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We introduce a new iterative algorithm for finding a common element of a fixed point problem of amenable semigroups of
nonexpansive mappings, the set solutions of a system of a general system of generalized equilibria in a real Hilbert space. Then, we
prove the strong convergence of the proposed iterative algorithm to a common element of the above three sets under some suitable
conditions. As applications, at the end of the paper, we apply our results to find the minimum-norm solutions which solve some
quadratic minimization problems. The results obtained in this paper extend and improve many recent ones announced by many

others.

1. Introduction

Throughout this paper, we denoted by R the set of all real
numbers. We always assume that H is a real Hilbert space
with inner product (:,-) and induced norm || - || and C is a
nonempty, closed, and convex subset of H. P denotes the
metric projection of H onto C. A mapping T : C — C'is
said to be L-Lipschitzian if there exists a constant L > 0 such
that

[Tx-Ty| <L|x-y|, Vx,yeC. (1)

If 0 < L < 1, then T is a contraction, and if L = 1, then T is
a nonexpansive mapping. We denote by Fix(T') the set of all
fixed points set of the mapping T’ that is, Fix(T) = {x € C :
Tx = x}.
A mapping F: C — H is said to be monotone if
(Fx - Fy,x-y) >0, Vx,yeC. (2)

A mapping F : C — H is said to be strongly monotone if
there exists # > 0 such that

(Fx-Fy,x=y)znlx-y[’, ¥xyeC. ()

Let o : C — R be a real-valued function, ® : Cx C —
R an equilibrium bifunction, and ¥ : C — H a nonlinear
mapping. The generalized mixed equilibrium problem is to find
x* € C such that

Yy €C,
(4)

O(x"y)+o(y) - (x")+(¥x",y-x7) 20,

which was introduced and studied by Peng and Yao [1]. The
set of solutions of problem (4) is denoted by GMEP(®, ¢, ¥).
As special cases of problem (4), we have the following results.

(1) If ¥ = 0, then problem (4) reduces to mixed equilib-
rium problem. Find x* € C such that

O(x"y)+e(y)-¢(x)20 VyeC (5

which was considered by Ceng and Yao [2]. The set of
solutions of problem (5) is denoted by MEP(®).

(2) If ¢ = 0, then problem (4) reduces to generalized
equilibrium problem. Find x* € C such that

O(x",y)+(¥x",y-x") >0, VyeC, (6)



which was considered by S. Takahashi and W. Taka-
hashi [3]. The set of solutions of problem (6) is
denoted by GEP(®, V).

(3) If ¥ = ¢ = 0, then problem (4) reduces to equilibrium
problem. Find x* € C such that

®(x",y)=0, VyeC. (7)

The set of solutions of problem (7) is denoted by
EP(0).

(4) If ® = ¢ = 0, then problem (4) reduces to classical
variational inequality problem. Find x™ € C such that

(x*,y-x")>0, VyeC. (8)

The set of solutions of problem (8) is denoted by
VI(C, ¥). It is known that x* € C is a solution of the
problem (8) if and only if x™ is a fixed point of the
mapping Po(I — AY), where A > 0 is a constant and I
is the identity mapping.

The problem (4) is very general in the sense that it includes
several problems, namely, fixed point problems, optimization
problems, saddle point problems, complementarity prob-
lems, variational inequality problems, minimax problems,
Nash equilibrium problems in noncooperative games, and
others as special cases. Numerous problems in physics, opti-
mization, and economics reduce to find a solution of problem
(4) (see, e.g., [4-9]). Several iterative methods to solve the
fixed point problems, variational inequality problems, and
equilibrium problems are proposed in the literature (see, e.g.,
[1-3,10-18]) and the references therein.

LetA,, A, : C — H betwo mappings. Cengand Yao [12]
considered the following problem of finding (x*, y*) e CxC
such that

G, (x*,x)+(A2y*,x—x*>+%<x* -y x-x") >0,
2
Vx € C,
* * * 1 * * *
G () + (AT y =y )+ - O -xTy=yT) 20,
1

Vy € C,
)

which is called a general system of generalized equilibria,
where A, > 0 and A, > 0 are two constants. In particular,
ifG, =G, =Gand A, = A, = A, then problem (9) reduces
to the following problem of finding (x*, y*) € CxC such that
* * * 1 * * *
G(x",x)+(Ay",x—x )+)L—(x -y x-x") >0,
2
Vx € C,
* * * 1 * * *
GOy (AT y =y + - -xTy=y7) 20,
1

Vy e C,
(10)
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which is called a new system of generalized equilibria, where
Ay > 0and A, > 0 are two constants.

IfG, =G, =0,A, = A, = A and x* = y", then
problem (9) reduces to problem (7).

If G, = G, = 0, then problem (9) reduces to a general
system of variational inequalities. Find (x*, y*) € C x C such
that

(MAyY +x" =y, x-x") >0, VxeC,
11
MA X" +y" =x",y-y") =0, VyeC, w
where A, > 0and A, > 0 are two constants, which is
introduced and considered by Ceng et al. [19].

In 2010, Ceng and Yao [12] proposed the following relaxed
extragradient-like method for finding a common solution
of generalized mixed equilibrium problems, a system of
generalized equilibria (9), and a fixed point problem of a k-
strictly pseudocontractive self-mapping S on C as follows:

Zy = Siy,@)q)) (xn - rn\Pxn) >
In = S,(\;: [Siz (2, = A,4,2,) - /\1A1Siz (2, - AZAZZH)] >
Vn 2 0,

Xn+1 = KU + ﬁnxn + YnVn + 8nSyn’
(12)

where ¥,A,A, : C — H are a-inverse strongly mono-
tone, &, -inverse strongly monotone, and &,-inverse strongly
monotone, respectively. They proved strong convergence of
the related extragradient-like algorithm (12) under some
appropriate conditions {w,}, {$,}, {y,}, and {6,} < [0,1]
satisfying o, +f3,+7,+6, = 1, foralln > 0, to X = P, X, where
Q = Fix(S) N GMEP(®, ¢, ¥) n Fix(K), with the mapping
K :C — C defined by

Ko = 31 [T (x = A A,%) = L A, ST (x - 1,4,%)],
Vx € C.
(13)

Very recently, Ceng et al. [11] introduced an iterative method
for finding fixed points of a nonexpansive mapping T on a
nonempty, closed, and convex subset C in a real Hilbert space
H as follows:

Xp1 = Po[o,yVx, + (I — a,uF) Tx,], VYn=>0, (14)
where P is a metric projection from H onto C, V is an
L-Lipschitzian mapping with a constant L > 0, and F
is a k-Lipschitzian and #-strongly monotone operator with
constants ,7 > 0 and 0 < i < 21/«*. Then, they proved that
the sequences generated by (14) converge strongly to a unique
solution of variational inequality as follows:

((WF=yV)x",x" —x) >0, VxeFix(T). (15)
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In this paper, motivated and inspired by the previous
facts, we first introduce the following problem of finding
(x7,%5,...,xy) € CXxCx---xC such that

Gar (%15 x1) + (Ao Xy = x7)

1
+— (x] —xpp X — %) 20,

" Vx, € C,

Gy (3 x0r) + (Ap1 X015 Xp = X))

* * *
(Xpp = Xppp Xap — Xpp) 20, Voxp €C,

Ay

*

1
G (%3, %x3) + (Ayx5, %3 — x3) + T (x5 = x5, %3 = x3) 20,
2

Vx; € C,
* * * 1 * * *
Gy (%3, %) + (A x], %, — x5 ) + 1 (x; —x(,%,-x;) 20,
1
Vx, € C,
(16)

which is called a more general system of generalized equilibria
in Hilbert spaces, where A; > 0 for alli € {1,2,...,M}. In
particular, if M = 2, x; = x", x; = ", x; = x, and
x, = y, then problem (16) reduces to problem (9). Finally,
by combining the relaxed extragradient-like algorithm (12)
with the general iterative algorithm (14), we introduce a new
iterative method for finding a common element of a fixed
point problem of a nonexpansive semigroup, the set solutions
of a general system of generalized equilibria in a real Hilbert
space. We prove the strong convergence of the proposed
iterative algorithm to a common element of the previous
three sets under some suitable conditions. Furthermore, we
apply our results to finding the minimum-norm solutions
which solve some quadratic minimization problem. The main
result extends various results existing in the current literature.

2. Preliminaries

Let S be a semigroup. We denote by £ the Banach space
of all bounded real-valued functionals on S with supremum
norm. For each s € S, we define the left and right translation
operators I(s) and r(s) on £°(S) by

(& NH®=fst), (r&fH®O)=fs), (17

foreacht € Sand f € £%°(S), respectively. Let X be a subspace
of £%°(S) containing 1. An element y in the dual space X* of
X is said to be a mean on X if ||ul| = pu(1) = 1. It is well known
that y is a mean on X if and only if

insff(s) <u(f) <supf(s), (18)
s€ seS

for each f € X. We often write y,(f(t)) instead of u(f) for
peX and f € X.

Let X be a translation invariant subspace of £7°(S) (i.e.,
I(s)X ¢ Xandr(s)X c Xforeachs € S) containing 1. Then, a
mean y on X is said to be left invariant (resp., right invariant)
it u(l(s)f) = u(f) (resp., u(r(s)f) = u(f)) foreach s € S
and f € X. A mean y on X is said to be invariant if y is
both left and right invariant [20-22]. S is said to be left (resp.,
right) amenable if X has a left (resp., right) invariant mean.
S is a amenable if S is left and right amenable. In this case,
£°°(S) also has an invariant mean. As is well known, £°°(S) is
amenable when S is commutative semigroup; see [23]. A net
{u,} of means on X is said to be left regular if

lim 17 o = | = 0, (19)

for each s € S, where I is the adjoint operator of I..

Let C be a nonempty, closed, and convex subset of H. A
family & = {T'(s) : s € S} is called a nonexpansive semigroup
on C if for each s € §, the mapping T'(s) : C — Cis
nonexpansive and T'(st) = T (ts) for each s,t € S. We denote
by Fix(&) the set of common fixed point of §; that is,

Fix (&) = [ Fix (T (s)) = [ |{x € C: T (s) x = x}. (20)

seS seS

Throughout this paper, the open ball of radius r centered at 0
is denoted by B,, and for a subset D of H by co D, we denote
the closed convex hull of D. For € > 0 and a mapping T :
D — H, the set of e-approximate fixed point of T' is denoted
by F.(T, D); that is, F.(T,D) = {x € D : |x - Tx|| < €}.

In order to prove our main results, we need the following
lemmas.

Lemma 1 (see [23-25]). Let f be a function of a semigroup
S into a Banach space E such that the weak closure of { f(t) :
t € S} is weakly compact, and let X be a subspace of £°(S)
containing all the functions t — (f(t),x") with x* € E".
Then, for any u € X", there exists a unique element f, in E
such that

(fox") = (f®),x"), (1)

forall x* € E*. Moreover, if p is a mean on X, then
Jf(t)dy(t)ea{f(t):tes}. (22)

One can write fﬂ by I f@)du(t).

Lemma 2 (see [23-25]). Let C be a closed and convex subset
of a Hilbert space H, § = {T(s) : s € S} a nonexpansive
semigroup from C into C such that Fix(8)+0, and X a
subspace of € containing 1, the mapping t — (T(t)x, y) an
element of X for each x € C and y € H, and y a mean on X.

If one writes T (u)x instead ofj T,xdu(t), then the follow-
ing hold:

(i) T(p) is nonexpansive mapping from C into C;
(ii) T(pu)x = x for each x € Fix(8);
(iii) T(u)x € co{T,x : t € S} for each x € C;



(iv) if u is left invariant, then T(u) is a nonexpansive re-
traction from C onto Fix(&).

Let H be a real Hilbert space with inner product (:,-)
and norm | - [|, and let C be a nonempty, closed, and convex
subset of H. We denote the strong convergence and the weak
convergence of {x,} to x € Hbyx, — xandx, — x,
respectively. Also, a mapping I : C — C denotes the identity
mapping. For every point x € H, there exists a unique nearest
point of C, denoted by P.x, such that

[x=Pex| <|x-y|, VyeC. (23)

Such a projection P is called the metric projection of H onto
C. We know that P is a firmly nonexpansive mapping of H
onto C; that is,

(x =9, Pex = Pey) = |Pox - Poy|’, Vx,y e H. (24)
It is known that
z=Px e (x-z,y-2)<0, VxeH, yeC. (25

In a real Hilbert space H, it is well known that
e = o = el = Iy =2 (k= poyds - 20)
[Ax+(1=21) y||2 = Mxl® + (1 - A) ||y||2
~AA =M=yl

forall x,y €e Hand A € [0, 1].

If A: C — H is a-inverse strongly monotone, then it
is obvious that A is 1/«-Lipschitz continuous. We also have
that, forall x, y e Cand A > 0,

[T=24)x =T -1y

= |(x - ») - MAx - Ap)|°
2 2 2 (28)
e 20 (A Ay )+ Klax— Ay]

<|x- y||2 +A(A - 2a) | Ax - Ay||2.

In particular, if A < 2a, then I-AA is a nonexpansive mapping
from C to H.

For solving the equilibrium problem, let us assume that
the bifunction ® : C x C — R satisfies the following
conditions:

(A1) O(x,x) =0 forall x € C;
(A2) © is monotone, that is, @(x, y) + O(y, x) < 0 for each

x,y €G;
(A3) O is upper semicontinuous, that is, for each x, y,z €
C)
limsup® (tz + (1-t)x,y) <O (x,y); (29)

t—0"

(A4) O(x,-) is convex and weakly lower semicontinuous
for each x € C;
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(BI) for each x € H and r > 0, there exists a bounded
subset D, ¢ Cand y, € Csuchthatforallz € C\D,,

0(27)+9 () =9 @+~ (r-22-x) <0 (0)

(B2) Cis a bounded set.

Lemma 3 (see [1]). Let C be a nonempty, closed, and convex
subset of a real Hilbert space H. Let ® : CxC — R bea
bifunction satisfying conditions (A1) — (A4), and let ¢ : C —
R be a lower semicontinuous and convex function. For r > 0
and x € H, define a mapping S®? : H — C as follows:

577 (x)
:{yec;@c%@+¢@o—¢0) (3D
R e eC}
- y-z,z =0, Vz :

Assume that either (B1) or (B2) holds. Then, the following hold:

(i) S99 £ 0 for all x € H and $'®% is single valued;

(ii) S99 is firmly nonexpansive, that is, for all x, y € H,

509 - 5@y < (509 - 509 1 3); (32

(iii) Fix($'®%)) = MEP(®, ¢);
(iv) MEP(O, ¢) is closed and convex.

Remark 4. If ¢ = 0, then S£®"”) is rewritten as S? (see [12,
Lemma 2.1] for more details).

Lemma 5 (see [26]). Let {x,} and {l,} be bounded sequences
in a Banach space X, and let {3} be a sequence in [0, 1] with
0 < liminf, _, B, < limsup, _, B, < 1. Suppose that x, ., =
(1=B I, +B,x, forallintegersn > 0 andlim sup,, _, . (Il -
LI = 1%, — x,II) < 0. Then, lim,, _, I, — x,]| = 0.

Lemma 6 (Demiclosedness Principle [27]). Let C be a
nonempty, closed, and convex subset of a real Hilbert space H.
LetT : C — C be a nonexpansive mapping with Fix(T) # 0.
If {x,} is a sequence in C that converges weakly to x and if
{(I = T)x,} converges strongly to y, then (I - T)x = y; in
particular, if y = 0, then x € Fix(T).

Lemma 7 (see [28]). Assume that {a,} is a sequence of non-
negative real numbers such that

a,, <(1-0,)a,+96, (33)

where {0,} is a sequence in (0,1) and {5,} is a sequence in R
such that

(1) ZEC:)O Un = 00;
(i) lim sup,, _, (8,/0,) < 00r Y2 16,| < co.

Then, lim,,_, a, = 0.
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The following lemma can be found in [29, 30]. For the
sake of the completeness, we include its proof in a real Hilbert
space version.

Lemma 8. Let C be a nonempty, closed, and convex subset of
a real Hilbert space H. Let F : C — X be a k-Lipschitzian
and n-strongly monotone operator. Let 0 < p < 2n/x* and
T = uln - sz/Z). Then, for each t € (0, min{l1, 1/27}), the
mapping S : C — H defined by S := I — tuF is a contraction
with constant 1 — tT.

Proof. Since 0 < u < 2;7/K2 and t € (0, min{l1, 1/271}), this
implies that 1 — t7 € (0, 1). For all x, y € C, we have

ISx = Sy||* = |(I = tuF) x - (I - tuF) |’
= |(x - ) x - tu (Fx - Fy)|’
= |x = y|* - 2tu (Fx - Ey, x - y)

+ 0| Fx - By

< =3I - 2t x -y’

T2 x -yl (34)
< [1-tu(2n- )] Jx =5’

K2
- (122 ) -1
u*\1°
2
<-u(n- )] 1
2 2
=(1-tr1) ||x—y|| .
It follows that

Isx-sy| <@ -t)x—y|. (35)

Hence, we have that S := I-tuF is a contraction with constant
1 — t7. This completes the proof. O

Lemma 9. Let C be a nonempty, closed, and convex subset of
a real Hilbert space H. Let A; : C — H (i = 1,2,...,M)
be a finite family of o;-inverse strongly monotone operator. Let
K :C — C be a mapping defined by

Kax = S (1= ApyA ) Sy

x (1= Ay Apy) - S3 (I- LA ) %, VxeC.
(36)

If0 < A; < 2 foralli = 1,2,...,M, then K : C — Cis
nonexpansive.

Proof. Put Q' = S(I = LA)SY (I = ALy Ayy) -+ ST -
AA)) fori=1,2,...,Mand Q° = I. Then, K = QM. For all
x, y € C, it follows from (28) that

|Kx - Ky
= |Q"x-Q"]
- ||Sf;‘j (1= ApA ) QM ' x - Sffﬁ (1= MAr) Q]
< (- Auan) @ x = (T - AyAn) Q™Y

<o Q"]

e

= =1
(37)

which implies that K is nonexpansive. This completes the
proof. O

Lemma 10. Let C be a nonempty, closed, and convex subset of
a real Hilbert space H. Let A; : C — H (i = 1,2,...,M)
be a nonlinear mapping. For given (x],x,,...,%xy;) € C %
* * * Gi- *
Cx---xC, where x* = x|, x; = SAHI(I - AL ADx

fori = 2,3,...,M, and x; = Si\f‘:(l — ApAp)xy. Then,
(x75%5,...,Xy,) is a solution of the problem (16) if and only
if x* is a fixed point of the mapping K defined as in Lemma 9.

Proof. Let (x],x5,...,xy;) € CxCx---xC beasolution of
the problem (16). Then, we have

G (%15 x1) + (ApXpp X1 = X7)
1

+ (x} —xppx;— %) 20, Vx; €C,
A

G (xz*w Xpp) + <AM—1x;/I—1’ Xpm— x&)

P (Xp; = Xppp Xa — Xap) 20, Vxy €C,
Ay
G, (x3,x3) + (Apxy, 3 — X3)
+i(x;—x;,x3—x;>20, Vx; € C,
Ay
Gy (53, %) + (Arx1, 5 = x3)
1
+— (X%, —x[, %, —x,) >0, Vx,€C,

A
i



6
* G *
X =Sy (I = ApAn) %y
* G, *
X, =S, (I-1A,)x),
* G *
Xp =Sy, (I = Ap2An-2) Xp120
* Gt *
XM= S/\M_1 (I = A1 Apr) Xpr
i
X' = ST (1= AygApg) S
X (= Ay Apy) -+ Sy (T= 4, Ap) x* = K™
(38)
This completes the proof. O

3. Main Results

Theorem11. Let C be a nonempty, closed, and convex subset of
areal Hilbert space H. Let ® : CxC — R (k=1,2,...,N)a
finite family of bifunctions which satisfy (A1)-(A4), ¢, : C —
R (k = 1,2,...,N) a finite family of lower semicontinuous
and convex functions, and ¥, : C — H (k = 1,2,...,N)
a finite family of a p,-inverse strongly monotone mapping and
A, : C — H(k = 1,2,...,M) a finite family of an oy-
inverse strongly monotone mapping. Let S be a semigroup, and
let & = {T(t) : t € S} be a nonexpansive semigroup on
C such that Fix(8) #0. Let X be a left invariant subspace of
£°(S) such that 1 € X and the functiont — (T(¢)x, y) is an
element of X for x € C and y € H. Let {u,} be a left regular
sequence of means on X such that lim, _, _lu,,; — p.ll = 0.
Let F: C — H be a x-Lipschitzian and n-strongly monotone
operator with constants x,n > 0, and let V: C — H be an L-
Lipschitzian mapping with a constant L > 0. Let 0 < y < 21j/x”
and 0 < yL < 7, where T = u(n — ux*/2). Assume that
F = ., GMEP(Oy, ¢, ¥i) N (K) N Fix(S5) # 0, where K is
defined as in Lemma 9. For given x, € C, let {x,} be a sequence

defined by

_ (®nen) (On_1>Pn-1)
U, = SrN;] N (I - rN,n\IjN) SrNinl o

X (I =TN_1¥not) Si?,,l’(pl) (I -1, %) x,
Gu Gri

Yn=Si (I = ApAm) S
X (I = Ay Apr) Sil (I-A1A))u,

Xn+1 = ﬁnxn + (1 - ﬁn) PC [‘xnyvxn + (I - ‘XmuP) T (Aun) yn] >

Vn>1,
(39)

where {a,}, {B,} are sequences in (0,1), and {rk,n}kl\]:1 is a
sequence such that {rk)n}fj: 1 € [ap b] € (0,2y,) satisfying the
following conditions:
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(C1) lim,, _, oo, = 0 and Y72 o, = 00;
(C2) 0 <liminf,_, B, <limsup,_, B, <L

(C3) liminf, | 1y, > 0andlim, , (1, /Ti,1) = 1 for
allk € {1,2,...,N}.

Then, the sequence {x,} defined by (39) converges strongly to
X € Fasn — 00, where X solves uniquely the variational
inequality

((UF-yV)x%,x-v) <0, VveF. (40)
Equivalently, one has X = Py (I — uF + yV)X.
Proof. Note that from condition (C1), we may assume,

without loss of generality, that «,, < min{1,1/27} foralln € N.
First, we show that {x,} is bounded. Set

k. _ (@) (O_1,¢r_1)
G, = S,k,:“”‘ (I—rk,n‘lfk)S 1Pkt

n Tk-1n

X (I - rk—l,n\Pk—l) e glore) (I - ”1,n\1'1) >

"in

Vk e€{l1,2,...,N}, neN,
Q = 9 (L= LA ST (1= Ay Apy) -+ SO (T-1,4,),

Vie{l,2,...,M},

(41)

G) = Q" = I Then, we have u, = G\x, and y, =
QMu,,. From Lemmas 3 and 9, we have that fo and QM are

nonexpansive. Take x* e F; we have

"un -x " = "Gann - Gan*

< x, = x7 - (42)

By Lemma 10, we have x* = QMx*. It follows from (42) that

Iy —x" = |Q"u, - Q"
< u, - x7| (43)
< e, - 7|
Set
z, = FPc [ yVix, + (I - o uF) T () y]»  ¥n €N, o

Then, we can rewrite (39) as x,,,; = 8,x, + (1 — 8,)z,. From
Lemma 8 and (43), we have

Iz, = %7
= ||Pc [a,yVx, + (I = auF) T (4,) y,] = Pex”||
< flev, (yVx, = uFx") + (I = a,uF) (T (1) 3 = x7)|
< a, [yVax, = pFx" || + (1 = 0,7) |T (1) 3 = %7
< oy [V, = V™| + e, [pV” - pFx7|
+ (1= a,7) [y, - 7|
< (1 -, (r=yL))[x, - x"

+a, [yVx" — uFx"|).
(45)
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It follows from (45) that
01 = 7]
= 1B, (= x7) + (1= B,) (2, = x7))|
< Bullen = "N+ (1= B,) 2, = 7
<Bullen ="+ (1=By)
x [(1= e, (1= yL)) |, = 57| + e, |yVac™ = "]
= (1-a, (1-B,) (r=yL)) |, - x7|

IV -]

ran (1= 4,) (r—y1) 12—

(46)

By induction, we have

V*_ F *
||xn—x*||Smax<|||x1—x*||,w}, Vi s 1.
T-yL
(47)

Hence, {x,,} is bounded, and so are {Vx,} and {FT'(u,)y,}.
Next, we show that

Jim |lx,,, - x| = 0. (48)
Observe that
lm T (p0) ¥ = T (1) 2l = 0. (49)
Indeed,

"T ([’ln+1) Y — T (/’ln) yn“
= sup KT (1) Y = T () Yo 2)|

50

< |ttuer = sup IT () ] -

Since {y,} is bounded and lim,, _, . l4,,.; — ¢4,,ll = 0, then (49)
holds. We observe that

“yﬂﬂ - yn“ = “QMunH - QMU,,

(51)
B ”un+1 - un” .

Let {w,} be a bounded sequence in C. Now, we show that
. N N
Jim |66, - G =0. (52

For the previous purpose, put Dﬁ = Si?k"”k)(l ~ 1., %), and
we first show that

Tim |D}, 1@, = Dyw,| =0, Wk e{l,2,...,N}.  (53)

In fact, since Dflwn € GMEP(O,, ¢, ¥)) and Dﬁﬂa),1 €
GMEP(Oy, ¢y, ¥;.), we have

O (Dhw, y) + 9 () - 91 (Diw,)

+ <\I/kwn’ Y- Dﬁwn>

1 (54)
+ — <y - Dﬁwn,Dﬁwn - wn> >0,
Tien
Vy € C,
k k
®k (Dn+1wn’ y) + Pk (y) ~ Pk (Dn+1wn)
+ <\Pkwn’ Y- Dﬁ+lwn>
1 k k (53)
+ <y = D@, Dy @, — wn> =0,
Tn1

Vy eC.

Substituting y = Dﬁ 1@, in (54) and y = D';wn in (55), then
add these two inequalities, and using (A2), we obtain

k k 1 k
<Dn+1wn - ann’ k_ (ann - wn)
8] (56)
1 k
-— (Dn+1wn - wn)> > 0.
rk,n+1
Hence,
k k k k k
<Dn+1wn - ann’ann - Dn+1wn + Dn+1wn
(57)

rk,n k
Wy, — (Dn+1wn - wn) > 0;
rn,k+1

we derive from (57) that

i3 2

k
Dn+1wn - ann

k k Tk, k
< <Dn+1wn - ann’ (1 - _n> (Dn+1wn - wn)>

Tknt1
S “Dlriﬂwn - Dl:lwn“ 1- r:k,nl |Dﬁ+1wn - wn” >
et
(58)
which implies that
”Dl:wlwrl - Dswn” <= r:k’:l-l “D]:len - wn” . (59)
>H




Noticing that condition (C3) implies that (53) holds, from the
definition of GY and the nonexpansiveness of D¥, we have

Gi\-]i—lwn“
' N la) - Dn+1G
<|pyG) w, - Dy, Gy

N-1
+ “Dn+1G W, = Dn+1Gn+1 @ ”

<|pyG) w, - DY,,GY w,|

N-1
+G, w, - mlw“

(60)

<|pyG " w, - Dy, G |

n+l

+||DnN‘1ij‘2 - DGl |

n+1

- Gn+1 @ “

s]]Dntf‘lwn—D G, w,|

n+l

+ DY G Pw, - DGR | +

n+1

2 2 1 1
+ |Diw, - D, 0, + ,—D

for which (52) follows by (53). Since u,, = GNx,, and u,,,, =

Gyll\]+1xn+l’ we have
“un - un-f—l“
= Gann - GnN+1xn+1“
N N N N (e1)
S HGn Xn — Gn+1xn“ + ”GnHXn - Gn+1xn+1|'
N n_GN n_xn+1"'
Put a constant M; > 0 such that
M, = sup {y |V, || + 4 |FT (t,01) Vi |
n=1 (62)

Y IVl + e |FT (2,) yall} -

From definition of {z,}, we note that

1241 = 2
= |Pc (1 Vs + (I = 01 iF) T (1) Vo]
~Pc (o, Vi, + (I = a,uF) T () 3]
< Gy [[YVi1 = BET (i) Yo |
+ 0, [YVir = HFT (t4,) 3

+ "T (/"n+1) Vo1 — T (/"n) yn”
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S Qg ”’nynH - ("FT (.un+1) yn+1"

T, ||ny,,+1 - MFT (.un) yn”

+ "T (tun+1) Vo1 — T (tun+1) yn”

+ "T (Mn+l)yn - T(tun) yn”

< (an+1 + “n) Ml + ||yn+1 - yn"

T () 9 = T () 3l -
(63)
It follows from (51), (61), and (63) that
||Zn+1 - Zn" < (‘xn+1 + (xn) N n_ GnN+1xn“
+ ||xn+1 - xn” + ”T (Mn-f—l) yn -T (Mn) yn" .
(64)
From condition (C1), (49), and (52), we have
limsup (2,1 =2 = enes =2} 0. (65)
Hence, by Lemma 5, we obtain
nh_,néo “Zn - xn" =0. (66)
Consequently,
T [~ 5l = lim (1= ) - % =0. (7
From condition (C1), we have
"Zn -T (("n) yn“
= "PC [“nyvxn + (I - ‘Xm"lF) T (tun) yn] - PCT (.”n) yn”
<a, |yVx, - uFT (4,) y,|| — 0 as n — oo.
(68)

From (66) and (68), we have

”xn -T (["n) yn“ < ”xn - Zn"

+lz, = T (4,) yul| — 0 as n — 0.
(69)

Setz, = Pov,, where v, = a,yVx, + (I —a,uF)T(u,) y,. From
(25), we have

Iz, = x| = (v —x",2,—x")
+(Pev, —

< (v,-x",z,-x")
= a, (yVx, — uFx",z, - x")

+ <(I - ‘anMF) (T (tun)yn _x*)’zn _X*>

*
Vn>PCVn_x >
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< (1=a,7) |y, = x"| ]z - 7]
+a, (yVx, — uFx*,z, — x")
1-a,1 " %

< 280 (P 1 - )
+a, (yVx, — uFx*,z, - x")

B (1-a,1)

5 *“2

" 1
Iy - + L, - x
+a, (yVx, — uFx",z, - x").
(70)
It follows that
”Zn - x*llz = "yn - x*"2 + zan <van - .qu*)Z"n - x*>
< |y, - x" ||2 + 20, [|yVx, — uFx"|| |z, — x*|| -
(71)
By the convexity of || - |> and (71), we have
s = [
= B, (x, —x") + (1= B,) (z, - x")|°
< ﬁn“xn - X*HZ + (1 - ﬁn) ”Zn - x*"2
< ﬁn”xn - x*nz + (1 - ﬁn)

x{llyn = I + 2a, lyVx, - uEx” | |z, - 7}

< ﬁn“xn - x*nz + (1 - ﬁn) ”yn - x*uz + 206" (1 - ﬂn)M2>
(72)

where M, > 0 is an appropriate constant such that M, =

sup,1 {lyVx, — uFx*|llz, — x"|I}.
Next, we show that

lim |Gk'x, - Gyx,| =0, Vke{L2,..,N}. (73)

n— 0o

From (28), we have

k «||2
”ann - X

2
(Ok9k) k-1 (Op¢k) *
Srk,: P (I - rk)n‘{’k) Gn X, — Srk,: P (I - rk)n\Pk) X

< ”(I ~ 11, %) Gy = (I =i, %) x*"Z

< ”Gﬁ_lxn —x' ’ + T (Tien = 24 “\PkGﬁ_lxn - \I’kx*"z

* - |2
< flx, —x "2 + T (Tion = 244) ”\PkGﬁ bx, = " .
(74)
From (42), for all k € {1, 2, ..., N}, we note that

”yn _ X*HZ _ "QMun _ X* 2

< |u, - x*

2

_ N |2 k *
= ”G,1 X, —x | < ”ann -X

9
From (72) and (75), we have
s — x|
S ﬁnnxn - x*uz + (1 - ﬁn) ”GrI:IXn -x ’
+2a, (1-B,) M, (76)

< :Bn“xn - X*Hz + (1 - ﬁn) ”G:xn -x ’

+2a, (1 - B,) M,.

Substituting (74) into (72), we have
s =
< Bl -+ (1-5,)
X {”xn - x*llz + T (P = 20 “\PkGﬁ_lxn - \"ka*"z}
+ 20, (1 - B,) M,
* (1= B) e (e — 2t4)

_ 2
x %Gy x, - x|

= |x, - x*

+ 20‘n (1 - ﬁn) MZ’

(77)
which in turn implies that
_ « 12
(1 - /))n) rk,n (2/’lk - rk,n) ||\IjkGZ lxn - \ka ||
S ”xﬂ - x*”2 - ”xnﬂ - x*"2 +2ay (1 - :Bn) M, (78)

< (len = 7)) + lxner = %7 %000 = .
+2a, (1= B,) M,.

Since liminf, |, (1 -, > 0,0 < Tk < 2ph forall k €
{1,2,..., N}, from (C1) and (67), we obtain that

lim %Gy x, - x| =0, Vke{L2,...,N}. (79)

On the other hand, from Lemma 3 and (26), we have

k %2
G,x, —x

2
(Orpx) k-1 (®rpx)
Srk,: P(1 - rk,n‘{’k) G, x,—- Srk): P (1 - Tk,n\{’k) x" ||

< <(I - rk,n\yk) Gzilxn - (I - rk,n\Pk) x*’Gﬁxn - X*>

) % (10 = ) G, = (1= i) 2

2

k *
+(G,x, — x

- "(1 ~ 1Y) Gy ', = (1= 1, %) x°

)

- (Gﬁxn - x*)
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2

<2 (los =+ ot -5

k-1 k k-1 *
—”Gn X, =G, x, — Tk p (\I’an x, — ¥Yx )

)

(80)
which in turn implies that
[, <[
<f6 s x|
_ "Gf;lxn - Gfl - rk)n(‘I’kfol - ‘I’kx*)"2
=[Gk x, -« ||2 ~ |G x, - Gl |
- G, - x| -

1 1
+21y, <G]:l X, - G]:lxn, ‘I’kGft X, - ‘I’kx*>

k-1 *||? k-1 k|7
< "Gn X, —x | - "Gn X, - ann“

+21y, "Gﬁ_lxn - Gﬁxn” ”‘I’kGﬁ_lxn - x"

< |y - x| - |GE %, - G|

k-1 k k-1 *
+ 21, "Gn X, — ann” ”‘I’an x, - Vx|

Substituting (81) into (76), we have
EEE

< Bulln =27+ (1= ,)

Al =" - 655, G|
421, [GE ™, - Gl | WG v, — W]

+ 20, (1 - B,) M,

= Jxu=x" I = (1= B |Gy ' xu - G|
+2r, (1= B,) |Gy " x, - Glox, | |Gy, - x|

+ 205, (1= f,) My,
(82)

which in turn implies that
(1 - ﬁn) ||Gl:l_lxn - Gl:lxn"
o T
+ zrk,n (1 - ﬁn) ||Gﬁ_1xn - Gﬁxn” ”\PkGl:;_lxn - \Ijkx*“

+ ZOCn (1 - ﬁn) MZ
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< (s = %7+ Bten = 271 600 = x|

+ zrk,n (1 - ﬁn) ”G:_lxn - G:xn“ “\PkGﬁ_lxn - \ka*

+2a, (1 - B,) M,.
(83)

Since liminf, _, (1 - ,) > 0, from (C1), (67), and (79), we
obtain that (73) holds. Consequently,

”xn - un” = "Gg - ijxn”
< "ngn - G,llxn" + "Grllxn - Gflxn" +ee-

+ "Gf:Hxn - Gann" — 0 asn-— oo
(84)

Next, we show that

lim [4,Q7"w, - A,Q7'x" =0, Vie{12,...,M}.

From (28), we have

M M _x|?
@, - Q"x

_ 1«2
= ST = AprAn)QY 1, = ST = Ay Ap)QM

_ 1«12
< [T = A AMQY = (1= A0 A ) QY 'x

< [lQuy = QY+ Ay (g — 200y)

2

x “AMQM—Iun _ AMQM—lx*

(86)
By induction, we have
@, - @[

M
< o=+ 30 (4 - 20) 4,0, - Q[
i=1

M
< Jren =71+ ZAi (A - 2a) ”AiQHun -AQ X" 2
izl

(87)

From (72) and (75), we have

M M |2
Q u,-Q x

"xn+1 - 'x*"2 < /J)n"xn - 'x*"2 + (1 - ﬁn)

+2a, (1= B,) M,.

(88)
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Substituting (87) into (88), we have
"xn+1 - x* ”2
< ﬁn”xn - x*”2 + (1 - ﬁn)
bt

+§Ai (A - 2a;) "AiQi_lun -AQ ||2}
i=1
+ 20, (1= B,) M,
= |xu - %"
M A A X
(=B 3 A (A - 20) [AQ T w, - A4,Q7 x|
i=1

+ Z(Xn (1 - ﬂn) MZ’
(89)

which in turn implies that

-80S0 Ga Mt AT
i=1

< "xn -x" "2 - ||xn+1 -x" "2 + 2‘Xn (1 - /jn) MZ (90)
< (Jen = %"+ Iots = 27 [) 61 = 5
+2a, (1 - B,) M,.

Since lim inf

n—00

that (85) holds.
On the other hand, from (24) and (26), we have

(I-8,) > 0, from (C1) and (67), we obtain

“QMun - QMx® 2

_ 1 %2
= ST = AprApDQY 1, = ST = Ay A QM

< ((T=AyAp) QY M, = (I = Ay A ) QY X7,
QMun _ QMx*>

- % ("(I “ApiAn) QY — (1= ApA ) Qqu*"z

#[Q " -
[0 -2An) Q" M,

—(I = AyA,)x" = (QMu, - QMx™)

)

1

< % ("QM—lun _ QM 2, ||QMun _ Myt 2

M-1 M M % M-1 _ *
—"Q u,-Q u, +Q x -Q" 'x

)

Ay (AMQM—lun B AMQM_lx*)

(1)
which in turn implies that

“QMun _ QMx*

2

_ _ 2
< “QM lun _QM lx*

B “QM—lun —QMu, + QM — QM

—AM(AMQM_I% _ AMQM_lx*) 2

M-1 M-1_x]|?
= [@"u, - Q"

— _ 2
_ “QM lun _ QMun _ QMx* _ QM lx*"

_ )@VI"AMQMA% _ AMQM—lx*"Z (92)
+ 24, <QM71un - QMun +QMx* — QM 1x7,
Ay QM _AMQM—lx*>

— _ 2
< “QM lun _QM lx*

_ “QMflun _ QMM,, " QMx* _ QM—lx*HZ

120y "QM_lun _ QMM,, + QMyt - QM Lyt

x |AmQY ', - A, QY7

By induction, we have
M M _x||2
”Q u, - Q" x"

< Jlus = %7

2

M
i1 i P il s
- Z"Ql u, - Qu,+Q'x" -Q 'x
in1

N
+ ZZ)L,- "Qi_lun -Qu, +Qx" -Q %"
i=1

x "AiQi_lun _ AiQi—lx*

2

M
< ”xn _ X*” _ Z"Qi—lun _ Qiun + Qix* _ Qi—lx*
i=1

N
+ ZZ)Li "Qi_lun - Qu, +Qx" -Q'x"
i1

x |AQ 7w, - A,Q %"

(93)
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Substituting (93) into (88), we have

e ="

< ﬁn“xn - x*llz + (1 - ﬁn)

2

M
% {"xn _ x*" _ Z”Qi—lun _ Qiun + Qix* _ Qi—lx*
i=1

M
+ ZZAi "Qi*lun ~Qu, +Q'x" -Q'x"
i=1

|

X "AiQi_lun -AQ'x*

+ 206" (1 - ﬁn)MZ
< - x|

2

M
- (1 - ﬁn) Z||Qi71un - Qiun + le* _ Qi*lx*
i=1

+(1 _/jn)

M
» ZZ)H' ||Qi—1un B Qiun + Qix* B Qi—lx*
i=1

x|4Q u, - AQ7 X"

+ Zan (1 - ﬁn) M2>
(94)

which in turn implies that

M ‘ ' | 2
(1-B) Y)Q 7"ty ~ Qu, + Q" - Q7"
i=1

< ooy = = oty =7

M
(- ) 3207, - Qg+ @ - @
i=1

y ||AiQi71un —AQ K

+2a, (1= B,) M,

S (“xﬂ - x*” + ”xnﬂ - x*") "xnﬂ - xn"

M
() 32,0 -y Q- @
i=1

% ||AiQi—1un _ A,Qi_lx*

+2a, (1 - B,) M,.
(95)
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Since liminf, , (1 - ,) > 0, from (C1), (67), and (85), we
obtain that

lim ”Qi_lun -Qu,+Qx" -Q'x*| =0,
n— 0o (96)
Vie{l,2,...,M}.
Consequently,
“un - yn” = "Qoun - QMun“
< Z ||Q1—1un _ Qzun + sz* _ Qz—lx* (97)
i=1
— 0 asn— oo0.
It follows from (84) and (97) that
”xn - yn” < "xn - un" + ”un - yn"
(98)
— 0 asn— oo0.
Next, we show that
Jim |x, =T () x,| =0, VteS. (99)

Put
* _ _ * 1 * _ *
M"™ = max {”x1 x|, — VL [yVx" — uFx ||} . (100)

Set D ={y € C: |ly-x"l £ M"}. We remark that D is
nonempty, bounded, closed, and convex set, and {x,}, {y,},
and {z,} are in D. We will show that

limsupsup [T () y-T @) T () y| =0, VteS. (101)

n—00 yeD

To complete our proof, we follow the proof line as in [31] (see
also [23, 32, 33]). Let € > 0. By [34, Theorem 1.2], there exists
& > 0 such that

COoFs(T(t);D)+Bs C E.(T(t);D), VteS.  (102)

Also by [34, Corollary 1.1], there exists a natural number N
such that

[stagrenro(stgren)| =

i=0 i=0

(103)
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forallt,s € Sand y € D.Lett € S. Since {y,,} is strongly left
regular, there exists ry € N such that [|u, — Lip, | < 8/(M* +

lwl) foralln > nyandi = 1,2,..., N. Then, we have
N .
T - T (t's) vd
sup () ¥ JN+1; (£'s) ydu, (s)
= sup sup | (T (u,) y,2)
€D |z||=1

1 o
—<Jmi_on(ts)ydyn(s),z>

1 N
m;(#n)s (T (s) y,2)

= sup sup
yeD ||z|=1
1 3 ;
N+ IZ(;(M”)S (T () .2)
1
<
N+1
N
x Y sup sup |(u,), (T () y,2) = (lia,), (T (5) . 2)|
i=0 V€D |z[=1

< maxN"yn L] (M + wl) <8, Vn>n,.

i=1,2,3,...
(104)
On the other hand, by Lemma 2, we have
1 o
1
J N1 1i:ZOT(t s)ydyn (s)
(105)

N
e%{NilzT(ti)T(s)y:seS}.

i=0

Combining (103)-(105), we have

N .
T () y = ﬁZT (t's) ydu, (s)
i=1

+ (T(#n)y - J ﬁiT(t"S)ydﬂn (s))

i1

N .
65{ﬁ;T(t')(T(s)y):seS} +B;

C EFé\ (T (t) ,D) + Bé\,

(106)
for all y € D and n > n,. Therefore,
limsupsup |T (w,) y =T (O T () | <€ 07
n— 00 yeD

Since € > 0 is arbitrary, we obtain that (101) holds. Let t € S
and € > 0. Then, there exists § > 0 satistying (102). From

13

(101) and condition (C2), there exists a,b € (0, 1) such that
0<ac<f,<b<landT(u,)y € Fs(I(t); D) forall y € D.
From (69), there exists k, € N such that ||lx,, —T(u,)y,|l < 8/b
for all n > k,. Then, from (102) and (106), we have

Xnt1 = ﬁnxn + (1 - ﬁn) T(/’ln) Yn

= T(#n) Yn +,Bn (xn _T(Mn) yn)
€ F5 (T (t); D) + By  F. (T (t); D),

(108)

for all n > k. Hence, limsup,, _, llx, — T(t)x,| < e. Since
€ > 0 is arbitrary, we obtain that (99) holds.
Next, we show that

limsup (yVx — uFx,z, - X) <0, (109)
n—00

where X = Pg (I — uF + yV)X. To show this, we choose a
subsequence {x, } of {x,} such that

lim sup (yVx — uFx, x, — X) = lim <nyc - uFx, x, - 3?> :
n— 00 i—o00 !
(110)

Since {x,} is bounded, there exists a subsequence {xni} of {x,}
such that x, — v. Now, we show that v € F.

(i) We first show that v € Fix(&). From (99), we have
lx,—T(t)x,| — Oasn — ooforallt € S.Then, from
Demiclosedness Principle 2.6, we get v € Fix(S).

(ii) We show that v € Fix(K), where K is defined as in
Lemma 9. Then, from (97), we have

"yn - Kyn” = "K”n - Kyn“ < "un - yn"
(111)

— 0 asn— oo,

and from (98), we also have |x, — Kx,|| — 0. By
Demiclosedness Principle 2.6, we get v € Fix(K).

(iii) We show that v € [\, GMEP(®y, ¢, ¥,). Note
that Gﬁxn = S:S:"”")(I - rk)n‘I’k)Gﬁ_lxn, for all k €
{1,2,..., N}. Then, we have

O (Gﬁxm)’) + o () — (Gﬁ)
+ <‘I’kG]:l_1xn,y - G:xn> (112)

1 k. ~k k-1
+ ; <y -G, x,,G,x, -G, xn> > 0.
N

Replacing n by n; in the last inequality and using (A2), we
have

o (¥) — ok (Gﬁixn,-) + <‘I’kG::1xni))’ - G’Zixn)
+ ri <y - Gflixn,_,G’n‘ixnt_ - Gﬁ;lxn,) >0, (y, Gﬁx_xni) .
o (113)



14

Lety, =ty + (1 —t)vforallt € (0,1] and y € C. This implies
that y, € C. Then, we have

<)’t - Gﬁixn,->\yk)’t>
> ¢ (G %, ) = 9 () + (3 = Gl %, Wiy
- <yt - Glr(lixni"llkGi_lxni>

k k-1

k G"i x”z‘ - G”i x”i k

- % -Gyx,, ———"2 3+ 0 (y,G, x,)
; Tem ;

i

= 0 (G %) = @ (01) + (3 = Gy %, iy, - %G x,, )
+ <yt - Gﬁixn,.’\ykGl;ixn,» - \PkGl:li_lxni>

k k-1
G, x, -G, x,
Gk i i ® Gk
“\ Ve~ nixni’ r + O e ﬂ;xni '
k.,

(114)

From (73), we have ||‘{’kGani - ‘I’kGﬁflxni | - Oasi —
0o. Furthermore, by the monotonicity of ‘¥, we obtain (y, —
Gﬁi X ViV — ‘I’kGfli x,,) 2 0. Then, from (A4), we obtain

e =Yy 2 o () =9 (1) + O (15 v). (115)

Using (A1), (A4), and (115), we also obtain

0= O (¥ 31) + @k (1) — 9 ()
<10, (76 y) + (1= 1) O (3 v) + (1 =) 9 (v) = i (1)
<t[Ok (7o 1) + @k (9) = o ()] + (1 =) (3 = v, ¥iyy)

=t[@ (o) + o ()~ )]+ A=)ty = v, %))
(116)

and, hence,

0<0 (1) + o (¥) = ) + (1 =) (y = v, ¥ -
(117)

Lettingt — 0 and using (A3), we have, for each y € C,

0<0; (ny)+ 9 (¥) P (V) +{y = v ¥yv). (118)

This implies that v € GMEP(®y, ¢, V). Hence, v €
Ne.; GMEP(Oy, ¢y, ¥;). Therefore,

N
veF =) GMEP (O, ¢, %) N Fix (K) N Fix ($). (119)
k=1

From (66) and (110), we obtain

limsup (yVx - uFXx, z, — X) = limsup (yVX — yFx, x, — X)

= lim <yV5E - uFx, x, - 9?>

1— 00

= (yVXx — uFx,v—-Xx) < 0.
(120)
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Finally, we show that x, — X asn — o0. Notice that z,, =
P-v,, where v, = a,yVx, + (I — a,uF)T(y,)y,. Then, from
(25), we have
Iz, - Z|° = (v, — %, 2, — X) + (Pcv, = v, Pov, — )
<(v,—-Xz,-X)
= a,)(Vx, - VX,z, - X)
+a,(yVX - uFx,z, — X)
* <(I - ocmuF) (T (Aun) Yn — 55) 2y~ x)

< (1 - &y, (1 _ﬁn) (T _VL)) "xn - 55"2

+a, (YVX - uFx,z, - X) .

(121)

It follows from (121) that

s = = < Bulle = 21" + (1= B) 2~ =
< B, — 2+ (1= B,)
x {(1=a, (1= B,) (r = yL)) |x, - 2]
+a, (YV% - uF%,z, - %) |
< (1-a, (1-B,) (7= L)) |x, - &I

+ o, (1 - ﬁn) <YV56_ ”Ff’zn - X).
(122)

Put o, := a,(1 - B,)(r — pL) and §,, := «,(1 - B,){(yVX -
uFX, z, — X). Then, (122) reduces to formula

[ = 2" < (1=0,) |, - %" +6,.  (123)

It is easily seen that )., 0, = 00, and (using (120))

1 1
limsup—= =
n—oo 0,

lim sup (yVx — uFx,z, - x) < 0.

(124)

Hence, by Lemma 7, we conclude that x, — Xasn — oo.
This completes the proof. O

Using the results proved in [35] (see also [32]), we obtain
the following results.

Corollary 12. Let C, H, Oy, ¢, Y, Ay, F, and V be the
same as in Theorem 11. Let S and T be nonexpansive mappings
on C with ST = TS. Assume that ¥ = Fix(S) n Fix(T) N
Moy GMEP(Oy, ¢, ¥,) NFix(K) # 0, where K is defined as in
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Lemma 9. Let {a,}, {5,}, and {rk,n}kl\]:1 be sequences satisfying
(C1)-(C3). Then, the sequence {x,} defined by

un = Si?,j’q)N) (I - rN,n\I’N) Si('Si_nl’q)N_l)

n

X (I =7y 10 ¥n) "Siil’%) (I =7, %) x
P = S = Ay S
G
X (I - /\M—IAM—l) : "SAI (I - /\1A1)”w

Xne1 = ﬁn'xn + (1 - /311)

1 n-1n-1
x Po | a,yVx, + (I — o, uF) FZ ZS’T]yn:| s
i=0 j=0

Vn>1,
(125)

converges strongly to X € F, where X solves uniquely the
variational inequality (40).

Corollary 13. Let C, H, Oy, ¢, Vi, Ay, F, and V be the
same as in Theorem 1I. Let & = {T(t) t > 0} be a
strongly continuous nonexpansive semigroup on C. Assume
that Q := Fix($) N (e, GMEP(®y, ¢, ¥) N Fix(K) #0,
where K is defined as in Lemma 9. Let {«,,}, {B,}, and {rk’n},il
be sequences satisfying (C1)-(C3). Then, the sequence {x,}
defined by

thy = S (1 = W) S0

X (I =rn-1,¥N-r) - - giore) (I=7,,¥) X,

Tin

Yn = Sij\: (I = ApApg) S

Aria

x (I- AM—lAM—l)"'SiI (I-1A)u,
Xne1 = ﬁnxn + (1 - :Bn)

tYl
x Pg | et,yVx, + (I — ot uF) tl J T (s) ynds] ,
n Jo
Vn>1,
(126)

where {t,} is an increasing sequence in (0,00) with
lim,_, (t,/t,.1) = 1, converges strongly to X € &,
where X solves uniquely the variational inequality (40).

Corollary 14. Let C, H, Oy, ¢, Y, Ay, F, and V be the
same as in Theorem 1. Let & = {T(t) t > 0} be a
strongly continuous nonexpansive semigroup on C. Assume
that Q := Fix($) N (e, GMEP(®y, ¢, ¥) N Fix(K) #9,
where K is defined as in Lemma 9. Let {a,,}, {B,}, and {rk’n}kN:1
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be sequences satisfying (C1)-(C3). Then, the sequence {x,}
defined by

_ o@®non) (On-1>PN-1)
, = SO (1 = 1y W) SO

X (I - rN—l,n\IjN—l) T Siil’%) (I - rl,n\yl) X

G-
Yn = Si]\\: (I - AMAM) SM/H
G,
X (I=Ap1Apy)- =S (I-21A))u,
X1 = ﬁnxn + (1 - ﬁn) PC

X [ocnnyn + (I - a,uF)

X (an JOO exp (—a,s) T (s) yn> ds] , Vn>1,
0
127)

where{a,} is a decreasing sequence in (0, co) withlim,, _, . a, =

0, converges strongly to X € (), where X solves uniquely the
variational inequality (40).

4. Some Applications

In this section, as applications, we will apply Theorem 11 to
find minimum-norm solutions X = P,(0) of some variational
inequalities. Namely, find a point X which solves uniquely the
following quadratic minimization problem:
<12 . 2

I%]” = min]lx]|”. (128)
Minimum-norm solutions have been applied widely in sev-
eral branches of pure and applied sciences, for example,
defining the pseudoinverse of a bounded linear operator,
signal processing, and many other problems in a convex
polyhedron and a hyperplane (see [36, 37]).

Recently, some iterative methods have been studied to
find the minimum-norm fixed point of nonexpansive map-
pings and their generalizations (see, e.g. [38-49] and the
references therein).

Using Theorem 11 and Corollaries 12, 13, and 14, we
immediately have the following results, respectively.

Theorem 15. Let C and H be the same as in Theorem 11. Let
§ = {T(t) : t € S} be a nonexpansive semigroup on C such
that F := Fix(8) #0. Let {a,,} and {B,,} be sequences satisfying
(C1)-(C3). Then, the sequence {x,} defined by

Xpt1 = ﬁnxn + (1 - /3n) PC [(1 - “M)T(/’tn) xn] >
Vn>1,

(129)

converges strongly to X € &, where X = Pg(0) is the minimum-
norm fixed point of F, where X solves uniquely the quadratic
minimization problem (128).

Theorem 16. Let C and H be the same as in Corollary 12. Let
S and T be nonexpansive mappings on C with ST = T'S such
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that & = Fix(S) N Fix(T) # 0. Let {«,,} and {B,,} be sequences
satisfying (C1)-(C3). Then, the sequence {x, } defined by

Xny1 = :ann + (1 _ﬂn) PC

n-1n-1

(1-ap,) %Z ZSizjn , Vnx>1,
i=0 j=0

(130)

converges strongly to X € &, where X = Pg(0) is the minimum-
norm fixed point of F, where X solves uniquely the quadratic
minimization problem (128).

Theorem 17. Let C and H be the same as in Corollary 13. Let
8 = {T(t) : t > 0} be a strongly continuous nonexpansive
semigroup on C such that & := Fix(8)+#0. Let {«,} and
{B,,} be sequences satisfying (C1)-(C3). Then, the sequence {x,,}
defined by

Xn+1 = ﬁnxn + (1 - ﬁn) PC [(1 - (Xn) tl jon T(S) xnds] >
Vn>1,
(131)

where {t,} is an increasing sequence in (0,00) with
lim,_, (t,/t,.1) = 1, converges strongly to X € &,
where X = Pg(0) is the minimum-norm fixed point of F,
where X solves uniquely the quadratic minimization problem
(128).

Theorem 18. Let C and H be the same as in Corollary 14. Let
§ = {T(t) : t > 0} be a nonexpansive semigroup on C such
that & := Fix(8) #0. Let {,,} and {B,,} be sequences satisfying
(C1)-(C3). Then, the sequence {x,} defined by

Xne1 = By + (1= B,) Pc
x [(1 -a,) <an LOO exp (—a,s) T (s) x,gis)] ,

Vn>1,
(132)

where{a,} is a decreasing sequence in (0, co) withlim,,_, . a, =
0, converges strongly to X € F, where X = Pg(0) is the
minimum-norm fixed point of F, where X solves uniquely the

quadratic minimization problem (128).
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