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We study the asymptotic behavior of the parabolic Monge-Ampére equation d¢(x, t)/0t = log (det(g(x) + Hessg(x, t))/detg(x)) —
Ap(x,t) in M x (0, 00), ¢(x,0) = ¢,(x) in M, where M is a compact complete Riemannian manifold, A is a positive real parameter,
and ¢,(x) : M — R is a smooth function. We show a meaningful asymptotic result which is more general than those in Huisken,

1997.

1. Introduction

The main purpose of this paper is to study the asymptotic
behavior of the parabolic Monge-Ampére equation:

0 (x,t) i det (g (x) + Hessg (x,1))
or °8 det g (x)

)

- Ao (x,t) in M x (0,00),

@ (x,0) =@y (x), in M,

where M is a compact complete Riemannian manifold, A is
a positive real parameter, and ¢,(x) : M — R is a smooth
function. We show a meaningful precisely asymptotic result
which is more general than those in [1].

Monge-Ampeére equations arise naturally from some
problems in differential geometry. The existence and regu-
larity of solutions to Monge-Ampeére equations have been
investigated by many mathematicians [1-8]. The long time
existence and convergence of solution to (1) have been in-
vestigated in [1]. To some extent, we extend asymptotic result
obtained in [1] in this paper. Hence, our main result is follow-
ing analogue of Theorem 1.2 of [1].

Theorem 1. Let ¢ be the solution of (1) with A > 0. For
p > 1, there exists § > 0 and f > 0 depending on ¢, and
IVP@ll e (B = 0,1,2,3) such that

JM (0"~ 97) du

2)
Sfexp(—Z[(zPC# +pA—s(t)] t),

where @P denotes the mean value of F, n, is the first eigenvalue
of the Laplacian, and &(t) 2 exp(—6t).

Remark 2. If p = 1, Theorem 1is in accordance with Theorem
1.2 of [1].

Lemma 3 (see [1]). There exists positive constants Cy(@g, A)
and C, depending on (M, g), ¢y, ¢l ||Vﬁ‘7’(p||Lm B =
0,1,2,3;9 = 1,2,3;y < B) such that

|¢| < Cyexp (-At),

©)
|Vﬁgo'2 < C, exp (-2At).

Theorem 1 is proved in Section 2.
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2. Asymptotic Behavior Notice that
Proof of Theorem 1. In local coordinates, we have the follow- o o
ing evolution equation: JM P (gop - P ) du =0. (8)
dp | det (g + Hess) :
o ° detg B We obtain
= . .. — —\2
Ag +log det (glj + V,]go) -2pA JM ((pP - (pP) ofdu=-2pA JM ((pp - (pP) du. (9)
~log det g;; — Ap — Ao (4)
: Furthermore we have
d
=Ap+ L o {log det (gij + sVij(p) o
2p IM (#" - 97) o" Mgy
—(s- 1)A(p} ds — Ag.
- _ P _p) P!
Now, setting 2p JM v {(‘P % )ﬁ” } Vo du
0 2 (g5 + Svij)_l’ =2 JM V(o™= 97)o"
©) 2 —
! - 1) 9" Vo (¢f —¢?); Vod
Aé” [’ dads. +(p=1) 9"V (¢ - ¢?)} Vpdu

0 Gas » = ) 2 (p _ 1)

We rewrite (4) in more convenient notation as =2 JM 'V ((P -9 )' dy - p (10)
O V(i i p_ o5\
§=A<P+L (97 - ") Viypds -2 XJMIV(fp —oP)| du

g ) +2p(p—1)aj " *|Vol’du

=Ag+ ”o%(gﬁ +asVyg) Vygdads =g o
2(2p-1) J —)\?

=Agp - “o(gik + asVyp) l(gﬂ + “Svﬂq)) (6) ! ) ' |

20(p-1)9? | 92|Vl dpu.
X V@V dads — Ao +2p(p-1)¢ jM¢ Vol du

— Ao - J' j' ls|V2 2 dads— We use the Poincare inequality
o= |] sV'olg, 9
=Ap—A-Ag. "V (fp‘”—ﬁ) 2= ’71"(§"p _ﬁ) 2 (11)
We want to apply Gronwall inequality and hence consider the
following equation: It follows that
9 (¢ - 97 du 2 P _oP) " Apd
% )., p| (9" -9?)9" Apdu
—Z\ p-1. 2(2p-1 —
=2p JM (¢ —9?) 9" (Ap— A= Ap) du L2p(p-1)gf JM "2 |Vol2dp.
7)
=2p JM ((Pp - (PP) o' Apdu Moreover, we have that
=\ p-1 —\
_ZPJM (‘PP_§0P)§0P Adu —ZPJM (gop—(pP)(pP "Adu

~2pA JM (¢" - 97) pPdp. =2p J JM (3 - ") Vo (" — 9?) 9" du

0
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1 5 5 —
=2p | | V(@ - o) Vg (o" - 7)o
-2p L JM (@ - ") VgV (9" - 9F) 9"

1 iy iy —
2p[ [ (@ - ") Vo (e ~97) Vi (o) du

P 0

=2 [ [ W@ - 0")%, (0" - 97) (o - )
[ [ (@), (¢ - 7). (o - o)
~2p(p-1) Jol JM (3 - 9") 9" """ VigV 0 du
+2p(p-1) Ll JM (97 - 9") 9" *VipV 097 dp

=2 [ [ W@ - g, (¢ - 97) (9" - 97)
D
x (9" - 9) dp

9")V; (¢ - 97) Y,

1

+2p(p-1) WJ JM (97 - 9") 9" *VipV,pdu

0
1 ij i —_— —_—
<2 [ @) |7 (o7 7|l - 7]

@ep-1) (!
5L

+2p(p- V[ | [ @~ 9")]- o] Vol
<2C sup|V3(p|
p_ 5\ p_ 5\ >
<([ [l =97 au+ | (o7 an

" w sup |V2<P| J’M 'V (q,P _ﬁ)rdﬂ

37— ||V (o — 97)[ du

— - 2
+2p(p = 1)Clg?]sup o] | |o"|-IVg[ dn
(13)
where C is always a constant that may change from line to
line.
Substituting (9), (12), and (13) in the right-hand side of
(7)
0 =5\
9 —oP)d
2]

_2[(217;1)111 +pl] JM (¢ — 97 du

<

+2p(p-1)gF JM o |Vl du

+2Csup |V3(p| (JM |V (q)P - ﬁ)rd‘u

p_op) )
+ JM (¢ - 9?) du
2C(2p-1 —
2P0 vy [, 1v (9" =)
+2p(p = 1)Clg?]sup o] | |97 Ivol an
(14)
By Lemma 3, that is, the exponential decay of [VP¢|,« (8 =

0,1,2,3), it is easy to obtain the following.
For any € > 0, there exists a T'(¢) such that

Py _
5 ), (& )

<_2[(2P;1)’71 +PA_8(t)]

p_ 5\ (15)
x JM (¢" - ¢?) du
+2¢ (JM 'V ((pp - &)de
efo?] [ 1077 Ivoldu).
The Gronwall inequality yields
b 5\
JM (9" - 9?) du
< fexp(—Z [@ +p/\—s(t)] t),

where the constant f > 0 depending on ¢, and |[VP¢|, (8 =
0,1,2,3).
Thus, the proof of Theorem 1 is completed. O

(16)

References

[1] B. Huisken, “Parabolic Monge-Ampére equations on Rieman-
nian manifolds,” Journal of Functional Analysis, vol. 147, no. 1,
pp. 140-163, 1997.

[2] T. Aubin, Nonlinear Analysis on Manifolds, Monge-Ampére
Equations, vol. 252 of Fundamental Principles of Mathematical
Sciences, Springerg, New York, NY, USA, 1982.

[3] P. Delanoé, “Equations du type Monge-Ampére sur les variétés
riemanniennes compactes I,” Journal of Functional Analysis, vol.
40, no. 3, pp. 358-386, 198L.

[4] P.Delanog, “Equations du type de Monge-Ampére sur les varié-
tés riemanniennes compactes II,” Journal of Functional Analysis,
vol. 41, no. 3, pp. 341-353, 1981.

[5] P.Delanoé, “Equations du type de Monge-Ampére sur les variét-
és riemanniennes compactes III,” Journal of Functional Analysis,
vol. 45, no. 3, pp. 403-430, 1982.

[6] L.Songzhe, “Existence of solutions to initial value problem for a
parabolic Monge-Ampere equation and application,” Nonlinear



Analysis: Theory, Methods & Applications, vol. 65, no. 1, pp. 59—
78, 2006.

[7] Z.T.Zhang and K. L. Wang, “Existence and non-existence of so-
lutions for a class of Monge-Ampere equations,” Journal of Dif-
ferential Equations, vol. 246, no. 7, pp. 2849-2875, 2009.

[8] J.N. Huangand Z. W. Duan, “Existence of the global solution for
the parabolic Monge-Ampére equations on compact Rieman-
nian manifolds,” Journal of Mathematical Analysis and Applica-
tions, vol. 389, no. 1, pp- 597-607, 2012.

Journal of Applied Mathematics



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



