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This paper addresses the issue of approximate controllability for a class of control system which is represented by nonlinear fractional
integrodifferential equations with nonlocal conditions. By using semigroup theory, p-mean continuity and fractional calculations,
a set of sufficient conditions, are formulated and proved for the nonlinear fractional control systems. More precisely, the results
are established under the assumption that the corresponding linear system is approximately controllable and functions satisfy non-

Lipschitz conditions. The results generalize and improve some known results.

1. Introduction

In recent years, use theory of fractional calculus and frac-
tional differential equations has gained importance and
popularity due to its applications in various fields of science
and engineering. Various physical phenomena in science and
engineering can be successfully modeled by using fractional
calculus theory. Due to its tremendous scope and applica-
tions, several papers have been devoted to study the existence
of mild solutions of fractional differential equations (see [1-
4] and references therein). On the other hand, controllability
is an important property of a control system which plays an
important role in the analysis and design of control systems
[5-8]. Most literatures in this direction so far have been con-
cerned with controllability of nonlinear differential equations
in infinite-dimensional spaces without fractional derivatives
(see [9] and references therein). Using generalized open map-
ping theorem, a set of sufficient conditions for constrained
local relative controllability near the origin are formulated
and proved for the semilinear systems with delayed controls
in [10, 11].

Recently, only few papers deal with the controllability of
fractional dynamical systems [12-14]. Klamka [15, 16] derived
a set of sufficient conditions for the local controllability of

finite-dimensional fractional discrete-time semilinear sys-
tems. However, the problem of controllability for fractional
systems has not been fully investigated, and there is still
room open for further research in this area [17]. Moreover,
the approximate controllable systems are more prevalent, and
very often, approximate controllability is completely adequate
in applications (see [18-21] and references therein). There-
fore, it is important, in fact necessary, to study the weaker
concept of controllability, namely, approximate controllabil-
ity for nonlinear fractional integrodifferential systems. Moti-
vated by this fact, in this paper, we consider the approximate
controllability of the fractional nonlinear integrodifferential
evolution equations with nonlocal initial condition in the
following form:

“Dix(t) = —Ax (t) + Bu ) +t"f (t,x(t), (Hx) (1)),
te]=[0b], nezZ', qe(01), (1)
x(0)=g(x)+x, € X,

where the state x(:) takes the values in a Hilbert space X,
ch denotes Caputo derivative, —A : D(A) — X is the
infinitesimal generator of an analytic semigroup {T(¢),t > 0}
on X; the control function u(:) is given in L*(J,U); U is a



Hilbert space; B is a bounded linear operator from U into X;

the operator H is defined by (Hx)(t) = fob h(t, s, x(s))ds; the
nonlinear term f : J x X, x X, — X(or Xy) is a given
function, where here J = [0, b]; and X, = D(AY) (0<y<1)
is a Hilbert space with the norm ||x||y = |AYx| for x € X,.
The functions f, h, and g will be specified later. In fact, our
results in this paper are motivated by the recent work of [20],
and the fractional integrodifferential equations are studied in
[4]. The main objective of this paper is to derive conditions
for the approximate controllability of (1) with non-Lipschitz
coeflicients, and the associated linear system is approximately
controllable.

2. Preliminaries

In this section, we provide definitions, lemmas, and notations
necessary to establish our main results [4]. Let | f] LP(J.RY)
denote the L(J,R") norm of f whenever f € LP(J,R")
for some p with 1 < p < oco. Let €, denote the Banach
space C(J, Xy) endowed with sup norm given by |x[l, =
sup;¢;llxll,» for x € €,y €(0,1).

Let us recall the following known results.

The fractional integral of order 8 with the lower limit 0
for a function f is defined as

f) ds

B L [
070 = g | oo

£>0, f>0, (2)

provided the right-hand side is pointwise defined on [0, 00),
where I'(+) is the gamma function.

Riemann-Liouville derivative of order 3 with lower limit
zero for a function f: [0,00) — R can be written as

Ld ¢t fGs)
_— —— s,
I'(n-p)dt" Jo (t — s)Prin ’ 3)

'DPf (1) =

t>0, n-1<fB<n

The Caputo derivative of order f for a function f : [0,
00) — R can be written as

n—

1 k
DFf (1) ="DF (f(t) B Z%f“‘) (o>>,
k=0

=0 (4)
t>0, n-1<fB<n
Remark 1 (see [4]). (i) If f(¢) € C"[0, 00), then
D,B — 1 ! fn (S) ds = In—ﬁ n ,
TO=T0=p L TEr 5)

t>0, 0<n-1<fB<n.

(ii) The Caputo derivative of a constant is equal to zero.

(iii) If f is an abstract function with values in X, then
integrals which appear in the above results are taken in
Bochner’s sense.

For additional details concerning the fractional deriva-
tive, we refer the reader to [3].
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To define the mild solution for the control system (1), we
associate problem (1) to the following integral equation [4]:

x(t) =T (t) [xg + g (x)] + Lt (t—s)T S (t —s) Bu(s)ds

+ r (t —)T'S"S (t —s) f (s, x(s), (Hx) (s)) ds,
0

tel,
(6)

where 7 ()= [[” £ (0)T(t%0)d6, S(t)=q [ 6&,(6)T(t16)d6,
£0) = /o w07 = 0, w0 = (1
) Zﬁil(—l)"_IQ_q”_l(I‘(nq+ 1)/n!) sin(nnq), 0 € (0, 00), and
§, is a probability density function defined on (0, co); that is
£,(6) 20,6 € (0,00),and [~ £,(6)d6 = 1.

Definition 2. A function x(-; xy,u) € C(J, Xy) is said to be

a mild solution of (1) if for any u(-) € L*(J,U) the integral
equation (6) is satisfied.

Definition 3. The system (1) is said to be approximately
controllable on the interval J if R(b, x,) = X, where

R (b,xo) = {x, (x3u) ) :u() e U, )} (7)

is called the reachable set of system (1) at terminal time b,

and its closure in X is denoted by R(b, x); let x;,(x,; u) be
the state value of (1) at terminal time b corresponding to the
control u and the initial value x, € X.

Consider the following linear fractional differential con-
trol system

Dix(t) = Ax(t)+Bu(t), te]=[0,b], 0<q<1,

x (0) = x,.

The approximate controllability for the system (8) is a natural
generalization of approximate controllability for the linear
first order control system (see [18]). It is convenient at this
point to introduce the controllability operator associated with
the linear system

b
- L (b-9T'S(b-1)BB*S" b-1)dr, (9

where B* denotes the adjoint of B and & (¢) is the adjoint
of &(¢t). It is straightforward that the operator Fé’ is a linear
bounded operator. Let R(«, Fg) = (al + I“g)f1 fora > 0.

Lemma 4. The linear fractional control system (8) is approx-
imately controllable on ] if and only if aR(a,T)) — 0 as
a — 07 in the strong operator topology.

The proof of this lemma is a straightforward adaptation
of the proof of Theorem 2 of [18].
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Lemma 5 (see [4]). For each v € LF(J,X) with 1 < p <
+00, one has limy, _, , Iob ly(t + h) —y(t + h)|Pdt = 0, where
y(s) = 0 for s does not belong to J.

Lemma 6 (see [4]). The operators T and § have the following
properties.

(i) For fixedt > 0, T (t) and S(t) are linear and bounded
operators. For any x € X,

Mg
F(q+ 1)

17 @ xll < Mlxll, 1S @) x| < Il (10)

(ii) {7 (t),t = 0} and {S(t), > O} are strongly continuous.
(iii) For everyt > 0, T (t) and S(t) are also compact oper-
ators.

(iv) Forany x € X, f € (0,1), and y € (0, 1) one has

AS B x=A"Ps ) APx, te],

Mar(2-y) ay
A'S D)< ———2 " 0<t<b.
4 1 < T g =) )

(v) For fixed t > 0 and any x € X, one has

17 @O xl, < Milxll,, SO, <

_Mq
I(g+1)

(vi) ,7y(t) and cS’y(t), t > 0 are uniformly continuous; that
is, for each fixedt > 0 and € > 0, there exists h > 0 such
that

"9y(t +e) - 57V(t)||y <e, fort+e>0, |e|<h,
(13)
“oS’y(t +€)— cS’y(t)“y <€ fort+e=0, [e] <h,

where ,(t) = [ E,OT,t10)d6, S,(t) =
q |, 08, (0)T,(t76)d6.

3. Main Result

In this section, we present our main result on approximate
controllability of control system (1). We prove that under
certain conditions, approximate controllability of the linear
system (8) implies the approximate controllability of nonlin-
ear fractional system (1). In order to establish the result, we
require the following assumptions.

(H,) The function f: J x X, x X,, — X, is Carathéodory,
and there exists a positive function p € Lf(J,R") for

some p with 1 < p < oo such that || (¢, x, y)Ily < p(t)
forallx, y € X], andt € J.

(H,) Thefunctiong : €, — X, is completely continuous,
and there exist 3, 8, > 0 such that

lgoll, < Billxlleo + Bs- (14)

(H;) The function h : D, x X, — X, is continuous,
and there exist L,,L, > 0 such that ||A(t,s,x) —
h(t,s, y)IIY < Lilx- ylly + L, for each (t,s) € D), =
{(t,s) e R 0<s,t <b} and x, y € X,

(H,) The linear fractional control system (8) is approxi-
mately controllable.

(H;) The function f: JxX xX, — X iscontinuousand
uniformly bounded, and there exists N > 0 such that
Il f(t, %, )l <N forall (t,x,y) €] x X, x X,

(Hg) The semigroup T (t) is compact.

In order to prove the required result, for o > 0, we define
the operator F, on C(J, X,) as

(Fex) () =2 (1), (15)
where
z(t) =T () [xo+g(x)] + Jt (t— )78 (t —s) Bv(s)ds
0

+ Jt (t —s)T'S"S (t —s) f (s, x(s), (Hx) (s)) ds,
0

tel,
(16)
v(t)=B'S* (b-t)R(aT}) p(x (),
P(x()) = x, =T (b) [0+ g (x)]
(17)

b
- J b-s)1's"S(b-5)
0

x f(s,x(s),(Hx)(s))ds.

Theorem 7. Under the conditions (H,), (H,), (Hs), and (H),
the control system (1) admits a mild solution on [0, b], and here
My = Bl and M, = lplp
Proof. The main aim in this section is to find conditions for
solvability of systems (16) and (17) for & > 0. In the Banach
space C(J, Xy), consider a set

B, = {x(-) € C(], Xy) Hlxl, < r}, (18)

where 7 is the positive constant. Now, it will be shown that,
using Schauder’s fixed point theorem, for all « > 0, the
operator F, : C(J, Xy) — C(J], X],) has a fixed point.

First, we prove that for an arbitrary « > 0 and there is a
positive constant ry = ro(e) such that F, : B, — B, .



Letx € B, ,and then, fort € Jand 1/p < q(= (pg-1)) >
0, using Holders inequality, Lemma 6, and conditions (H,)
and (H,) in (17), we obtain

vl < |

-0 R (o I7)|

<[l 17 @ 1+ g0,
b
A Y i P
+L(b s)Ts

X|Ls(b-s)f&s,x<s>,(f1x>(snuyds]

MgMq

ML bl (ol + i )

Mqu ( p_l >(P_1)/P
T(g+1)\pg-1

% ( p—l )(p 1)/ bn+q l/p
np>+p-1

(19)
It follows from (16) that

Izl < [ @) [xo+ g ]|,

+ Lt (t = TSt - 5)Bv(s)|l, ds

t
+J (t-s)T ! ”IoS’(t—s)f(s x(s), (Hx) (s))|| ds

0

IN

M (Jlxoll, + Bullxlleo + B2)

-1)
N MgpMgq < p-1 )(p 1/‘pb((q—1)p+pfl)/17b”V(S)”
Y

T(g+1)\gp-1

_ 1 \(-D/p _ (p-1/p*
N M, Mg ( p-1 ) ( p-1 >
I(g+1)\pg-1 np? +p-1

% by i'a

(20)

From the above two inequalities, we get that ||(F,x)(t)| y ST
This follows that F,, maps B,  into itself.

For each o > 0, we prove the operator F, maps B, into
a relatively compact subset of B, . First, we show that V(t) =
{(Fyx)(t) : x € B, }isrelatively compact in X, foreveryt € J.
The case t = 0 is 0bV1ous Let t € (0, b] be fixed, and for each

Journal of Applied Mathematics

€ € (0,1), arbitrary § > 0, and x € B, , we define the operator
Fy? by

(F%x) (t)
=T [xy+ g )]
va| [ Tou-9mg @10~ 97%)

X Bv(s)dOds

p JH LOO 0t — 57 "E, (O) T ((¢ - 5)76)

0

x f(s,x(s),(Hx)(s))dOds
=T (£75)

<[ 6@ () - T(@O)dolxy + gw] @D

8
+(T (¢79)) q

t—¢ 0O e
x L L ot - 5)'€, (0)

x (T ((t —5)70) - T (¢76)) Bv (s) dO ds
q t—e 0O gl

+T (e 6)qJ0 L 0t —5)7s"E, (0)

x (T ((t —9)10) - T (16))
x f(s,x(s),(Hx) (s))dOds
=T (£78) y (t,€).

Since T(e16) is compact in X, and y(t, ¢) is bounded in B, ,
the set V,(t) = {(F;"Sx)(t) 1 X € Bro} is relatively compact in
X, [4]. On the other hand, using (H, ) and Holder’s inequality,
we have

|Ex)® - EP0w]

Sqﬂfmwaﬁgﬂ

X ||T((t - 5)10)[Bv(s) + s" f (s, x(s), (Hx)(5))] ||yd6 ds

+qL;Lfea—9*%4m

x | T((t = )10)[Bv(s) + 5" £ (s, x(s), (Hx)(5))] ||yd0 ds

_1 \&rp 5
) i, [ 6, ©)do
0

< MM
B Q<qp_1
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_ (p-D/p _
e Mg L) (P

(p-/p )
) bn+q—1/p
pg-1 np*+p-1

S
x L 0E, (0) do

MgMq ( p-1 (p=nlp 1+q-1/p
+ € vl
T(g+1)\gp-1

MMq < P—l )(P*l)/l’(
"T(qr )\ pg-1

p-1
np>+p-1

(p-11p° )
) gralp

(22)

This implies that there are relatively compact sets V()
arbitrarily close to the set V (¢) for each t € (0, b]. Thus, V(¢)
is relatively compact in X, forall £ € (0, b] since it is compact
att = 0. Therefore, we have the relatively compactness in X,
forallt € [0,b].

Next we show that V(t) = {(F,x)(t) : x € Bro} is an
equicontinuous family of functions on [0, b]. By the compact-
ness of the set, we can prove that the functions F,x,x € B,
are equicontinuousatf = 0. Forany x € B, and0 <, <t, <
b, we have

l=(t2) - 22,

< (T () = T #))xo + g0,

+ Jtl (tzs)q_l[c?(t2 —5) = S(t; - s)|Bv(s)ds
0

Al

Y

(t, =) = (t; - )T 1] S(t, — s)Bv(s)ds

y
t, -
+ Jt (t, — )T S(t, — s)Bv(s)ds
' y
o | NCEDSI CICEBERICER) 23)
x f(s,x(s),(Hx)(s))ds
y

+ Jotl [(tz - S)q_l - (t; - S)q_l] s"S (-~ s)

x f(s,x(s),(Hx)(s))ds

Y

N r (t, — )75 S (2, — 5) (s, x(s), (Hx)(s))ds

Y

SL+L+L+I,+ 15+ 1+ I

Now, we have to prove that I, I,, I, I, Is, I, and I, tend to
0 independently of x € B, ast, —t; — 0.By Lemma 6, one
can easily show that lim, _,, I, = 0. By using Lemmas 5 and

6 and the Lagrange mean value theorem and following the
similar procedure as in the proof of Theorem 3.2 of [4], one
can deduce thatlim, _,, I5, I, I; = 0. In a similar way, we can
obtain

I <

F(2) M1+y< (p _ 1)2 >(P—1)2/p2
T(g+1) v \(@-Dp*+(p-1)°

% b((q—l)pz+(p—1)z)/p2

b - (p-1/p°
X (j [(t, - ) = (t, - 5) ] ”ds)
0

x bMg v ()],

h< r (g/lfl) <.[ob [(t2 - S)q_l - (t - S)Q‘I]P/(‘D_l)ds)

(p-1/p

X bMgllv (s)ll»

I, < Mq < p-1 ><p—1>/p(t2 _¢,)(@Dprp-Dlp
F(g+1)\pq-1

x Mg ||v(s)| (t2 - tl).
(24)

By the Lagrange mean value theorem and Lemmas 5 and 6, it
can be easily seen that I,, I;,and I, tend to O as t, —t; — 0.
Thus, the right-hand side of (23) tendsto O ast, —t;, — 0
which means that {(F,x) : x € B, }isa family of equicontinu-
ous functions. It can be easily seen that forall« > 0, F,, is con-
tinuous on C(J, Xy). Hence, by Arzela-Ascoli’s theorem, F,
is compact. By Schauder’s fixed point theorem, F,, has a fixed
point x € B, . Thus, the control system (1) has at least one
mild solution on [0, b]. O

Theorem 8. Assume that (H,)-(Hg) hold. Then, system (1) is
approximately controllable on [0, b].

Proof. Linear system (8) is approximately controllable, by
Lemma 4, and it can be seen that approximate controllability
of (8) is equivalent to convergence of the operator «R(«, Fé’ )
to zero operator in the strong operator topology as « — 0"
Let X,() be a fixed point of F, in B,. Any fixed point of F,
is a mild solution of (1) under the control 7, (t) = B*S* (b -
t)R(a, T?) p(%,,) and satisfies X, (b) = x, — aR(a, I?) p(%,). By
the condition (H), we have job £ (s, X, (s), (HR ) () *ds <
bN?, and consequently, the sequence {f(s, X,(s), (Hx,)(s))}
is bounded in L?(J, X,). Then there is a subsequence denoted
by {f(s, X, (s), (HX,)(s))} that converges weakly to say f(s)
in L*(J, Xy). Now, the compactness of &(t) implies that



S(b - 9)f(5,%,(s), (HZ)(s) — Sb—-39)f(s)in L*(J, X)),
and we obtain

lp (%) - vl

b
I (b= 975" (b -s)
0

% [ (5% (9), (HZ,) (9)) - £ (9)]ds

Jt (t—s) TS (t—s)

< sup
o<t<b I1J0O
X [f (s, % (5), (HX,) (5)) = f (s)] ds
—0 asa— 0%,
(25)
where
w=x- 7 O)[% + 9 (5)]
b (26)
- J b-9)T"'Sb-5s) s"f (s)ds.
0
Then, we obtain
[%: 0) = 23| < R (o, T}) (w)|
+ R (@ 15)] 1 (%) - w] (27)

< Jar (e 15) )] + llp (%a) - ]l

It follows from Lemma 4 and estimation (25) that ||X,(b) —
xll = 0as a — 0. This proves the approximate control-
lability of (1). The proof is completed. O

Example 9. As an application of the obtained theory, we
consider a control system which is represented by fractional
partial differential equation. Let X = U = L2([0,1]), and let
A : D(A) ¢ X — X be the operator defined by Az = -z
with domain

D(A) = {z e L*([0,1]) : 2,2’ are absolutely continuous,

2" e L*([0,1]), z(0) =z (1) = 0}.
(28)

Let D(A'?) = {z() € X : Y2 (ze,)e, € X}, and let
Xy, = DAY, |- Il,,), where || I, = IAY?[l,. For each
z € D(AY?) and |ATY?| = 1, the operator AY? s given
by Az = Yo n(z,e,)e,, where e,(y) = V2sin(ny) and
0 <y<1l,n=1,2,...1s the orthogonal set of eigenvectors
of A. It is well known that —A generates a compact analytic
semigroup of uniformly bounded linear operator.
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Consider the fractional partial differential equation with
control in the following form:
o1
5~ (t.y)
aZ
= Wx(t’ y)+u(ty)

o ,
e i <08 [x (t,y)+ Jo cos (ts) x (s, y)ds | + e,

te[0,1], ye]0,1],

x(t,0)=x(1)=0, t>0,

£0.5) = [ ko) (o) de

(4

! 0
+ ,-Z(:) L ky (y,7) 5. (t,7)dr,
(29)

where 0 < g < 1; u : [0,1] x [0,1] — [0, 1] is continuous;
ky,k, € L*([0,1] x [0,1]); 0 € N.

Let x(t)(y) = x(t, y), and define the bounded linear
operator B: U — X by (Bu)(t)(y) = u(t,y), 0 < y <1.Let
C([0, 1], X, ;) be a Banach space equipped with sup norm.
Further, we define the operators f : [0,1] x X, — X,
and g : C([0,1], X, ) — X, by

f(tx (), (Hx)(©) (y)

e b —
= ——— cos |:x(t) +J cos (ts)x(s)ds] (y)+e,

e t+e 0

100)= (S0 )0, forwect.x,)

(30)

where (Hx)(t)(y) = j(f’ cos(ts)x(s, y)ds, (FH)(t) = jol ky(y,

T)(T)dT + Jol k,(y,T)(0/0t)¢p(7)d7 for all ¢ € X, ;. More-
over, the linear fractional control system corresponding to
(29) is approximately controllable. Thus, with the above
choices of A, B, f, and g, the system (29) can be written
to the abstract form of (1). Therefore, all the conditions of
Theorem 8 are satisfied. Hence, by Theorem 8, the fractional
nonlinear integrodifferential system (29) is approximately
controllable on [0, 1].

Note. The considered system (1) is of the more general form,
and in particular, if functions f and h have various physical
meanings, it is important to note that (1) has a great diversity.
The result in this paper assumes that the linear system has
a compact semigroup and consequently is not completely
controllable. Moreover, the functions with Lipschitz con-
dition are considerably strong when one discusses various
applications in the real-world problems. Such an assumption
is removed from this paper.
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