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The problem of pth mean exponential stability and stabilizability of a class of stochastic nonlinear and bilinear hybrid systems
with unstable and stable subsystems is considered. Sufficient conditions for the pth mean exponential stability and stabilizability
under a feedback control and stabilizing switching rules are derived. A method for the construction of stabilizing switching rules
based on the Lyapunov technique and the knowledge of regions of decreasing the Lyapunov functions for subsystems is given. Two
cases, including single Lyapunov function and a a single Lyapunov-like function, are discussed. Obtained results are illustrated by

examples.

1. Introduction

The problem of stability and stabilization of dynamic systems
is one of the basic problems in the control theory. It is well
known that there are classes of control systems which cannot
be stabilized by a single feedback control [1]. In this case and
in the case of the hybrid control systems, switched controls
can assure the stability.

Liberzon and Morse in [2] mention that one of the
basic problems for dynamic systems is the construction of
stabilizing switching laws [1, 3-6]. It is known that if a
common Lyapunov function exists, then the hybrid system
is stable for any switching. In the absence of the common
Lyapunov function, stability properties of the hybrid system
in general depend on the switching signal, and in this case the
hybrid system is not stable for any switching rules but only
for the so-called stabilizing switching rules [1]. In this case,
more generally a single Lyapunov and a single Lyapunov-
like functions have been introduced [1, 3, 7]. Some results
for the linear stochastic hybrid systems are given in [8] and
for the nonlinear deterministic hybrid systems are given in
[9]. Recent results for the deterministic hybrid systems are
collected and summarized in [10].

In the present paper, ideas of a feedback control, proposed
by Florchinger for nonhybrid stochastic nonlinear control

systems [11, 12], are used and combined with the concept
of stabilizing switching rules for hybrid systems to derive
the results for the pth mean exponential stabilizability of
stochastic nonlinear and bilinear hybrid systems consisting
of unstable and stable structures. The authors propose also a
design method for stabilizing switching rules, which is based
on the knowledge of regions of decreasing the Lyapunov
functions for subsystems. Similar methods were used for
deterministic hybrid systems, for example, in [3, 6-8]. In this
paper, we extend them to stochastic hybrid case.

2. Mathematical Preliminaries

Throughout this paper, we use the following notation. Let | - |
be the Euclidean norm. By A(A) we denote the eigenvalue of
the matrix A, and A,;,(A) and A, (A) denote the smallest
and the biggest eigenvalues of the matrix A, respectively.
We denote by AT the transposition of matrix A. We mark
T = [ty00), ty = 0. Let 8 = (O, F {F o, P) be a
complete probability space with a filtration {#},., satisfying
usual conditions. Let w(t) = [w;(£),... ,wM(t)]T, t > 0, be
the m-dimensional standard Wiener process defined on the
probability space E. Let & = {1,..., N} be the set of states,
and let o(-) : [t;,00) — & be the stochastic switching rule.



We denote switching times as 7, 7,, . . . and assume that there
is a finite number of switches on every finite time interval.
We assume that processes wy, and o are both {#,},., adapted.
We say that a proper twice differentiable function V: %" —
R, =[0,00) is a Lyapunov function if V(0) = 0 and V(x) >
0, for any x #0.

Let us consider the stochastic hybrid system described by
the vector It6 differential equation

M
dx(6) = £ (x(6),t,0) dt + Y g (x (1), £,0) duwy (),
k=1 ¢Y)

(0 (t0)x(t)) = (09> %) »

where x € R" is the state vector and (0, X,) is an initial
condition, t € T. Functions f : " xTx & — X" and

e B xT xS — R are locally Lipschitz such that
vVl e &t € T£(0,t,1) = g(0,t,]) = 0,k = 1,..., M. The
local Lipschitz conditions together with these enforced on the
switching rule o ensure that there exists a unique solution to
the hybrid system (1).

For any twice differentiable with respect to x € %" and
once differentiable with respect to t € T function ¢(x,¢,1)
(i.e., p(x,1,1) € C*H (A" xTx &;[0,00))), the Ith process has
a generator & l(l) (the It6 operator for the Ith subsystem of the
system (1)) given in every structure by

3 (x,t,1)

a¢(xtl
S Zf"( 1)

V¢ (x,1,1) =

y,

*p (x,1,1)

1 n M .
+EZZ k(x,tl)gk(x,tl)m,

leS.
(2)

We use the following definitions.

Definition 1. The null solution x = 0 of the stochastic
differential equation (1) is said to be pth mean exponentially
stable, p > 0, if there exists a pair of positive scalars «, ¢ such
that

Y (X, 1) € R" x [0,00),

E [|x (t,xo,t0)|P] <cE [lX0|P] exp{—x(t—ty)}, t=>t,

(3)

where « is called the decay rate.

Definition 2. The hybrid system (1) is said to be stabilizable if
there exist a switching signal 0 : T — & and the associated
linear feedback control lawu : " xTx & — R™ such
that the hybrid system (1) is pth mean exponentially stable
for some p > 0.

Definition 3. A Lyapunov function V(x) ¢ CHRR,)
satisfying

vies, vx#0 £V (x)<0 (4)
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is called a common Lyapunov function for the hybrid system

1).

Note that it is a known fact that if there exists a common
Lyapunov function for the hybrid system (1), then the null
solution of (1) is asymptotically stable for any switching.

Definition 4. A Lyapunov function V(x) ¢ C*(%%;%,)
satisfying

Vx#0 L0V (x) <0 (5)

for some switching rule o is called a single Lyapunov function
for the hybrid system (1).

Lemma 5 ([13] (It6 formula)). If ¢(x,t,1) € C*YB" x T x
85[0, 00)), then for any switching times 0 < 7; < T, < 00,

E ¢ (x(r)),7,1)]

+E U L1 (x(s),s,1) ds
1 (6)

VieS E[p(x(r).m)] =

if the integrations involved exist and are finite.

Following the methodology introduced in [6], for deter-
ministic hybrid systems, we assume that the hybrid state
space is partitioned into regions (), / € &,and [ J;c ¢ O = Z".
We consider a special class of switching rule %" given by

SW={o:(c(t) =)= (x(t) eQ), leS}. ()
Note that a switching rule 0 € %" given by (7) is a stochastic
switching rule because of its dependence on the stochastic
process x(t). Our aim is to find a special partition €); defined
by (7) such that every switching rule 0 € S% is a stabilizing

switching rule for a considered class of stochastic hybrid
systems.

3. Stability of Nonlinear Stochastic
Hybrid Systems

First, we study the problem of the stability of the nonlinear
stochastic hybrid system (1). Two cases, single Lyapunov and
single Lyapunov-like functions, are considered.

3.1. Single Lyapunov Functions. We formulate a theorem
which establishes sufficient conditions for the pth mean
exponential stability of the nonlinear hybrid system (1).

Theorem 6. If the following conditions hold:

(1) there exist a Lyapunov function V : " — R, and
positive constants C;.., C,.. such that

max

CoinlXl” <V (%) < Craelxl?,  p >0, (8)
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(2) there exists a Lebesgue-measurable functionx : T —
(0, 00) such that

UQI = R", where
les

Q={xe R":VteT L'V ()<« ()V (@} forles.
©)

Then the null solution x = 0 of the stochastic hybrid system (1)
is pth mean exponentially stable under the stabilizing switching
rulecy € SW.

Proof. From assumptions for the Lyapunov function V :
R" — R, we obtain

Cmmlxlp <V(x)< CmaX|X|P, p>0, (10)

E [gfjsjv ®)] <« OEV ®)]. a1)

From (11) and the It6 formula 6, we obtain

E[V(x)]=E[V(x)]+E “: OV (x (s))ds]
o (12)
SE[V (o) - [ xOEV &©)]ds

)

and by Gronwall’s inequality

E[V(x)] < E[V(x,)] exp (— L x (t) ds>. (13)

Now from (10) and (13), we obtain the following inequality:

C t
E[lx()f] < %E [|XO|P] exp (— J x (t) ds) , p>0.
min ty
(14)
Hence, the thesis follows. ]

Notice that function V is a single Lyapunov function for
the hybrid system (1).

3.2. Single Lyapunov-Like Functions. In the case when condi-
tion (2) of Theorem 6 is not satisfied, then one can look for
a single Lyapunov-like function. We assume in this case that
the hybrid state space is partitioned into regions (; and [ € §,
which can be separated into two disjoint subregions: a stable
subregion ()] and an unstable region (%, ] € & (the upper
scripts “s” and “us” denote stable and unstable regions, resp.)
that is,
Q=QuQf, QNnQPt=0. (15)

Let us denote by T the sum of time intervals of the
residence of the system (1) in the regions ()}, I € &, and by
T,s the sum of time intervals of the residence of the system
(1) in the regions ()", [ € &.

In this case we cannot construct a single Lyapunov
function, but we can look for a single Lyapunov-like function
defined as follows.

Definition 7. A Lyapunov function V(x) € CHR", R L) s
called a single Lyapunov-like function if there exist positive
constants x, and «, such that

-x,V (x) forxe Q;(t))

FYV(x) <
oV (%) KV (x) forx € Q(';?t),

(16)

for some switching rule o.

Using this definition, the following theorem can be
formulated.

Theorem 8. Let one assume that the following conditions hold:

(1) there exist a Lyapunov function V(x) € C*(R"; R,)
and positive constants C,;,, C,.« Such that

min> ~max

CoinlXl” <V (%) < Croelxl?,  p >0, 17)

(2) there exist Lebesgue-measurable functions x, : T —
(0,00) and ks : T — (0, 00) such that partition (15)
satisfies the conditions

UQI = R", where
les

Q) ={xeR" :VteT 'V (@) <—x,(t)V ()} forleS,

QP ={xeR" :vteT LV ®) <k, (OV @)} forles,
(18)

(3) there exists a Lebesguemeasurable functionx : T —

(0, 00) such that T + 0, where

T = {0’ X y/4 :J [1645 () +x (5)] dsSJ [x, (s)—% (s)] ds} .
: S (19)

Then the null solution x = 0 of (1) is pth mean exponentially
stable under the stabilizing switching rule oy € 7.

Proof. From assumptions for o, € S/, it follows that
E[V®)]<E[V(x)]exp (J Ky (8) ds — J K (s) ds) .
TLIS T>
(20)

Let us consider the switching strategy o, € J described by
(19). Then we obtain

t
E[V(x)]<E[V(x)]exp (— L x (s) ds> (@

Further proof is similar to the proof of Theorem 6. Hence, the
thesis follows. O

Notice that function V is a single Lyapunov-like function
for the hybrid system (1).



Example 9. Let us consider a special case of the system (1)
with the two subsystems (& = {1, 2}) given as follows:

dx (t) = [A (0)x () + £ (x,0)] dt + G (0) dw (£),

22)
(0 (ty),x(ty)) = (00,%y) € S x A",
where
218 2 -1.905 4
A= [ -4 —2.82] A= [ -2 1.095]’
0 0
f X,l = 5 f X)2 = >
Go 1) [fz (x2>1)] (.2) [fz (xz,Z)]
(0.8x, -0.2  for x, < —1,
fr(x,1) = {x, for x, € [-1,1],
[0.8x, + 0.2 for x, > 1,
(0.9x, 0.1 for x, < —1,
£ (x5,2) = {x, for x, € [-1,1],
[0.9x, +0.1  for x, > 1,
02 0 0.1 0
G(l)‘[o 0.2]’ G(z)‘[o 0.1]'
(23)

Let us consider the Lyapunov function V(x) = x'x. Since
0 < fr(x5,Dx, < xz,l— 1,2, then

$§22)V (x) =2.2x7 - 2x,x, — 2.8%5 + f(x, 1'x
< -08(x] +x3) for
Q) = {xe R (%, +3x;) (%7 — x,) 30}’
LIV (x) = -1.9x7 + 2x,x, + L1x2 + f(x,2)'x
< -0.8(x} +x3) for
Q) = {x € B —11x} + 22, + 2.9, < 0},
LV (x) = ~1.9x] + 2x,%, + L1x) + f(x,2)"x
<1.1(x} +x3) for

Q) = {xe R (x, +3x;) (%, — x7) sO}\(Qi uQ;).

(24)
Note that | J;. ¢ ; = %° and functions x, and «, are constant
and are given as follows k, = 0.8, x,, = 1.1.
Condition
Tos (57K 061 (25)
T, ~ Ky +K

is satisfied for ¥ = 0.08. Exemplary simulations are shown in
Figures 1, 2, and 3.

From Theorem 8, it follows that V(x) = x'x is the
single Lyapunov-like function for the system (22), and it is
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exponentially stable in mean square with a decay rate x = 0.08
for the switching strategy o, € J given by

5. (%) = {1 if x(t) € Q,

2 if x(t) € Q,. (26)

4. Stabilizability of Stochastic Hybrid Systems

In this section, we discuss the stabilizability problem of
the stochastic nonlinear and bilinear hybrid systems. We
formulate sufficient conditions for the pth mean exponential
stabilizability, and we find a control of feedback form for the
considered class of systems.

4.1. Stabilizability of Nonlinear Stochastic Hybrid Systems. Let
us consider the stochastic control hybrid system described by
the vector It6 differential equations

P
dx (t) = £, (x(t),t,0) dt + ) u; (x,1,0) f; (x (1) ,1,0)

i=1

¥ (27)
+ Y g (x(t).1,0) dwy (1),
k=1
(o (o) x(to)) = (90, %p) »
where x € %" is the state vector, u = [”1’~-->um]T is a

measurable " —a real-valued control vector law, (¢, %,) €
& x X" is an initial condition, and ¢ € T. Functions f; :
R'xTxS8 — %"andgk R xT xS — R are the
locally Lipschitz, £;(0,¢,1) = g.(0,t,]) = 0,Vl ¢ &, t € T,
i=0,....,m k=1,...,M.

The local L1psch1tz condition together with these
enforced on the switching rule o ensures that there is a
unique solution to the hybrid system (27).

The aim of this part of the paper is to establish sufficient
conditions under which one can design a state feedback
control law so that the null solution x = 0 of the stochastic
hybrid control system (27) is pth mean exponentially stable.
We extend the results of Florchinger for the stochastic non-
hybrid systems [11, 12] to the hybrid systems. Some results for
asymptotic stability and stabilizability for the hybrid system
(27) with Markovian or any switchings under a feedback
control have been proposed in [14].

We introduce the following notation of operators L; and

Lyled& i=1,...,mford(x,t,]) e C*'(R"xTx &R, ):
(x,tl) “ a (x,tl)
Ll¢ (X, t, l) = ¢ Zfo X, > (/)
p=1 Xu
1& & % (x,1,1)
- 4 )t)l , at)l - 4
+2r;1];gk 51 g (. 1.1) 0x,0x
t,1
¢>(x,tl)—Zf“( tl)a¢(x ) il mles
p=1 Fu

(28)
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(a) Unstable path of the system (22) for = 1
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(b) Unstable path of the system (22) for [ = 2

FIGURE 1: Trajectories of the subsystems of (22).

X2

V(x(1))

(a) Stable path of the hybrid system (22) with stabilizing
switching o given by (26)

1 2 3 4 5

(b) Lyapunov function V = x x for the hybrid system (22)

FIGURE 2: Trajectories of the hybrid system (22).

Then, the following stabilization result for the control
hybrid system (27) holds.

Theorem 10. Suppose that the following conditions hold:

(1) there exist a Lyapunov function V(x) € CHRR,)
and positive constants C;.., C,.. such that

CoinlXl” V() < Cpulxl?,  p>0, (29)

min

(2) there exists a Lebesgue-measurable functionx : T —
(0, 00) such that partition determined by (7) satisfies
conditions

UQI = R", where
les

Q={xeR":VteT LV{E <-x{t)VX)} forleS.

(30)

Then the controllawu : B"xTx & — R™ given as follows:
wxt)=-LVX, i=12...mle§ (3
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FIGURE 3: Stable path of the hybrid system (22) with stabilizing switching 7, given by (26).

together with the stabilizing switching rule oy € SW renders
the null solution of the stochastic hybrid system (27) the pth
mean exponentially stable.

Proof. Applying the infinitesimal operator Z defined by (2)
to the hybrid system (27), we find that

Vies ZPVx)=LV®-Y(LV®)
i1 (32)
<-k({t)V(x), forxeQ.
Now the thesis follows from Theorem 6. O

We can formulate a more general theorem in a case when
a Lyapunov-like function exists as follows.

Theorem 11. Suppose that the following conditions hold:

(1) there exist a Lyapunov function V(x) € C* (%™, R.)
and positive constants C;, C,. ... such that

min> ~max

C..lxP <V <C p >0, (33)

max|xlpr

(2) there exist Lebesgue-measurable functions x; : T —
(0,00) and ks : T — (0, 00) such that partition (15)
satisfies conditions

UQI = R", where
les

Qj={xe%" :VteT LV (x)<—x,()V (x)} forleS,

QF ={xeR":VteT LV (X) <k, )V (X)} forles,
(34)

(3) there exists a Lebesgue-measurable functionx : T —
R, such that T + 0, where

9‘2{06&%:1 [16,5 (8)+x (5)] dssj [x, (5)—K(s)]ds}.
T, T,
(35)

Then the controllawu : " x T x & — R™ given as follows

w,(xt0)=-LV(x), i=12...,m (36)

together with the stabilizing switching rule o € I renders the
null solution of the stochastic hybrid system (27) the pth mean
exponentially stable.

Proof. The thesis follows from Theorem 8. O

4.2. Stabilizability of the Bilinear Hybrid Systems. Let us
consider a special class of the system (27) given by a bilinear
stochastic hybrid system as follows:

M
dx(t)=|A (o (t))x (t)+zui (x(),0 () C; (o (1) x(t)|dt
i-1

M
+ ) By (0 (1) x (t) duwy (1),
k=1

(0 (), x(t)) = (00, %),

(37)

wherex € #" is the state vector, u = [u,,...,u,,])" € B, u; :
R"'x S — R, is the control vector, t € T, (0, %) € & X R"
is an initial condition, and A(I), C;(I), B, (I), i = 1,...,m, k =
1,..., M are for every | € & constant matrices of dimension
nxn.

For this particular case, we can combine the above results
with the theorem given by Mao [15] for the stochastic linear
systems and formulate the theorems which can be obtained
directly from Theorems 10 and 11. Sufficient conditions for
the pth mean exponential stabilizability for the linear hybrid
systems are formulated in [16].

Operators (28) reduce to the following ones:

Lip(x1) = x AT (1) Vo (x,1)

bt (B () xx"BL () V29 (x. 1)),
2 (38)

le s,

LxD)=x'Cl ()Ve(xD), i=1....,m e,

where Vé(-,q) and V*¢(-,q) denote gradient and Hessian of
the function ¢(:, q), respectively.
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Theorem 12. Suppose that there exist symmetric positive
definite matrix H, constant o, and positive constants a,, o,
such that the following conditions are satisfied:

UQI = R", where
les

1 M
Q= {x e %" x"AT () Hx + EZXTB{ ()HB, () x
k=1
< ocleHx A (xszHx

M
< XTHZBk Hx

k=1

< oc3xTHx]> les.
(39)

Then controlu: " x & — R™ of a form

) p/2)-1

u; (x,l):—p(xTHx( xTCiT(l)Hx, i=1,2,....,m, leS

(40)

together with the stabilizing switching rule o € SW makes
the hybrid system (37) the pth mean exponentially stable for

() 2 < p < 2+2la /() ifa; <0,
(b) 0 < p<2-2a/(a)” if0< ) <.

Proof. The thesis of the theorem follows from Theorem 10.
Let us choose a Lyapunov function of a form

2
V(x) = (xTHx)(P/ ), p>0. (41)
Notice that V satisfies assumption (1) of Theorem 10 for
Coin = )Lg:i/j)(H) and C,,, = /\%i)(H). Then using
assumptions (39), we obtain

VieS LVE<-«xV(x) x>0 forxe(;, (42)

where

.

P<|061|—(§—1>(x§>V(X), for 2< p<2+ 2 ey |

2 bl
“3)

«, <0,

p(—a1—<§—l)a§>V(x), for 0< p<2 —(2L;2,
o)
0<a; < (a)
(43)

From Theorem 10, it follows that the control chosen as
follows:

u; (x,1) = —L"IV (x) = —p(xTHx)(P/Z)_leCiT () Hx, )
44

i=1,2,....m le§

together with the stabilizing switching rule o, € §% makes
the system (37) the pth mean exponentially stable for

() 2 < p<2+2lal/(a;)* ifa; <0,
(b) 0 < p<2-20/(a)”if0< ) <.

7
Hence, the thesis follows. O
Notice that function V(x) = (x'Hx)?? is a single

Lyapunov function for the hybrid system (37). See [16] for the
details of the proof.

Remark 13. In a particular case of p = 2, we obtain the
following criterion.

Criterion 14. Suppose that there exists a symmetric positive
definite matrix H such that

UQI = %", where
les

M
Q= {x e " :x'AT() Hx+%ZxTBZ () HB, (l)x<0]> :
k=1
les.
(45)

Then the controlu : " x & — R of a form
u;(x0)=-2x'Cl ()Hx, i=1,2,....m [ eS8 (46)

together with the stabilizing switching rule o, € S%
exponentially in mean-square stabilizes the bilinear hybrid
system (37).

We formulate now a more general theorem which for-
mulates sufficient conditions of pth mean exponential stabi-
lizability for the stochastic bilinear hybrid system (37) in a
case when a single Lyapunov-like function exists. Exemplary
simulations are shown in Figures 4 and 5.

Theorem 15. Suppose that the following conditions are satis-
fied:

(1) there exist symmetric positive definite matrix H, con-
stants oy, ", and positive constants o, o such that

UQI = R", where
les

M
o = {x e A" :x"HA () x + %ZXTB{ () HB, (1) x
k=1

T 2 T
<ox Hx, o] < (a,)” Aa,x Hx

<

M
xTHZ B, (I)x
k=1

< (x3xTHx]> led,
us n s T T
Q= {xe% roux Hx<x HA(Dx
LM
*3 ZXTBZ (DHB, () x < oc‘fsxTHx, Aayx” Hx

k=1

M
< XTHZBk Hx

k=1

< oc3xTHx]> les,

(47)
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V(x(©)

(a) Trajectory of the hybrid system

2.5 3 35

(b) Trajectory of the Lyapunov function

FIGURE 4: Simulation of the hybrid system (53) with stabilizing switching o = o, for p = 1.

(q(®), x(1))

q(t)

x,(t) t

I

\>é/_/ 15 2 25 3 35

x,(t)

FIGURE 5: Simulation of the hybrid system (53) with stabilizing
switching o = g, for p = 1.

(2) there exists constant k > 0 such that T + 0, where

9]:{0'65‘%:&3 KS_K}
T, Ky T K
) o
p(|(x§—(£—1)a§> dla2£p<2+2| 1|2,
2 (0‘3)
a, <0,
K. = 3 s

»

p(—ai—(%—l)ag) dlao<p<2—2L

(0‘2)2 ’

0<a <(a)’

dla 0<p<2, a>(a,)".
(48)

- 1>oc3> dla p>2, o)°>0,

Then the controlu : " x & — R™ of a form

(p/2)-1 .
Pl2) xTC;F(l)Hx, i=1,2,....,m, le§

(49)

u; (x,1)=— p(xTHx)

together with the stabilizing switching rule o € I makes the
hybrid system (37) the pth mean exponentially stable for

() 2 < p <2+2]al/(as) ifal <0,
(b) 0 < p<2-2a&/(ay)” if0 <& <.

Proof. The thesis follows from Theorem 11. Let us choose a
Lyapunov function as follows:

V(x) = (XTHX)(p/Z), p>0. (50)

Function V satisfies assumption (1) of Theorem 11 for C,;,, =

min

AP (H) and €, = APP(H).
Furthermore,
LV < -x,V (x), forxeQ, (51)
! Tk V (x), forxe

Since condition (51) is satisfied, assumption (2) of Theorem 11
also holds. Assumption (3) of Theorem 11 follows directly.
Now using Theorem 11, we obtain that controlu : " x & —
R can be chosen as follows:

u; (x,1) = —LilV (x) = —p(xTHX)(p/Z)ileCIT () Hx, 52)
i=12,....m le&.

Hence, the thesis follows. O

Notice that function V(x) = (xTHx)(P 2 s a single

Lyapunov-like function for the hybrid system (37). See [16]
for the details of the proof.
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TABLE 1: The relationship between the theorems proposed in the paper.
p-stability of non-linear hybrid p-stabilizability of non-linear p-stabilizability of bilinear
systems hybrid systems hybrid systems

Single Lyapunov function Theorem 6 & Theorem 10= Theorem 12
Single Lyapunov-like function Theorem 8 & Theorem 11= Theorem 15
Example 16. Let us consider a special case of the hybrid  together with stabilizing switching rule o, given by
system (37) given as follows:

dx () = [A(0 ()X () + 1, (0 (£),x() C, (o () x(£) o (6= {1 sy XM, (58)

2 gdyx(t) € Q,,

+u, (0 (1), x () C, (0 (1)) x ()] dt
+B (0 () x(t)dw(t),

(0 (0),x(0)) = (g, %),

(53)
where
A= [_9'32 —04.102]’ M= [—01 g]
G )= [—12 8]’ B(1) = [062 o(.)z]’
(54)
[0 3] e[
¢ = [8 (1)] B(@) = [061 0(.)1]

We study the problem of the pth mean exponential stabiliz-
ability for the hybrid system (53) for p € (0, 2). We look for a
control vector of a form

wSEXR - R, u= [ul,uz]T. (55)

Let us choose the Lyapunov function of a form V(x) = x"x.
Then regions ), I € &, are given as follows:

0, - {xegzz:xT [A(l)+%BT(1)B(1)]x§0}

={xe%2:x1xzso},

Q,=1xe & :x" [A(Z) + %BT (2)13(2)] X < o} (56)

:{xeﬁzlexzzo}

O, uQ, =%

Condition (39) of Theorem 12 is satisfied for «; = 0. Function
V(x) =x'xisa single Lyapunov function for the system (53).
From Theorem 12, it follows that the control

u(l,x) = [—p(xTHx)(p/Z)ilxlxz,
_‘D(XTHX)(P/ZP1 (xf - 2x1x2) ]

u(2x) = [_p(XTHX)(p/z)—l (x§ ~ xf) , _p(XTHX)(P/Z)ﬂx;]
(57)

exponentially pth mean, stabilizes the system (53) for p €
(0,2).

5. Conclusions

In this paper, nonlinear and the bilinear hybrid systems
parametrically excited by a white noise, consisted of unstable
and stable subsystems the described by the Itd stochastic
differential equations, have been analyzed. To find sufficient
conditions for the pth mean exponential stability and stabi-
lizability, the Lyapunov function techniques and the hybrid
control theory have been used. We have found the control of a
feedback form, which is a generalization of a feedback control
proposed by Florchinger for the nonhybrid systems [11, 12],
and the stabilizing switching rule, which is constructed on
the basis of the knowledge of the regions of decreasing of the
Lyapunov functions for subsystems.

Results for the asymptotic stabilizability under a feed-
back control of the stochastic nonlinear and bilinear hybrid
systems with Markovian or any switching rule have been
discussed in [14] and for the pth mean exponential stability
and stabilizability of the stochastic linear hybrid system in [4,
16]. The obtained results have been illustrated by an example.

The proposed criteria of the pth mean exponentially
stability and stabilizability can be generalized to the hybrid
systems parametrically excited by Gaussian colored and non-
Gaussian noises.

The presented results cannot be compared because they
relate to different systems, class. For some class of systems
stability conditions obtained using single Lyapunov func-
tion approach are the same as those obtained using single
Lyapunov-like function approach, while for a wide class of
systems, for which Lyapunov-like functions can be used,
generally we cannot use single Lyapunov functions. The
relationship between the obtained results can be summarized
in Table 1.
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