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This paper presents a full rank factorization of a 2 x 2 block matrix without any restriction concerning the group inverse. Applying
this factorization, we obtain an explicit representation of the group inverse in terms of four individual blocks of the partitioned
matrix without certain restriction. We also derive some important coincidence theorems, including the expressions of the group

inverse with Banachiewicz-Schur forms.

1. Introduction

Let C"™" denote the set of all m x n complex matrices. We
use R(A), N(A), and r(A) to denote the range, the null space,
and the rank of a matrix A, respectively. The Moore-Penrose
inverse of a matrix A € C™" is a matrix X € C™ which
satisfies

(1) AXA=A  (2) XAX =X

1
(3) (AX)" = AX (4) (XA)" = XA. w
The Moore-Penrose inverse of A is unique, and it is denoted
by A",

Recall that the group inverse of A is the unique matrix

X € C"™™ satisfying

AXA = A, XAX =X, AX = XA. (2)
The matrix X is called the group inverse of A and it is denoted
by A*.

Partitioned matrices are very useful in investigating
various properties of generalized inverses and hence can be
widely used in the matrix theory and have many other
applications (see [1-4]). There are various useful ways to
write a matrix as the product of two or three other matrices
that have special properties. For example, linear algebra texts
relate Gaussian elimination to the LU factorization and the
Gram-Schmidt process to the QR factorization. In this paper,

we consider a factorization based on the full rank factoriza-
tion of a matrix. Our purpose is to provide an integrated
theoretical development of and setting for understanding a
number of topics in linear algebra, such as the Moore-Penrose
inverse and the group inverse.

A full rank factorization of A is in the form

A =F,Gy, (3)

where F, is of full column rank and G 4 is of full row rank. Any
choice in (3) is acceptable throughout the paper, although this
factorization is not unique.

For a complex matrix & of the form

_ A B (m+s)x(n+t)
A = [ c D] eC , (4)

in the case when m = n and A is invertible, the Schur
complement of A in & is defined by S = D — CA™'B.
Sometimes, we denote the Schur complement of A in </ by
(9//A). Similarly, if s = t and D is invertible, then the Schur
complement of D in o is defined by T = A — BD'C.

In the case when A is not invertible, the generalized Schur
complement of A in & is defined by

S=D-CA'B. (5)

Similarly, the generalized Schur complement of D in & is
defined by

T=A-BD'C. (6)



The Schur complement and generalized Schur comple-
ment have quite important applications in the matrix theory,
statistics, numerical analysis, applied mathematics, and so
forth.

There are a great deal of works [5-8] for the repre-
sentations of the generalized inverse of /. Various other
generalized inverses have also been researched by a lot of
researchers, for example, Burns et al. [6], Marsaglia and Styan
[8], Benitez and Thome [9], Cvetkovi¢-Ili¢ et al. [10], Miao
[11], Chen et al., and so forth [12] and the references therein.
The concept of a group inverse has numerous applications
in matrix theory, from convergence to Markov chains and
from generalized inverses to matrix equations. Furthermore,
the group inverse of block matrix has many applications
in singular differential equations, Markov chains iterative
methods, and so forth [13-17]. Some results for the group
inverse of a 2 x 2 block matrix (operator) can be found in [18-
30]. Most works in the literature concerning representations
for the group inverses of partitioned matrices were carried out
under certain restrictions on their blocks. Very recently, Yan
[31] obtained an explicit representation of the Moore-Penrose
inverse in terms of four individual blocks of the partitioned
matrix by using the full rank factorization without any restric-
tion. This motivates us to investigate the representations of
the group inverse without certain restrictions.

In this paper, we aimed at a new method in giving the
representation of the group inverse for the fact that there is
no known representation for &/*, o/° with A, B, C, and D
arbitrarily. The outline of our paper is as follows. In Section 2,
we first present a full rank factorization of &/ using pre-
vious results by Marsaglia and Styan [8]. Inspired by this
factorization, we extend the analysis to obtain an explicit
representation of the group inverse of & without any restric-
tion. Furthermore, we discuss variants special forms with the
corresponding consequences, including Banachiewicz-Schur
forms and some other extensions as well.

2. Representation of the Group Inverse:
General Case

Yan [31] initially considered the representation of the Moore-
Penrose inverse of the partitioned matrix by using the
full rank factorization technique. The following result is bor-
rowed from [31, Theorem 2.2].

For convenience, we first state some notations which will
be helpful throughout the paper:

P =I-aa, Qu=I-a«a wherea cafl}, (7)
S=D-CA'B, E=P,B,
(8)
W =CQy,, R =P, SQg.
Let A, E, W, R have the full rank factorizations
A:FAGA’ E:FEGE’
9)
W = F, Gy, R = FyGy,
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respectively; then there is a full rank factorization of the block
matrix of:

G, F\B
F, 0 0 F 0 G
d=FG=| " ", 1 a0
CG', Fy Fy P,SGL| |Gy E.S
0 Gg

Now, the Moore-Penrose inverse of o can be expressed as
A" = G'F'. In particular, when A is group inverse, let S =
D — CA”B; then the full rank factorization of & is

G, G,A'B
[ Fa 0 0 F 0 Gy W
CA'F, Fy Fy P,SGL| |G, FiS
0 Gy

This motivates us to obtain some new results concerning the
group inverse by using the full rank factorization related to
the group inverse.

Recall that if a matrix A € C™" is group inverse (which
is true when ind(A) = 1), then A* can be expressed in terms
of A{1}; that is,

A= A(AD) A (12)
Particularly, we have
A= A(AT)'A (13)

The following result follows by using [31, Theorem 3.6]
and (13).

Theorem 1. Let o/ be defined by (4); then the group inverse of
9 can be expressed as

: [A B
¢ o)

x [(Vs + Va3V, ViV, =V, Vi V,) V,

[WT 0
X

0 ET] (UUs + U, U,U,Us - U, U, U,)

. AT o
+(V, - ViViV, Wi [ 0 RT]
C D

x U, (U, -U,U;)] [A B] :

(14)
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where
EFl o El, 0
Fo=|"2 ., E=|W 4l
! [ 0 F;] 2 [ 0 Fg]
¥ i o*
GIZ[GA ?*], GZZ[GW (.:*:|,

0 G 0 G
U - [ X3! X3 'HPy X;' X, ]
XX Py HT X Xy + XX Py HY X HP X5 X, ]

H HPWHl*X;l]

I 0
K vl B

I H 0o ww'
= b U = bl
O P R HIPW]
-1 -1 -1
v - Y5 -Y; ' KQgY, 'Y, ]
e QKT Y, 4 Y QKT Y KQY; Y, |
_[KK} K
w=[ o)
[yt -Y,'K, [I1 o0
Vs = [—K;‘Y;l I+KY{'K, ]’ Viz k1)
w'w o
Vs = ,
5 [ K} ETE]
(15)
with
H=A"C", H =E"S, K=A4'B
K, =W's,
X, =1+HPyH/, X, =1+ PyH H Py,
_ -1 -1 -1 *
Xy =I+HP, (X;' - X;'X,X;") PyH",
(16)

X, = (RR'X;'RR),
Y, =1+ K,QpKD, Y, =1+QuKIK,Qp,
Yy =1+KQg(Y;' - Y, Y, Y, ") QK™
Y, = (R'RY;'R'R)",

If the (1, 1)-element A of & is group inverse, we imme-
diately have Theorem 2 by using the full rank factorization of

(11).

Theorem 2. Let o/ be defined by (4). Suppose A is group
inverse; then the group inverse of of can be expressed as

;. [AB
-[¢ )

x [(Vs + V5V3V2*V1V2 -V, \V,) V;

wt o
x T
0 E

] (UUs + U, U,U,Us - U, U, U,)

3
. A" o
+(V, = VsV3Vy) v, o R'
3[A B
x Uy (Uy - U,U5)] [C D] ]
(17)

where H = A*"C*, K = A*B, and H,, K,, U,, U,, U, U,, U,
Vi Vo, Vi, Vi, Vi, X, X5, X5, X, Y1, Y, Y3, Y, are the same
as those in Theorem 1.

The two representations of ', G' (which can be found in
[31, Theorem 3.1]),
FUU, - FUUUs

F' = ,
~R,U"UU, + F, (Us + U;U,U,) Us

(18)

t_
o= (19)

[ViViG] - VsVaVy VG, —ViViVaViGy + Vs (Vs + ViV Vi VE) Gr

will be helpful in the proofs of the following results.

Theorem 3. Let o/ be defined by (4); then the following
statements are true.

(a) If E is of full column rank and W is of full row rank,
then

. [AB
- [¢ o)

X([fg o) lo 7] [M(;T o e
[T

(b) IFE=0,W =0, then

where X = (I + HPgH™) ' and Y = (I + KQgK*)™.

Proof. (a) If E is full row rank, then Q = 0, and hence R = 0,
X, =1X,=1X, =1Iand X, = 0. Thus, V;, V,, V5, V,, Vs
defined in Theorem 1 can be simplified to

10 KK; K
Vl‘[o 0]’ VZ‘[K;‘ 0]’
I -K, I 0
- = 7, 22
Vs [—Kf 1+K;*K1]’ Vi [K I] @2)
wiw o
v 0



which imply
I 0 0 K
el el
0 K
V1V2V3 = [0 0] >
% 0 0 0 K
VV,VSV, = [K* 0], V,V,V,V, = [0 KK]
wiw -K . 0 0
VsV, = [ 0 I 1] ) VsV V, ViV, Vs = [0 K*K]'
(23)
So, (19) is reduced to
G 0 0
+ _[I T -K-K, A
G —[0 0 I 0 Gy OT . (24)
0 0 Gi

When W is full row rank, one gets P,,, = 0 which implies
R=0,X,=1X,=1IX; =1 and X, = 0. Thus,

I0 HO I0
N L I
(25)
I H 0 I
U4‘[0 I]’ US‘[EET 0]'
Simple computations show that
I H 0 H
U1U4=[0 I]’ U1U2U5=[0 I]’
. H* I+H'H 0 I
U,U,U, = [ 0 0 ] UsUs = [EET 0], (26)
* 0 I+H'H
U;UU,Us = [0 0 ]
Now, F' possesses the following form according to (18):
Fl 0 o0 I 0
F'=|0 F, o||-H" I (27)
0 o F/JL I 0
Since
+
t_ it _|A 0 I -K-K,
A =GF = [ 0 0] [0 I
(28)

LWE o [-HT I
o ETf| I of
one gets the expression of &/* by using (13):

. [A B
- ¢ o)

<[5 oo TN p] e

[T e ]
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(b) IfE = 0, then H; = 0, X, = I, and X, = I such that
X5 = [+HP,PyPyH* and X, = RR". Letting X = X;', then

U - X ~XHP,RR'
7 |-RR'P,,H*X RR' + RR'P,,H* XHP,,RR" |’
H O 10
[1'H o ww'
S

By short computations, one gets
UiU,

[ x XH (I - PyRR")
" |-RR'P,H*X RR'-RR'P,H"XH (I-P,RR")|’

U,U,Us

[0 XH (I-PyRR" ) WW'
|0 RR'WW' - RR'P, H* XH (I - P,RR" ) WW' |’

U;uU,

(I-RR'Py)H*X RR"+(I-RR'Ry)H*XH(I- PWRR*)]
0 0

>

0o ww'
UsUs = [0 0 ] ’
U;U,U,Us
_ [0 RR'WW' + (I - RR'P, ) H* XH (I - PWRRT)]
0 0 '
(€2
Hence,
El 0 o0
F'=1{o0 F, o
0 0 E,
X XH (I-PyRR") P,
x -PyH'X P, -PyH XH(I-P,RR") P,
(I-RR'P,)H X I-RR'P,
(32)

IfW =0,thenK, =0,Y, = I,and Y, = I such thatY; =
I+ KQpQrQpK* and Y, = R'R. Letting Y = Y; ', then

- Y ~YKQyR'R
" |-R'RQzK*Y R'R+ R'RQ K*YKQR'R|’
0 K 10
v, [0 0], V; [0 1]’ (33)

I 0 0 0
V4:[K* I]’ Vsz[o ETE]’



Journal of Applied Mathematics

which imply
V4V1
- Y —YKQ,R'R
~ K'Y - R'RQgK'Y R'R-(I-R'RQyz)K*YKQ.R'R]’
0 YK
VivaVs = [0 —R*RQEK*YK]’

. 0 0
VsVsVa Vi = [E*EK*Y —E*EK*YKQER*R]’

TATATATA YK
4717273 70 K*YK - R'RQzK*YK |’

. 0 0
VsVaVa ViVaVs = [0 K*YK - R*RQEK*YK] '

(34)
So, (19) is reduced to
o - [ Y ~-YKQ, —YK]
QrQeK*Y I-QrQzK*YK I
Gh o o (35)
x| 0 Gy 0
0 0 G
Then,
Y -YK
d'=G'F' = [ - - ]
QK*Y I-Q¢K*YK
_ _ (36)
[A* o] X XHPs
X —_ —_ .
0 S'"||-H*X I-H*XHP;
Therefore, we have
S |AB Y —YK~
C D\|QK'Y I-QK*YK
LA 0] X XHP, T\’
0 S'||-H*X I-H*XHP;
L [A B
C D|"
(37)
O

Theorem 4. Let of be defined by (4), then the following state-
ments are true.

(@ IfE=0,W =0, and R(C) C R(S), then

. [A B
o[ o)

X([ Y -YK HA’r 0]
QK'Y T-QK*FK|| 0 s (38)

Lo D 2 5]

5
where Y = (I + KQSK*)_I.
(b) IFE =0, W =0, and R(B*) C R(S¥), then
o - [AB]([I K AT o
“|cDj\|[o T ][0 st
X[ X XHP; D3[A B]
~-H*X - H*XHP; C D)’
(39)

where X = (I + HPSH*)fl.

(0)IfE=0,W =0, and R(B) ¢ R(A), R(C) C R(S),
R(B*) C R(S™), R(C") C R(A"), then

o =

A(AT) A+ AATKSTH' ATA —AATK(ST)'S
~S(s'Y'H"A'A s(s')’s
(40)

Proof. (a) Since E = 0 and W = 0, by Theorem 3(b), one gets
o = Y -YK AT 0
T lQK*Y T-QK*YK[[0 ST
y X XHP
~-H*X I-H*'XHP|"

Since R(C) ¢ R(S), that is, P;C = 0, then X = I, then the
equality previously mentioned is simplified to

.szf*:[ Y

-YK HAT 0” I 0
QK'Y I-Q¢K*YK

o st |-m* 1]' (42)

By using &/* = d(&fT)Sd, we have

(43)

(b) Similarly to the proof of (a).
(c) Since E = 0 and W = 0, by Theorem 2(b), one gets

MT_[ Y -YK HA’r o]
QK'Y T-QK*YK|[0 &
(44)
X[ X  XHp ]
-H*X 1-H*XHP]’



Since R(B) ¢ R(A), R(C) c R(S), R(B*) c R(§¥), R(C*) ¢
R(A"), thatis, P,B = 0,CQ, = 0, P,C = 0, BQg = 0, then the
previous equality is simplified to

=T[5 Sl

_[AT+KS"TH* -KS!
| -s'H” st

(45)

Moreover,
g = A B]

AT+ KSTH* —-KS'
C D

-S"H* st

_ [AA" + AKS'H* - BS'TH* -AKS' + BS'
|CA" + CKS'"H* - DSTH* —CKS'" + DS'

_[AAT o]
| o sst|”

rat Ty +
i [AT+KSTH* -KS"][A B
@ -S'H* st Hc D]

[ATA+KSTH*A-KS'C K+KS'H*B - KsTD]

- -S'"H*A+S'C -S'"H*B+S'D
_[ATA o ]
"l o s's|”
(46)
Therefore,
# ot o, AAT 0
o -dﬂﬂd&i-[ 0 ss*]

AT+ KSTH* -KST][ATA 0
X tpps T T
-S'H S 0 S's

A(AT) A+ AATKSTHTATA —AATK(ST)’s
~S(s') H"ATA s(s')’s
(47)
0

Theorem 5. Let o be defined by (4); let S = D — CA*B be
the Schur complement of D in of; then the following statements
are true.

(a) If A and S are group inverse, P,B = 0, CQ4 = 0,
and PsC = 0, then

.Q{#

A" + A'BS"CA* A" (I+BS'CA") A"BP; - A"BS’
—sfca? s (1-c(a*) By

(48)
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(b) If A and S are group inverse, PA\B = 0, CQ, = 0,
BPg = 0, then

d#

A"+ A"BS"CA* -A*BS*
" | PCA (1+ A'BS'C) A" - 5°CA" (1-P,C(A")'B)S'
(49)

(c) Let A and S be group inverse; then P,B = 0,
CQy =0, PsC =0, and BPs = 0 if and only if

_[A"+A"BS'CA" -A"BS

o = 50
-s*caA? s (50)

Proof. (i) If P,\B = 0 and CQ4 = 0, then E, W, R defined
in (8) can be simplified to E = 0, W = 0; R = S and then
there is a full rank factorization

[AB]_,.. [ Fa 0][G, G,A'B
‘d‘[c D]_FG_[CA#FA FSHO Gs (51)

according to (11). Thus,

(52)

GF - [GAFA +G,KCA'F, GAKFS] ’

where H = CA" and K = A’B. Denote by S the
Schur complement of GgFy in the partitioned matrix GF.
Then,

' = G,F, + G,KHF, - G ,KFy(G¢F;) ' G¢HF,
= G,F, + G,KHF, — G ,KSS"HF,,
= G,F, + G,KPsHF, (53)
= G,F, + G,KP,CA'F,

= G4F,.

Applying the Banachiewicz-Schur formula, we have

(GaF4)"

(GaEx)™ ~(GAF,)"'G4KFs(GgFs) ™

[—(GSFS)’IGSHFA(GAFA)* (GsFs)™ (I + GsHF,4(GaF4)™ G4 KFs(GgFs) ™)

B [ (G4F,)™ ~G,AKS'F
~GS'HA'F, (GFs)™' +GeS'HKS'Fy |

(54)
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Simple computations give

F(GF)™
— FA 0
~ |HF, Fq
-1
| (GaFa) —EAA#KS#FS
~-G¢S'HA'F, (GgFg)™ + G¢S"HKS'F;
_[A"F, -KS'Fg
o S'F |’
(GF)™'G o
[ @GR GaAKS'E
~-G¢S"HA'F, (GgFg)™ + GsS"HKS'F;
« [Ga GaK
_[ G, A G, A'KPg ]
~-GsS'H GS* - GgS'HKPg|*
Then,
A" = F(GF)™G

_[A'F, -KS'Fg|[ G,A G, A'KP;

"L o S'F | [-G¢S'H GsS* - GSHKPg

A"+ A’BS"CA" A" (I+BS'CA") A’BP; - A"BS’
_stca* s (1-c(a%) BRy)

(56)

(b) Since P,B = 0 and CQ, = 0, similar as (a), there is a
full rank factorization of & such that

[ Ey 0][G, G,A*B
9 =FG = [CA#FA FS] [ o G |- D
We also have
_ [GAF, + G4,KCA’F, G,KF;
GF = [ G HE, ar'l (58)

By using BPg = 0, one gets the Schur complement of G¢F; in
GF:

S' = G4F, + G,A’ BPHF,

(59)
= GAFA'
Hence,
G,F,)™" G,A’KS'F.
(GF)_I — ( A A) _—IA S .
~GS'HA'F, (GgFs)™ + GgS"HKS'F;
(60)

7
Short computations show that
2 [E, 0
e [, 1)
-1
| (GaFa) —EAA#KS#FS ’
~GsS'HA'F, (GsFg) " +G¢S"HKS'F;
[ A'F, ~KS*F;
= |PgHA'F, —-PsHKS'Fg+S'Fg |’
(GF)'G
[ GuE)™ —GIAA#KS#FS
~GsS’"HA'F, (GgFg)™ + G¢S"HKS'F;
. [Ga GaK
[ GuAT 0
T |-GsS'H G¢S* |-
(61)
Therefore,
A" = F(GF)*G
[ A'F, ~KS'F; G,A" 0
~ | \HA'F, —PHKS'Fs + S'Fg| |-GsS'H GgS”

A* + A'BS'CA” —A*BS*
PCA* (I + A"BS’C) A” - s"CA” (1~ BC(A%)'B)S" |
(62)

(c) (=) Since P,B = 0,CQ,4 = 0, P;C = 0, and BP; = 0,

according to the proof of (a) and (b), we have
4 [FEy 0
LGN

| (GaE)” ~G,A*KS*Fq

~GsS*HA'F, (GgFg)™' + GgS*HKS' Fq

_ [A"F, -KS'Fs
Lo SR |

-1 # #
GG = | (GaFa) CuA'KSS" ]
~G¢S"HA'F, (GgFg)™ + GgS"HKS'Fg

. [Ga GaK
B [ G,A" 0 ]
T |-GsS'H G¢S* |-
(63)
Hence,
_ _ A* + A*BS*CA* -A*BS*
# 1 1~ _
" = F(GF) " (GF) G—[ _stcA? s*
(64)

(<:) By [9, Theorem 2]. ]



Analogous to Theorem 5, if define T = A — BD*C the
Schur complement of A in &/, one can obtain the following
results.

Theorem 6. Let of be defined by (4); let T = A~ BD"C be the
Schur complement of A in df; then the following statements are
true.

(@) If D and T are group inverse, P,C = 0, BQp, = 0,

PrB =0, then
o - T (1- B(D*)ZCQT) _T*BD*
- |-pfer’ + Of (1+ Ccr*BDY) D'CQr D + DCT?BDF |

(65)

(b) If D and T are group inverse, P,C = 0, BQp = 0,
and CQp = 0, then

o = (1- pTB(D‘*)Zc) 1" -T"BD’ + PrBD' (I + D'CT"B) D*
-p*cr D" + D*CT*BD* '
(66)

(c) Let D and T be group inverse; then P,C = 0, BQp, =
0, CQp =0, and PrB = 0 if and only if

o - T -T*BD* )
~|-p’cT* D'+ DCT*BD* |’

Proof. The proof is similar to the proof of Theorem 5. O

Combining Theorems 5 and 6, we have the following
results.

Theorem?7. Let of be defined by (4); letS = D-CA*B, T = A-
BD*C be the Schur complement of D and A in o, respectively.
Then the following statements are true.

(a) If A,S,D, T are group inverse, P,B = 0, CQ, =
0,P;C = 0,P,C =0,BQp =0, and PrB = 0, then
o A" + A'BS"CA" A" (I+BS'CA") A"BPs - A"BS’
- -sfca’ s (1-c(a%)’BRy)

~ 1 (1- B(D")’CQyr) ~T*BD’
- |-pfer’ + o (1+ cr'Bp) DPeQy D+ D'CT'BD |
(68)

(b) If A, S, D, T are group inverse, P,B = 0, CQ, = 0,
PsC = 0, PDC = 0, BQD = 0, andCQT = 0, the‘l’l
o A" + A'BS'CA* A” (I+BS'CA") A*BP; - A'BS’
| st s* (1-c(a%)’ BRy)
- [(1 - PpB(D*)’C)T* ~T*BD’ + PrBD" (I + D'CT*B) D"]

-p*cr? D* + D*CT*BD*
(69)
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() IfA, S, D, T are group inverse, P,B = 0, CQ, = 0,
BPs =0, P,C =0, BQp =0, and P;B = 0, then

4 A"+ A'BS'CA? -A*BS*
" | BCA* (1+ A'BS’C) A - s7CA” (1~ PC(A")’B)S"

~ 1 (1- B(D")’CQy) -T*BD
- |-pfert + o (1+ B ) D'eQy D + DPCTBD |
(70)

(d)IfA, S, D, T are group inverse, P,\B =0, CQ, = 0,
BP; =0, P,C = 0, BQp = 0, and CQp = 0, then
o A" + ABS'CA? -A"BS*
| pca® (1+4°BS°C) A - 5°CA” (1~ RC(4)’B)S’

_[(1-pB(p*)'c)1* ~1"BD + PLBD* (1 + D*CI*B) D*
-p‘cr D' + D'CT*BD* '
(71)

Theorem 8. Let of be defined by (4); letS = D-CA*B, T = A~
BD"C be the Schur complement of D and A in o, respectively.
Then

o - A’ + A'BS"CA" -A’BS’
- -s*cA? s’
(72)
[ -T*BD*
- |-p*cr* D' + D'CT*BD*
if and only if one of the following conditions holds
(@) P,B=0, P,C=0, PC=0,
(73)
CQyu =0, BQp =0, BQg =0,
(b) P,B=0, P,C=0, PB=0, CQ,=0,
BQp, =0, CQr = 0.
(74)

Proof. (a) Using Theorem 6(c) and Theorem 7(c), we con-
clude that

P,B =0, CQ, =0, PC =0, BQs =0,
(75)
PDC:O, BQD =0, CQT =0, PTB=0,
if and only if
o - A" + A"BS'CA* —-A"BS*
-s'cA* s
(76)

| -T*BD*
~ |-pfcT* D' + D*CT*BD* |’
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Now, we only need to prove (73) is equivalent to (75). Denote
T' = A* + A*"BS’CA”. Then
TT' = (A-BD'C) (A" + A’BS'CA”)
= AA" + AA"BS'CA” - BD'CA” - BD*CA”BS*CA”
= AA" + BS'CA” - BD'CA” - BD" (D - ) §’CA”
= AA",
T'T = (A" + A"BS'CA") (A - BD*C)
= A"A- A"BD'C - A*"BS"CA*A - A"BS"CA*BD'C
=A"A- A"BD'C - A"BS'C - A"BS" (D-S)D’C

= A*A.
(77)

Moreover, we have
TT'T = AA" (A-BD'C) = A-BD'C =T,

T'TT = A*A (A# + A#BS#CA#) = A"+ A"BS'CA" =T,
(78)

Thus, T' = T*. Hence, T*T = A* A and TT* = AA*. Now, we
get Py\B = PrB = 0 and CQ, = CQp = 0, which means
(73) implying (75). Obviously, (75) implies (73). So, (73) is
equivalent to (75).

(b) The proof is similar to (a). O

3. Applications to the Solution of
a Linear System

In this section, we will give an application of the previous
results above to the solution of a linear system. Using gen-
eralized Schur complement, we can split a larger system into
two small linear systems by the following steps.

Let

dx =y (79)

be a linear system. Applying the block Gaussian elimination
to the system, we have

A B x| y
(o o-casl (2] =[] @

Hence, we get

Ax, + Bx, = y;
T (8D
Sx, =y, —CA' y,.
That is,
Ax) =y — Bxy,
(82)

SxXy =¥, = CATJ’I-

Now, the solution of system (79) can be obtained by the
two small linear systems previously mentioned. In that case,
the operation can be significantly simplified. We will also
notice that the Moore-Penrose inverse of A can be replaced
by other generalized inverses, such as the group inverse, the
Drazin inverse and generalized inverse of A or even the
ordinary inverse A™'.

In the following, we will give the group inverse solutions
of the linear system.

Theorem 9. Let
dx =y (83)

be a linear system. Suppose </ satisfies all the conditions of
Theorem 5 (c), partitioning x and y as

Bl e

V2
which have appropriate sizes with of. If y € R(&{), then the
solution x = A" y of linear system (79) can be expressed as

x, = A" (y, - Bxy),
i . (85)
x,=S (J’z_CA J’l)’
where S = D — CA”B.
Proof. Since y € R(f), we conclude that x = <"y is the

solution of linear system (79). By Theorem 5 (c), we can get
the following:

4. [A"+A'BS'CA* -A"BS*| [y
x=dy= [ —sfcA? s |1
Ay, + A"BS'CA"y, - A’BS"y,
= # # (86)
S (J’z -CA )’1)
- [Xl]
X"
Now, it is easy to see that the solution x = &y can be
expressed as
x, = A" (1 - Bx,),
(87)

Xy = s’ ()’2 - CA#)’l) :

which are also the group inverse solutions of the two small
linear systems of (82), respectively. O
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