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In this paper we propose the concept of fuzzy projections on subspaces of F(R"), obtained from Zadel'’s extension of canonical
projections in R", and we study some of the main properties of such projections. Furthermore, we will review some properties of
fuzzy projection solution of fuzzy differential equations. As we will see, the concept of fuzzy projection can be interesting for the

graphical representation of fuzzy solutions.

1. Introduction

Consider the set U ¢ R". Denote by % (U) the set formed by
the fuzzy subsets of U whose subsets have support compacts
in U. Some properties for metrics & (U) can be found in [1].
If A is a subset of U, we will use the notation yx , to indicate
a membership function for the fuzzy set called membership
function or crisp of U.

Consider the autonomous equation defined by

dx
E = f (X) > (1)

where f: U ¢ R" — R" is a sufficiently smooth function.
For each x, € U, denote by ¢,(x,) the deterministic solution
(1) with initial condition x,. Here we are assuming that the
solution is defined for all t € R,. The function @, : U — U
will be called deterministic flow.

To consider initial conditions with inaccuracies modeled
by fuzzy sets [2], consider the proposed Zadel’s extension
@,, the application ¢, : F(U) — F(U), which takes the
fuzzy set x, € % (U) and the fuzzy set §,(x,). In the context
of this paper we call the application @, of fuzzy flow. Given
x, € F(U), wesay ¢,(x,) is a fuzzy solution to (1) whose initial
condition is the fuzzy set x,,.

The conditions for existence of fuzzy equilibrium points
and the nature of the stability of such spots were first

presented in [2]. The concepts of stability and asymptotic
stability for fuzzy equilibrium points are similar to those of
equilibrium points of deterministic solutions, and stability
conditions for fuzzy equilibrium points can be found in [2].
Conditions for the existence of periodic fuzzy solutions and
the stability of such solutions can be found in [3].

In this paper, we propose the concept of fuzzy projections
on subspaces of F(R"), obtained from Zadeh’s extension
defined canonical projections in R”, and study some of
the main properties of such projections. Furthermore, we
review some properties of fuzzy projection solution of fuzzy
differential equations. As we will see, the concept of fuzzy
projection can be interesting for the graphical representation
of fuzzy solutions.

2. Projections in Fuzzy Metric Spaces

We restrict our analysis to the set #(X) whose elements are
subsets of a fuzzy set X whose a-levels are compact and
nonempty subsets in X. The fuzzy subsets that are F(X)
will be denoted by bold lowercase letters to differentiate the
elements X. So x € F(X) if and only if [x]" is compact and
nonempty subset for all & € [0, 1].

We can define a structure of metric spaces in % (X) by the
Hausdorft metric for compact subsets of X. Let #(X) be the
set formed by nonempty compact subsets of the metric space



(X, d). Given two sets A, B in #(X), the distance between
them can be defined by

dist (A,B) = salig ibrgg d(a,b). Q)

The distance between sets defined above is a pseudometric
to F(X) since dist(A,B) = 0 if and only if A € B, not
necessarily equal value. However, Hausdor{f distance between
A, B € #(X) defined by

dy (A, B) = max {sup inf d(a,b),sup ingd (a, b)}

acA beEB beB 9€

3)
= max {dist (A, B), dist (B, A)}

is a metric for all #(X). so that (¥ (X), dy;) is a metric space.
It is also worth that (X,d) is a complete metric space, so
(H(X),dy) is also a complete metric space [4].

Through the Hausdorff metric dy;, we can define a metric
for all #(X). Here we denote it by d . Given two pointsu, v €
F(X), the distance between u, v is defined by

do, (w,v) = sup dy ([u]”, [v]¥). (4)

ae(0,1]

It is not difficult to show that the distance defined above
satisfies the properties of a metric and thus (#(X),d) is a
metric space.

Nguyen’s theorem provides an important link between «-
levels image of fuzzy subsets and the image of his «-levels by
a function f : X xY — Z. According to [5], if X ¢ R”"
andY € R™and f : X — Y is continuous, then Zadeh’s

extension f 1 F(X) > F(Y)is well defined and is worth

[F@]" = f () 5)

foralla € [0,1] and u € F(X).

2.1 Projections Fuzzy. Consider the application P, : R™™ —
R” that for each (x, y) € R""" associates point P,(x, y) = x €
R".

Provided that R" can be characterized as a subset of R""™
by identifying it with the subset R" x {0}, then the application
P, can be seen as the projection of R"" on the set R”. For
this reason, we say that x is the projection in R"; the point
(x,y) € R™™,

Notice that a point (u,v) is in the image of P, if and
only if v = 0. Furthermore, P,(x,y) = x forall y € R™.
Thus, given a point z € F(R™"™), with membership function
p, + R™™ — [0,1], the image P,(z), obtained by Zadeh’s
extension projection P, has the membership function

B (g (X) = sup u, (x,v).
HE,(2) Seb ¢ (6)

The application P, : F(R™™) — Z(R"), obtained by
Zadeh’s extension of P,, that for each z € F(R"™™) associates
the point ﬁn(z) € F(R") can be seen as a projection of
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F(R™™) in F(R™), as it can be identified with the subset
F(R"™) x x o, Similarly the projection P, satisfies:

P,(P,(@)=P,(2). (7)

Based on this, we can define the projection of fuzzy
z € FR™") in F(R") as the point x € F(R") with a
membership function

py (X) = su[é)myz (x,a). (8)

We also consider the function P,, : R*™ — R™ that for
all (x,y) € R"™ associates the point P,(x,y) = y € R™.
In this case, the image of a point z € F(R"™™), with the
membership function g, : R™ — [0,1],is a pointy €
F (R™) with the membership function

uy (¥) = SUp H, (a,y) 9)

which we call fuzzy projection z in F(R™). Thus the appli-
cation P,, : F(R™™) — F(R™) can be viewed as a fuzzy
projection F(R™) in F(R™).

Here are some examples.

Example 1. Leta € F(R") and b € F(R™). We can define
z = (a,b) € F(R"™) with membership function

#, (x, y) = min {u, (x), p, ()} (10)

The image of z by applying P, in this case, has a
membership function:

i (0 = sup min {u, ()., . (q)

veR™
Since min {p, (x), 4, (V)} < @, (%), so,

sup min {[/la (x), Uy (V)} S U, (x). (12)

veR™
Asb € F(R™),sov € R™ so that y,(v) = 1. So, the fuzzy

projection x of z about % (R") has a membership function:

py () = sup min {p, (x), p, W} =p, (x). (13

veR™

In Figure 1, the membership functions of z € F ([Rz),
defined from a and b € #(R) and your fuzzy projection in
F(R), respectively, can be seen. In this figure,

t, (x) = py (x) = max {1 - x2,0}. (14)

With similar argument, we can show thatb € #(R™) isa
fuzzy projection of z in F(R™).

We can also define x = (a,b) € F(R"™) through the
t-norm product, that is,

s () = g () iy (7). (15)
The projection of z in % (R") has a membership function:

sup phy (x,v) = sup py () p, (v) = p, (%) . (1¢)

veR™ veR™
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Moreover, the projection % (R™) has a membership function:
U fhy (w,y) = SUp iy (1) thy M=) ap
ueR” ueR”

Similarly, we can show that fuzzy projections z = (a, b) in
F(R") and F(R™) for all t-norm A are, respectively, a and b.
First, for any t-norm A, we have

A(!"a (x)’(’lb (y)) < A(Ma (x)’l) ztua (x) (18)
So,

Suﬂ_fmA ([’la (x) > I’lb (V)) < [’la (x) . (19)

But the ultimate is reached if we take v € R" so that g, (v) = 1.
Then, the projection of z = (a,b) in #(R") has membership
function

s () = sup A (py (), 1y, (0) = 41, (), (20)

for all t-norm A.

Example 2. Consider z € %(R?) determined by membership
function

p, (x, y) = max {1 -x' - 2)/2,0}. (21)

For this case, we have the fuzzy projections x and y on
F(R), respectively, determined by

Yy (x) = sup u, (x,v) = max {l - xz,O},
veR™

@
ty () = sup i (14, y) = max {1-2y%0}.
ueR”

In Figure 2 we can see the membership functions z and x,
respectively.

Proposition 3. LetX = P,(x) andy = P,(y), withx and y €
F(R"™™). The distance between the fuzzy projections X and y
is always limited by the distance between x and y.

Proof. In fact, for all € [0, 1] we have

dist ([x1%, [y]")

= sup inf [a-b|
ae[x)* be[y]"

= supinf o -k + a5
(a )uz)e[x]‘x (b, ’bz)e[Y]
(23)
> sup inf  \a -b|*
(aya)elx]® (By,b)e[y]"

= sup inf \|a -b|>
a e be[y]”

= dist ([x]% [7]%).

//”g;;lllll iy
i
i I//'/'fl,’,"’lllwfm\\\\\\\\\\\
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X

FIGURE 1: Membership function of z and a respectively.

We can prove that dist ([y]%, [x]*) > dist ([y]%, [X]*). There-
for,

oo (59) < dy (2. (24)

O

The fuzzy projection p € F(R") to a point p €
F(R™™) satisfies another important property of the projec-
tions. Namely, the projection p is the point that minimizes the

distance between the point p € F(R""™) and the set #(R"),
the latter set is considered as a subset of % (R™*"™).

Proposition 4. The fuzzy projection p in F(R") of p €
F(R™™) is such that

deo (p:p) = inf deo (p2). (25)

Proof. First, let us note the abuse of notation in the statement.
The term d_ (p,z) only makes sense because we can see
F(R") as a subset of #(R""™). Provided that [p]* ¢ R™"
and [p]® c R”, for x € R" and y = (y,, y,) € R"", we have

e = ol = lx = w2+ 1l (26)

since

dist (1pI", [p1") = sup_inf [y, x| + ||’

yelel R 27)
= sup |y,
ye[p]”
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FIGURE 2: Membership function of z and x, respectively.

Moreover, we have

dist ([P [p1%) = sup inf V[ x>+ [nml® (s
xe[p]" velr]

Now, since x € [p]% so, (x,z) € [p]” for some z € R, where
we have the inequality

dist (1p)% [p)*) = sup_inf 3y — x| + 5]
xe[ﬁ]aye[l’]
(29)

<zl < sup |y
ve[p]”

Thus, the Hausdorff distance between [p]* and [p]” in
this case is

dy ([p]% [P]") = max {dist ([p]*, [p]*). dist ([p]" [p]*)}

= dist ([p], [p]%).
(30)

Let ¢ € %(R") such that q#p. This implies that
[q]* # [p]%, for some « € [0,1]. Consequently, there y =
(y1,y,) € [p]” such that y, ¢ [q]” or exists z; € [q]” such
that z = (z,2,) ¢ [p]% forall z, € R™. Namely, z; ¢ [p]®.
For the first case, we have

Vi =1+ 1l > ] Q)
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for all x € [q]®. The second property follows directly from
the projection inequality

leo= 31 =Vl =l + 1l > el 32

forall y = (y;, »,) € [p]®. Thus in both cases we have to

dis ([pI"[a1") = sup_inf =1+ [l

;VG[P] xXe|p
> sup |y (33)
ye[p]”

= dist ([p]", [p]%).

Therefore, we have dp;([p]*, [q]*) = d([p]% [P]%). Thus,
we can conclude that, for all ¢ € F(R"),d (p.q) =
d,(p, p), which proves the assertion. O

We can also define fuzzy projections z € F(U x P) in
F(U) and F(P), where U ¢ R" and P ¢ R™. In this case,
the supremum in membership functions (8) and (9) is taken
on the sets P and U, respectively, and properties shown above
metrics remain valid.

We can also consider the projection 7r; : R" — R froma
point x = (x;,x,,...,x,) € R” in ith coordinate axis; that
is, m;(x) = x;. As shown before, the projection of Zadeh’s
extension 77; defines the application 77; : #(R") — F(R)
that we call for the ith fuzzy projection of F(R") on F(R).
Thus, given a point x € F(R), the ith fuzzy projection of x
on #(R) is a point x; with membership function given by

Auxi ((1) = i:_gﬂ#x (x) ‘ (34)

x;=a

Again, ifx = (a;, a,,...,a,) is defined by fuzzy Cartesian
product, then ith fuzzy projection of x € #(R") in #(R) is a
point a,. For simplicity, consider x € R* defined by

by (3, 9,2) = A (A (py (0,41, (9)) 5, (2)) . (35)

By the properties of t-norm, it follows that
A(A (g, (%) 11, () 1, (2)
< A (A (pg, ()11, () 1)

= Ay, (), 14, (7))

< Maz(y)’

forall x, y,z € R.
Thus, the second fuzzy projection x on F(R) is the point
x, where the membership function is

(36)

He, () = S0P 4 (37)

x,=a
For the previous inequality, we have

ty (@) = 21:”1;;4,((@ < phy, (@) (38)

X,=a
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Taking X and Z such that y, (x) = p, () = 1, equality is
attained in the supremum, and hence,
Hy, (@) = sup p, (x) = p, (a).
T e * (39)

X,=a

Induction proves the general case in which x € #(R").

Through expression (8), we can determine the a-levels of
fuzzy projection x € F(R") to a pointz € F(R™™). Indeed,
ifpu (x) = &, 50, y € R such that s, (x, y) > aso that (x, y) €
[z]®. The reciprocal is also true, because if y,(x, y) > «, then
by (8), p (x) > . Thus, we conclude that:

x € [x]" & (x,y) € [z2]* for some y € R™,  (40)

or
x]*={x e R": (x,y) € [z]"}. (41)

Since applying 7; is continuous, we can use the equality
(5) to show that the ith fuzzy projection x; € F(R) of x €
F(R") has a-levels:

[xi]a ={aeR:xe€[x] x;=a}. (42)

3. Projection of Fuzzy Solutions

3.1. Projection on the Coordinate Axes. Consider the flow ¢, :
U c R" — U generated by the autonomous equation

dx
E = f (.X), (43)

where (pgi) : U — R is the projection of the deterministic
flow ith coordinate axis; that is, ¢§’)(xo) is the ith solution

component ¢,(x,), or even gogi)(xo) is the solution of the
equation

dx; B
i fi(x), x(0)=x,. (44)

By applying Zadel’s extension to (pf), we have the applica-
tion @5‘7 : FU) - F(R) that for each x, € F(U) associates
the image (f)gi)(xo) € F(R). As in the deterministic case, we
show that the application §,(i) : F(U) — F(R) ia an ith
fuzzy projection to fuzzy flow ¢, : #(U) — F(U) on F(R).

Proposition 5. The application (ﬁgi) : FU) » F(R)isith
fuzzy projection of fuzzy flow @, : F(U) — F(U) on F(R).

Proof. Let x, € F(U). By definition, ith fuzzy projection

¢,(x,) on F(R) is the point x; = 7,(9,(x,)). Since the
projection is a continuous map, then it is worth

[x]" =7 (¢, ([x.]")) = {m: (9, (x,)) = x, € [x,]%}
={o? (x,) : x, € [x,]"} (45)
=} ([x,]%).

Then, [@Ei)(xo)]“ = [x;]% foralla € [0, 1] and the assertion
is proved. O

We showed in [3] that the equilibrium point x, determin-
istic flow ¢, : U — U depends on the initial condition
x, € U; then the equilibrium point for flow fuzzy ¢, :
F(U) — F(U) is obtained by Zadeh’s extension x, : U —
U. Let xii)(xo) be an ith coordinated of equilibrium point x,.
Similarly, we can prove that ith projected of the equilibrium
point fuzzy x, = X,(x,) € F(U) is the point X; = J?g)(xo) €
F(R) where 3?9 : FU) - F(R) is a Zadeh’s extension of
xi") :U — R.More briefly, forx, € #(U), the equality holds
following:

3 (x) = 29 (x) (x), (46)

where X; is ith fuzzy projection of the fuzzy equilibrium point
X,.

Consider just a few examples of the results presented
previously.

Example 6. The autonomous equation

E =%  x1(0) = xqp,

p (47)
X

d_t2 =-xp,  %,(0) = xq,,

determines the flow two-dimensional ¢, : R> — R? ¢, =
(91", 91, given by

@ (Xg15 Xg2) = Xg1 COSE + Xgpsent,
(48)
9P (Xg15 Xg2) = Xop COSE — X s€N £,

We have already shown in [3] that the fuzzy solution
9,(x,) this equation is periodic for any choice of initial con-
dition x, € F(R?). According to the previous proposition,
projections of fuzzy ¢, : FR?) — F(R? on F(R) are
obtained by taking extensions of components Zadeh (pil) and
91

Figure 3 shows the time evolution of the fuzzy projection
of ¢,(x,) on x and y, respectively. Take the initial condition
x, defined by the membership function.

¢y (x, y) = max {1 —(x-3)" - yz,O}. (49)

Example 7. Consider the epidemiological model SI defined
by equations

ds

—=-rSI, S0)=S§,6>0,

T 0)=5,

dl 50

EZT’SI, I(O)ZIO>0, ( )
S=1+N.

The solution of the model SI, defined by functions

1
1) _ o
Py (So’Io) = No <1 - I+ SoeNort > >
(51)
-N,I,

(2) _
(Pt (So’ Io) - Io + Soe_Nort’



FIGURE 3: Time course of ¢ (x,) and ¢”(x,), respectively.

converges to the equilibrium point x,.(S,,1,) = (0,S, + I,).
According to what is discussed in [3], for all x, € & (Ri),
the fuzzy solution @ converges to the equilibrium point fuzzy
X, = X,(x,).

According to the equality (46), projections of the equi-
librium point x, on the coordinate axis are obtained by
extension of Zadeh components x,. That is, the projections
are fuzzy, respectively, X; = X and X, whose membership
function is given by

Syt

Uz, I = St;p:IA“xo (So’Io) = Sl;p Mxo(smI - So) . (52)

By Proposition 5, fuzzy projections of fuzzy solution
9,(x,), on F(R), of model SI are obtained by extension of

Zadeh, the components (pil) and (pﬁz), given by

I
(1) -
A 50 =N (1 )

(53)
@ B N,I
Pt (Su’ Io) = W'
To illustrate, suppose the force infectionisr = 0.01, and we
take the initial condition x, € F(R?) defined by membership
function

by (S,»1,) = max {1 -0.01(S, - 80)* - 0.25(1, - 5), 0} .
(54)

Figure 4 shows the evolution of applications (ﬁgl)(xo) and
gﬁgz)(xo) with the time evolution. Note that ¢§1)(x0) converges
to X; = Xy Whereas (ﬁﬁz)(xo) converges to X, with the
membership f}unction given by (52).
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M (x,)

100

) (x,)

FIGURE 4: Time evolution of the fuzzy projection ,(x,) on the axes
S and I, respectively.

We also consider that the number of individuals in the
population is known, say N. In this case, the variables S
and R are related by equality S + I = N. Under this
assumption, the deterministic solution converges to the point
of equilibrium x,(S,,I,) = (0, N), and, therefore, the fuzzy
solution converge to the equilibrium point fuzzy x, xy,- In

this case, the projections g’bgl)(xo) and g’biz)(xo) converges to
X0} and x> respectively.

In Figure 5, we plot the projections of the fuzzy solution
¢,(x,), to the initial condition I, = 20 and S, given by fuzzy
set

nuxo(so’lo)
_ [max {1-0.01(8, - 80),0}, ifS,+1,=N, ©
o if S, +1,#N.

The graphical representation of fuzzy projections of this
work is established as follows: given an « € [0, 1], the region
in plan bounded by «-level (ﬁEo),T] (x,) is filled with a shade
of gray. If « = 0, then the region bounded by @EQ,T] (x,) is
filled with the white color, whereas if &« = 1, then the region
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FIGURE 5: Time evolution of the fuzzy projection ,(x,) on the axes
S and I respectively.

bounded by §{y ,(x,) is filled with black. Thus, the larger the
degree of membership of a point x, the darker its color.

4. Parameters and Initial Condition Fuzzy

In [2] the problem of uncertainty in the parameters of a given
autonomous equation is solved using the strategy to consider
such parameters as the initial condition of an equation with
dimension higher than the original. More precisely, given an
autonomous equation that depends on a parameter vector
P, € PCR”

dx

Z - f (x’ po) » x(0) = Xo (56)

define the equation,

dx
T f(xp), x(0)=x,
(57)

dp_ B
It =0, p(0)=p,

and thus, the parameter vector p, € P ¢ R"” now is a part
of the initial condition. Thus, Zadel’s extension ¥, : F(U x
P) —» F(UxP)totheflowy, : UxP — U xP generated by
(57) incorporates the uncertainties of initial conditions and
parameters of (56).

Once the solution ¢, : U x P — U generated by (56)
is continuous in the initial condition and parameters, Zadeh’s

extension @, : F(UxP) — F(U) of g,(x,, p) is well defined,
and according to (5), for ally, € (U x P) we have:

AN AGANE (58)

From the standpoint of applications, it is important to
know the flow behavior of the deterministic phase space U ¢
R" of (56) instead of space U x P ¢ R™" to (57), since the
flow components y, : U x P — U x P, that are P ¢ R"™, do
not have any additional information. It is worth noting that,
forall y, = (x,, p,), we have

P, (v, (5.) = P, (9, (X0, Po) > Po) = 9, (1) - (59)

Analogously to the deterministic case, we can also be
interested only in the fuzzy flow behavior y, : #(U x P) —
F (U x P) on the phase space (U). The fuzzy projections
defined at the outset of this work can then be used to obtain
the fuzzy flow behavior ¥, on the space #(U).

The following statement characterizes the relationship
between the projection of fuzzy ¥, on the space #(U) and
Zadeh's extension: ¢, : F(U x P) — F(U) is a solution of
(56).

Proposition 8. The application ¢, : F({U x P) — F(U),
given by Zadel's extension ¢, : U x P — U, is the fuzzy
projection of fuzzy flow ¢, : F(U x P) — F(U x P) on
FU).

Proof. Lety, € (U x P) and fix t > 0. To prove the claim,
it suffices to show that y is the fuzzy projection of ¥,(y,) of
F(U), theny = 9,(y,).

To simplify, let Im (¢,) be the image setof ¢, : U x P —
U. By definition, the membership function of ,(y,) is given

by

sup iy (x,p,) i x € I (),

(%05P0)
@,(%0po)=x (60)

0 if x ¢ Im (g,).

M‘?’t (o) (X) =

Lety € F(U) be the projection of ¥,(y,) on F(U). By
definition of fuzzy projection, the membership function of
y € F(U) is given by

py (x) = sp‘g M50 (5 ) (61)

Now, as ¥,(x,, p,) = (@,(x,5 Po)s Po)» 80, x € Im(g,) if
and only if (x, p) € Im(y,) for some p € P. So, for all
x € Im (¢,), the membership function of ,(y,) is

Mg,y (x,p)= sup

#y (x5, 7)
¥, (x,,9)=(x,p)

sup  py (%, %)

‘Pt(’;o:’JI;)Zx (62)

sup  py (X, p).
x,€U
%(’Cmp)=x
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FIGURE 6: (a) Evolution of ¥,(y,). (b) Evolution of fuzzy projection
of §,(y,)-

If x ¢ Im(g,),so, (x,p) ¢ Im(y,) forall p € P, and so,
U,y (5 P) = 0.

But the fuzzy projection of ¥,(y,) on F(U) has the
membership function

SUP 5,3, (x,p) =sup sup p (x,,p)

peP  x,€U
P (xo,p):x
(63)
= sup (%, p).
(x,P)
@ (x0p)=x

Now, by definition, the point §,(y,) € F(U) has the
membership function

by )= sup g (%)
?:(v0) e T 0 (64)
$i(xorp)=x
So, for all x € U, the value equality is as follows:
Hy (%) = sUp g ) (6 ) = tg0) (X)> (65)
peP
which proves the assertion. 0

The proof of the proposition can also be made through
the a-levels. In fact, we must show that

AAESACACH) (66)
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forally, € #(U x P) and t € R,. Using the continuity of
applications P, and vy,, we have

EACAAIN
=P, (7, ([v]")) = (P (9 (500)) : 3 € [x0)°}
= [P (@1 (x0r o) o)  (%or Po) € [¥0]"} (67)

= {(Pt (x5 Po) : (%0 o) € [Yo]a}
=@ ([YO]OC) >

for all @ € [0, 1]. The previous equality concludes the proof
proposition.

In contrast to [6, 7], when the equation depends on
parameters such as (56), the fuzzy solution proposed by fuzzy
Buckley and Feuring in [8] is obtained by Zadeh’s extension
flow deterministic ¢,(x,, p,,). This way, Proposition 8 ensures
that the solution of fuzzy Buckley and Feuring is the fuzzy
projection of the fuzzy solution proposed by [6, 7].

Consider that subjective parameters in (56) contributes
to an increase in uncertainty. Set a parameter p € P, and
given a fuzzy initial condition x,, the a-levels to the fuzzy flow
generated by (56) are the sets

9 (x)1 = {1 (%0, P) : %, € [x,]°} - (68)

On the other hand, if the a-levels of p, € F(P) contain p, so,
by Proposition 8, we have

(@ (%0 20)]" = {9, (x0> Po) : (% Po) € [%,]" % [po]"} -
(69)

So, we have

9 (x)]" < [@, (x> P,)]" (70)

Example 9. Consider the case where the parameter k, in the
equation

dx

— =Bk, —x 71

d t ( o ) ( )
is a fuzzy parameter. In the previous equation, the solution
¢, : R* — R, in terms of x, and k,, is given by

Ps (xo’ ko) = ko + (xo - ko) eiﬁt’ (72)

and thus the flow 2-dimensional v, : R* — R? for the
case in which the parameter is incorporated into the initial
condition, is given by

v, (xo’ ko) = (ko + (xo - ko) eiﬁt’ ko) . (73)

According to Proposition 8, Zadeh’s extension §, : #(R*) —
F(R) of ¢, is the projection of F(R) fuzzy flow ¥,
F(RY) — F(R?). To illustrate, consider Y, € F(R?). By
definition, we have

9. ([v]") = {9, (xor £0) = (x0 o) € Y]} (74)
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Moreover, the projection P, (¥,(y,)) has a-levels given by

(2, (7, (v)]"
=P, (v, ([vo]"))
= P, (, (%00 o)) : (%00 o) € [y5]°} (75)
= [P (9, (x> £0) » o)+ (%00 o) € [¥0]"}
= [ (%00 o) : (%0 20) € [vo]°}

from which we conclude that [ﬁn(t'ﬁt(yo))]“ = ¢,([y,]"), and
consequently,

P (, (v,)) = 9, (¥,)- (76)

For any initial condition y, € %(R?), we show that
Y, converges to the equilibrium points y, which is Zadel’s
extension y, : R> — R? given by y,(x,,k,) = (k,,k,). That
is, the equilibrium point y, has membership function

¢y (x,k) = min {X{k} (x), Sup piy, (xo,k)} . @)

In particular, if y, = (x,,k,) is the fuzzy cartesian product of
x, and k, € F(R), then the membership function in this case
is given by

py (6, k) = sup p (x,, k) = sup A (g (x,)» 4 ()
xo xo (78)

= (x)

when x = k and Hy. (x,k) = 0, when x #k.
The projection X € F(R) for this equilibrium point has
membership function

Ux (x) = sup Auye (x) k) = [’lko (X) > (79)
keR

and we have d_,(¢,(y,),X) — Oast — oo.
In Figure 6, we have the graphical representation of the
fuzzy solution v,(y,) and its fuzzy projection ¢,(y,).

5. Conclusions

In this paper, we define the concept of fuzzy projections and
study some of its main properties, in addition to establishing
some results on projections of fuzzy differential equations. As
we have seen, different concepts of fuzzy solutions of differ-
ential equations are related by fuzzy projections. Importantly,
by means of fuzzy projections, we can analyze the evolution
of fuzzy solutions over time.
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