there exists another point
of coincidence r in X such that fp, = gp, = hp, =r.

Consider

"d (gp> gPl)" = ”d (fps gPl)" <a ”d (hp, hPl)"
+b|d (fp, hp)| +c|d (gp1 hp))|
+A{[\d (hp, gpo)| + |4 (fp. o)}

= (a+22)|d (gp. gp)| -
(20)

Sincea+b+c+2A<1landa,b,c, A > 0,sofrom (20), gp =

gpr-
Therefore,q = fp=hp = p=gp, = fp, = hp, =r,and
hence f, g, and h have unique point of coincidence in X.
Now from (1) we have

ld (ffp. fo)ll = Id (ffp, 9p)|
< al|d (hfp, hp)| + b |d (ffp. hip)|
+c|\d (gp, hp)|

+A{|ld (hfp. gp)|| + |l (ffp: hp)|} - o
21

As (f,h) is weakly compatible, therefore from (19) and
(21) we can write

la (ffp, fo)l| < (a+22) |d (ffp. fp) - (22)
Asa+b+c+2) <landa,b,c,A > 0, so from (22), ffp =
fp

Therefore,

fa=q (23)
Also,

q=fp=ffp = fhp=hfp=hq (24)

Again from (1) we have
|4 (gp> 9gp)| = |4 (fp> gap)|
< ald (hp,hgp)| + ||d (fp. hp)|
+cld (ggp. hgp)|

+M|d (hp, ggp)|| + |l (fp. hap)|} -
(25)
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As (g, h) is weakly compatible, therefore from (19) and
(25) we can write

ld (9p. ggp)ll < (@ +21)|d (gp. ggp) - (26)

Asa+b+c+2)A < landa,b,c,A > 0,s0from (26), ggp = gp-
Hence,

949 =4 (27)

From (23), (24), and (27), it follows that g is common fixed
point for f, g, and h.

Now we shall prove the uniqueness of common fixed
point for f, g, and h. Suppose r is another common fixed
point for f, g, and h.

Consider

ld (q.7)] < alld (hq, hr)|| + b||d (fq, hq)]
+c|d (gr.hr)|
+ M|ld (hg, gr)| + |4 (fa, hr)[}
= (a+21) |d (q.7)]-

Therefore, q = r, sincea+b+c+2A < land a,b,c,A > 0.
Thus f, g, and h have unique common fixed pointin X. [

Remark 11. (i) If we takeb = ¢ = A = 0, a = k in Theorem 10,
then

ld (fx, gy)ll < k||d (hx, hy)

|, where k€[0,1).

(29)
(ii) If we takea = A = 0, b = ¢ = k in Theorem 10, then
ld (fx, gp)l| < k{lld (fx, hx)|| + |4 (gy. by}
o G0)
where k € [0, E)

(iii) If we take a = b = ¢ = 0, A = k in Theorem 10, then
la (fx, gy)|l < k{lld (hx, gy)|| + |d (fx hy)[}»

1 (31)
where k € [0, —).
2
From Remark 11, it is clear that Theorem 2.1 in [4] is a
special case of Theorem 10 witha = kandb = c = A =0,
where k € [0, 1), and Theorem 2.3 in [4] is a special case of
Theorem 10 witha = A =0and b = ¢ = k, where k € [0,1/2).
Therefore, we can say that Theorem 10 has generalized and
unified the main results in [4].
In Theorem 10 if we take g = f, then as immediate con-
sequence of Theorem 10 we obtain the following corollary.

Corollary 12. Let (X, d) be a cone metric space and P be a
normal cone with normal constant K. Suppose that the map-
pings f,h: X — X satisfy the condition

Id (fx, f)|| < a||d (hx, hy)| + b||d (fx, hx)]|
+clld (fy.hy) (32)
+A{ld (hx, fy)] + |d (fx. hy)[1},
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for all x,y € X, where a, b, ¢, and A are nonnegative real
numbers satisfyinga+b+c+2A < 1. If the range of h contains
the range of f and h(X) is a complete subspace of X, then f and
h have a unique point of coincidence in X. Moreover, if (f, h) is
weakly compatible, then f and h have a unique common fixed
point.

Remark 13. (i) If wetakeb = ¢ = A = 0,a = k in Corollary 12,
then

ld (fx. fy)l < k||d (hx, hy)||,  where k € [0,1).

(33)
(ii) If we takea = A = 0, b = ¢ = k in Corollary 12, then
ld (fx. f)I < kA{lld (fx, hx)|| + 1 (fr by}

NG9
where k € [0, E)

(iii) If we take a = b = ¢ = 0, A = k in Corollary 12, then
ld (fx, )] < k{|ld (hx, f)] + |d (f. hy)|l}

N G9)
where k € [0, 5)

From Remark 13 it is clear that Theorem 2.3 [3] is a special
case of Corollary 12. Therefore we can say that Theorem 10 has
generalized and unified the main result of Radenovi¢ in [3].

We present now some nontrivial examples that illustrate
how general and important is the result given by Theorem 10.

Example 14. Let E = R?, with the norm ||(x, I = x| + |yl
be a real Banach spaceandlet P = {(x,y) € E :x,y > 0}. If
we consider X = {«, 3,7,0} and defined : X x X — Eby

d(a,B)=d (B a)=1(0.9,09),
d(ay) =d(y,a) =(053),
d(a,8) =d @6 a) = (1,2.2),
d(B.y)=d(y.p) =(05,3), (36)
d(B,8)=d(5,p) = (1,2.5),
d(y,6) =d(8,y) = (1,3),
d(ao)=d(B,p)=d(r.y) =d(6,8) = (0,0),

then (X, d) is a cone metric space. Let f,g,andh: X — X
be defined, respectively, as follows:

fa=p fB=p  fr=a  f6=5
ga=p  gf=pB  gy=9 g6=p  (37)
ha =6, hp =B, hy =y, hé = a.

Then f, g, and h have the properties mentioned in
Theorem 10, and also f, g, and h satisfy the inequality (1).

Hence the conditions of Theorem 10 are satisfied. There-
fore we conclude that f, g, and h have unique point of coin-
cidence and also unique common fixed point.

Here it is seen that 8 is unique point of coincidence and
also the unique common fixed point of f, g, and h.

Remark 15. Example 14 does not satisfy the conditions (29)
and (30) at the points x = p, y = yandx = S,y =
y, respectively. Therefore, we can say that inequalities of
Theorems 2.1 and 2.3 of [4] fail at the points x =y, y = y and
x = f3, y = vy, respectively. Hence, Theorem 2.1 and Theorem
2.3 of [4] cannot apply to Example 14.

Example 16. Let E = R, with the norm |lx|| = |x|, be a real
Banach spaceandlet P = {x € E: x > 0}. Let X = {0,1,2}
and also defined : X x X — Ebyd(x, y) = |[x — y| for all
x,y € X.

Then (X, d) is a cone metric space. Let f,h: X — X be
defined, respectively, as follows:

2-x, ifx#0,
= 38
fx {o, if x = 0. (8)
Also
hx =x, forxeX. (39)

Then f and h have the properties mentioned in Corollary 12,
and also f and h satisfy the inequality (32).

Hence the conditions of Corollary 12 are satisfied. There-
fore we conclude that f and h have unique point of coinci-
dence and also unique common fixed point.

Here it is seen that 0 is unique point of coincidence and
also the unique common fixed point of f and h.

Remark 17. Example 16 does not satisfy the conditions ((33),
(35)), and (34) at the points x = 1, y = 2and x = 2, y =
0, respectively. Therefore, we can say that inequalities ((2.4),
(2.6)) and (2.5) of [3] fail at the points x = 1, y = 2and x = 2,
y = 0, respectively. Hence, Theorem 2.3 of [3] cannot apply
to Example 16.

Remark 18. Example 14 does not satisfy the inequality 2.8 of
[5] at the point x = «, y = y. Therefore, it is clear that
Corollary 2.10 of [5] cannot apply to Example 14. Hence
Theorem 10 is more general than Corollary 2.10 of [5].
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