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Our aim in this paper is to illustrate that the proof of main theorem of Rhoades and $oltuz (2003) concerning the equivalence
between the convergences of Ishikawa and Mann iterations for uniformly L-Lipschitzian asymptotically pseudocontractive maps

is incorrect and to provide its correct version.

1. Introduction and Preliminary

In 2003, Rhoades and Soltuz [1] proved the equivalence
between convergences of Ishikawa and Mann iterations for an
asymptotically pseudocontractive map. This result provided
significant improvements of recent some important results.
Their result is as follows.

Theorem R-S (see [1, Theorem 8]). Let B be a closed convex
subset of an arbitrary Banach space X and (x,), and (u,),
defined by (3) and (4) with (,,),, and (B3,),, satisfying (5). Let T
be an asymptotically pseudocontractive and Lipschitzian map
with L > 1 selfmap of B. Let x* be the fixed point of T. If
Uy = x, € B, the following two assertions are equivalent:

(i) Mann type iteration (3) converges to x* € F(T),
(ii) Ishikawa iteration (4) converges to x* € F(T).

However, after careful reading of the paper of Rhoades
and Soltuz [1], we find that there exists a serious gap in the
proof of Theorem 8 of [1], which happens to be main theorem
of the paper. Note: in the proof of Theorem 8 of [1] the
following mistakes occurred. “Using (6) with x := x,,,,, ¥ :=
U,,; in line 19 of page 684 cannot obtain

[CRRTJCHEETHEY

T, ((‘xnknl - Tn) Xng1 ~ (‘xnan - Tn) un+l) “ @)

> (1 + oci) [ %1 = e ] -

The reason is that the following conditions are not equivalent:

(al) T is asymptotically pseudocontractive map,

@2) lx=yll < llx=y+r((e,k, ] =T")x = (e, k, I =T") y)ll,
where «,, and k,, are from (1).

The aim of this paper is for us to provide its correct
version. For this, we need the following definitions and
lemmas.

Throughout this paper, suppose that E is an arbitrary real
Banach space and D is a nonempty closed convex subset of E.
Let J denote the normalized duality mapping from E to 2F
defined by

J)={feE" : (6. f) = sl = ||}, VxeE

where E*, (.,-), and j denote the dual space of E, the
generalized duality pairing, and the single-valued normalized
duality mapping, respectively.

Definition 1 (see [1]). LetT : D — D be a mapping.
T is called uniformly L-Lipschitz if there is a constant L >
0 such that, for all x, y € D,

[T"x-T"y| <L|x-y|, Yn=>1. (3)



T is called asymptotically nonexpansive with a sequence
{k,} c [1,+00) and lim,,_, k, = 1 if for each x, y € D such
that

IT"x -T"y| < k,|x-y|, VYn=>1 (4)

T is called asymptotically pseudocontractive map with a
sequence {k,} C [l,+00) and lim, _, k, = 1 if, for each
x, y € D, there exists j(x — y) € J(x — y) such that

(T"x-T"y, j(x=y)) <k Jx-y|", wn=1. (5

Obviously, an asymptotically nonexpansive mapping is
both asymptotically pseudocontractive and uniformly L-
Lipschitz. Conversely, it is not true in general.

Definition 2 (see [2]). For arbitrary given u,,x, € D, the
sequences {u,} >, {x,}>>, C D defined by

U, = -a,)u,+a,T"u, nx1, (6)

Yu=(1-b)x,+bT"x,, n=1,

(7)

X1 =(1-a,)x,+a,T"y, nx>1

are called modified Mann and Ishikawa iterations, respec-
tively, where {a,}, {b,} are two real sequences of [0, 1] and
satisfy some conditions.

Lemma 3 (see [2]). Let E be a real Banach space and ] : E —
2E" be a normalized duality mapping. Then

e+ 217 < Il + 24y, (x4 9), ®)
forallx,y € Eand j(x + y) € J(x + y).

Lemma 4 (see [3]). Let ® : [0,+00) — [0,+00) be a
strictly increasing and continuous function with ®(0) = 0,
and let {8,}°0, (A} and {y,}o2, be three nonnegative real
sequences satisfying the following inequality:

82

n+1

< 8;3 - /\nq) (8n+1) +Y,, nx0, 9)

where A,, € [0,1] with Y020 A, = 00, y, = o(A,). Then §,, —
Oasn — oo.

2. Main Results

Now we prove the following theorem which is the main result
of this paper.

Theorem 5. Let E be a real Banach space, D be a nonempty
closed convex subset of E, and T : D — D be a uniformly
L-Lipschitz asymptotically pseudocontractive mapping with a
sequence {k,} < [1,+00) such that lim,_, k, = 1. Let
{a,}, {b,} be two real numbers sequences in [0, 1] and satisfy
the conditions (i) a,,b, — 0asn — oo; (ii) Zz’;l a, = 0.
For some uy, x, € D, let {u,} and {x,} be modified Mann and
Ishikawa iterative sequences defined by (6) and (7), respectively.
IfF(T) = {x e D : Fx = x}#0, q € F(T), and there
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exists a strictly increasing continuous function ® : [0, +00) —
[0, +00) with ®(0) = 0 such that

<Tn‘xn+l - Tnun+1’ J (‘xn+1 - un+1)>
< kn”xn+l - un+1"2 -0 (l|xn+1 - un+1") > (*)

Vn=>1,

where j(x,,1 — U,.1) € J(X,41 — U,,1), then the following two
assertions are equivalent:

(1-1) the modified Mann iteration (6) converges strongly to
the fixed point q of T;

(1-2) the modified Ishikawa iteration (7) converges strongly
to the fixed point q of T.

Proof. We only need to prove (1-1) = (1-2), that s, |lu,— gl —
Oasn — 00 = |lx, — gl — 0asn — co. Without loss of
generality, ||, — gll < 1. Since T : D — D is a uniformly
L-Lipschitz, then [T"x - T"y|| < L||x - y||.
Step 1. For any n > 0, {x,,} is bounded.

Setu, = g, foralln > 1, supik, : n > 0} = k, then (x):

(T"%041 = @ j (%41 —q)) < k”xnﬂ - QHZ - ("xn+1 - ‘1") >
Vn=>0.
(10)

And there exists x; € D and x; # Tx; such that r, = (k +
L) |lx, - q||2 € R(®D). Indeed, if ®(r) —» +oco0asr — +00,
then, r, € R(®); if sup{®(r) : r € [0,+00)} = r; < +00
with r; < ry, then, for g € D, there exists a sequence {{,} ¢ D
suchthatf, — gasn — oo with&, #q. Hence there exists a
natural number 1, such that (k+L)||&,, — q||2 < r/2forn = ny,
and then we redefine x, = E”o and (k + L)||x; - qII2 € R(D).

Set R = ®~'(r,), and then, from (), we obtain that
% —al < R (1)

Denote B, = {x € D : |[x —gqll < R},B, = {x € D :
lx — gll < 2R}. Next, we want to prove that x,, € B,. If n = 1,
then x, € B,. Now assume that it holds for some #; that is,
X, € B;. We prove that x,,.; € B,. Suppose that it is not the

case, and then | x,,,; — gl > R. Now denote

1 ® (R)
1+2L°16R?(1+ L) (1 +2L)

} . (12)

Ty = mln{

Because a,,b,,k, —1 — 0asn — o0, without loss of
generality, let 0 < a,,b,,k, — 1 < 7, for any n > 1. So we have

= Uy

Iy, —all < (1= 8,) %, ql + b, | T"x, - T"q]|
< (1-b,+b,L) |x, - 4|
<(l+b,+bL)R
< 2R,

(13)
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“xn+l - q” = (1 - an) "xn - q” ta, "Tny” - an”
<(1-a,)|x,-4q| +a.L|y, -4l
< (1 + an) "xn - q”

+ anL (1 + bn + an) ”'xn - q“

(14)

< (1+a,)[x, - q| +2a,L|x, - 4|
< 2R,
Ixner = yall < @y %0 = Tyl + b, [, = T, |
< a,(|x, - ql + 7"y, - T"q|)
+b, (|x, - gl + [T"x, - T"q|)
< a, (|, —al + L]y, - al)
+5,(1+ D) |, ~ =
<a,(1+2L)R+b,(1+L)R
<(a,+b,) (1+2L)R

S—CD(R) )

8R(1+1L)
SO
® (R) <c1>(R)
8R(1+1L) 8R

Using Lemma 3 and the above formula, we obtain

|71 = Tyl < L (16)
1 -4l
=(1-a,) (x, - 9) +a, (T"y, - QI
<(1-a,)x, - ql’
+2a,{T"y, = @ j (%11 — 9))
= (1-a,)|x, - ql’
+ 28, (T" X1 = q = T" %1 + T Yy j (X1 — q))
<(1-a,)x, - ql’
+2a, (g %y = ql* = © (|01 - all)]

+ 261n "Tnanrl - Tnyn“ : len+1 - q" .
17)

Since 2k,a, — 0asn — oo, without loss of generality, let
1 -2k, a, > 0. Then (17) implies that

,  (1- an)z 2
"xnﬂ - q" £ 1-— anan "x" B q”
2a
e d R
2a,
+ "Tnxn+1 - Tnyn“ ’ “xVH'I - q”

1-2k,a,

3
2 zan
< Jeu—all”+ 1-2k,a
ai’l
([ k=0 + 2] - al?
-® (”xn+1 - q”)
+ “Tnxnﬂ - Tnyn" ’ "x"+1 - q” ]
2a,,
<lu—al + 1-2k,a
2
[ @ (R)R _@(R)+(D(R)2R]
8R2(1+L)(1+2L) 8R
2a,
<o -dl+ 75,
X [% -O(R) + M
4 4
2 a,
<R 1- anan(D (R)
<R,
(18)

and this is a contradiction. Hence x,,,, € B;; thatis, {x,}isa
bounded sequence.

Step 2. We show that ||lx, — gl — 0asn — oo.

By Step 1, we obtain that {||x,,—u,,||} is a bounded sequence,
and denote M = sup,{llx, — u,l}. Applying (6), (7), and
Lemma 3, we have

s =t = 11 = a,) (5 = 10,) + @, (T = T,
< (1-a,) [, -,
+ 20, (T"y,y = Tty j (X1 = thi1))
< (1-a,) e, |
+ 20, (T" Y = T" X115 § (X1 = i)
+ 20, (T" Xy = T thy15 j (K1 = i)
+ 20, (T ) = T thys j (X1 = Upan))
< (1-a,) [, -,
+2,L [y, = Xpaa| - 1 = thasa|
+ 20, [k [ = 4

-0 (||xn+1 ~Up ||) ]

+ 2anL "un+1 - un" ' "xn+1 - um—l“ .
(19)



Observe that
“yn - xn+1n = "an (xn - Tnyn) - bn (xn - Tnxn)”
< (an + bn + an) “xn - q" + anL “yn - q"
< (an + bn + an) “xn - q"
+a,L (1+b,L) |x, - q| (20)
< (an +b,+b,L+a,L+ ananz) ||xn - q“
< by (%, = | + |1t — al])
<h, (|x, —u,| +1),
||un+1 - un“ = "an (Tnun - un)“
=a,|T"u, -T"q +q - u,|
(21)
<a,(1+L)||u, - q]

<a,(1+1L),

where h, = a, + b, + b,L +a,L +a,b,Ll*> — Oasn — oo.
Substituting (20) and (21) into (19), we obtain

||xn+1 - un+1"2
< (1 - an)zuxn - Mn"Z
+ 2Lanhn (”xn - un” + 1) ||xn+1 - un+1"
+ zan (kn"xn+1 - un+1||2 -0 ("xn+1 - un+1"))
+ 2anLan (1 + L) ||xn+1 - un+1” (22)
< (1 - “n)2||xn - un"2
+Layh, (||xn - un"2 + 2| %001 — unﬂnz + 1)
+ 2an (kn"xn+1 ~Up ”2 -0 ("xn+1 - un+1"))

+L(1 +L)aﬁ +L(1 +L)aﬁ||xn+1 —un+1||2.

Sincea, — O0asn — oo, without loss of generality, we may
assume that

1
5 <1-2Lah, - 2ak, ~L(+1L) a <1, (23)
for any n > 1. Then, (22) implies that

"xn+1 - un+1"2

2
B (1-a,)” +Lah,
~ 1-2La,h, -2ak,-L(1+L)a?

X "xn - ”nllz
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Lah,+L(1+L)a’
+
1-2La,h, - 2a,k, — L(1+ L)a?

2a

n

- )
1-2La,h, —2a,k, — L(1+L)a?

X ("xn+1 - un+1")

s 2a,(k,~1)+a’ +3Lah, +L(1+L)a’
1-2La,h, - 2a,k, - L(1+ L)a?

x "xn - un"2

Lah,+L(1+L)a’
+
1-2La,h, - 2a,k, - L(1+L)a?

2a

n

- )
1-2La,h, - 2a,k, — L(1 +L)a?

X (1 = thpaa )
< (1+4a, (k, - 1) +2a, +2L(1 + L) a, + 6La,h,,)
% ||x, = w,|* + 2L (1 + L) @’ + 2La,h,
=28,® ([[%51 = )
< [l = u’
+ [4an (k,—1)+2a> +2L(1+ L)a’ + 6Lanhn] M?

+2L(1+L)a’ +2Layh, — 2a,® (||, — thy|]) -
(24)

Let 8, = lx, — w,l, A, = 2a,,y, = [4a,(k, — 1) +2(1 + L +
L*)a’ +6La,h,|M* +2L(1+L)a’ +2La,h, = o(1,). Then (24)
leads to

65+1 < 82 - /\nq) (8n+1) + Yn: (25)
By Lemma 4, we obtain lim, , . ,§,, = 0. That s, [|lx, —u, || —
O0asn — o00. From the inequality 0 < |lx,, — gll < lIx,, —u,ll +
llu, —gll, we get l|x, —gll = Oasn — oo. This completes the
proof. O

Remark 6. The error in the proof of Theorem 8 of [1] has been
pointed out and corrected, but it is not easy what the author
really wants to obtain the proof of Theorem 8 in [1] at present.

Remark 7. 'The proof method of Theorem 5 is quite different
from that of [1] and others.
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