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We perform the group classification of the generalized Lane-Emden system xu” + nu' + xH(v) = 0, xv" +nv’ + xg(u) = 0, which
occurs in many applications of physical phenomena such as pattern formation, population evolution, and chemical reactions. We

obtain four cases depending on the values of n.

1. Introduction

The celebrated Lane-Emden equation

d’y ndy
e et 0= v

where nisareal constantand f(y) is a real-valued function of
the variable y, has many applications in mathematical physics
and astrophysics. Equation (1), for certain fixed values of n
and f(y), models several phenomena such as the theory of
stellar structure, the thermal behavior of a spherical cloud of
gas, isothermal gaseous sphere, and the theory of thermionic
currents [1-3]. Several methods for the solution and many
applications of the Lane-Emden Equation (1) can be found in
the literature. The interested reader is referred to [4] and the
references therein. It is worth mentioning that Wong [5], in
his review paper of 1975, presented more than 140 references
on this topic.

A natural extension of (1), called the generalized Lane-
Emden system [6], is given by

2
d—g+2@+H(v)=0,
dx x dx

(2)
v ndv

ﬁ+;a +G(1/l)=0.

Such systems arise in the modeling of several physical
phenomena, such as pattern formation, population evolution,
chemical reactions, and so on [7], and in the past few years
have attracted much attention. Various researchers have
worked on existence and uniqueness results for the Lane-
Emden systems [8, 9] and other related systems [10-12].

In [6] the authors studied Noether operators with respect
to the standard Lagrangian of the generalized coupled Lane-
Emden system (2). They obtained seven cases out of which six
cases resulted in Noether point symmetries. The first integrals
corresponding to the Noether operators in each case were also
constructed.

The objective of this paper is to perform the Lie group
classification of the generalized Lane-Emden system (2). The
paper is organized as follows. In Section 2, we calculate
the equivalence transformations of the Lane-Emden system
(2). We determine the principal Lie algebra and perform
the group classification of system (2) in Section 3. Finally,
concluding remarks are presented in Section 4.

2. Equivalence Transformations

An equivalence transformation (see, e.g., [13]) of the system
(2) is an invertible transformation involving the variables x,
u, and v that map system (2) into itself, with possibly the
form of the transformed functions being different from that



of the original functions H(v) and G(u). We write system (2)
as

d*u  ndu
ﬁ‘F;Eﬂ-H(U)—O,
d*v  ndv 3)
ﬁ‘k;a +G(L£)—O,
H,=0, H,=0, G,=0, G,=0,

where u and v are differential variables with independent
variable x, and H is a differential function of the independent
variables x and v, whereas G is a differential function of the
independent variables x and u. We obtain the generators of
the group of equivalence transformations as

B 0 1 o}
Y = &(x,u,0) ax+17 (x,u,v) %
+2(X1«lv)i+ 1(xuvHG)i (4)
}7 > Uy aU ‘u > U Us > aH

+y2 (x,u,v, H,G) %

We apply Lie’s infinitesimal approach by using the pro-
longation of Y to involve the derivatives in system (3) as, for
example, in [14].

We summarize our results below.

Case 1 (n+ — 1,1,3). In this case system (3) has the nine-
dimensional equivalence Lie algebra spanned by the equiva-
lence generators

0 d 0
X, =x— -2H— -2G—,
e TR ¢
0 0
Xz_uau-kHﬁ’
0 0
X3=Ua—+G%,
_9
YT o
0
X = —, 5
5= 5 (5)
n 0
X, = ln_,
6= % ou
_n 0
X — 1n_’
7= % ov

5 0 d
Xg=x 3 2(1 +n) SH’

9 0
Xo=x"—-2(1 —
o= X 5, ~2+moe
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and hence the nine-parameter equivalence group is given by

X, :x=¢€

X;:x=x, u=u, v=e"y,
H=H, G=¢"G,
X,:Xx=x, u=u+ay,
v=v, H=H, G=G,
Xs:X=x, U=u, UV=0+as
H=H, G=G,
Xg:X=x, H=u+ax "

H=H, G=G-2(1+n)a,.
(6)

Thus the composition of these transformations gives

a4

x=e"x,
- a, 2 1-n
u=e?(u+agx” +agx = +ay),
—_ 2 1-n
v=e"(v+ayx” +a,x " +as), (7)

H=e¢""(H-2(1+n)ay),
G=e"""(G-2(1+n)ay).
Case 2 (n = -1). In this case system (3) has the nine-

dimensional equivalence Lie algebra spanned by the equiv-
alence generators

d 5} 0
Xl = Xa _ZHﬁ —ZGﬁ,
o} d
X, =u—+H—,
2= "5y T ol
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X5 = vaa +G%,
X2,

0
X5 = 30
Xe = X2 lnxa— - 2%,
X, = x? lnxa —2%,
Xg = xZ%,
X = xZ%

(8)

and hence the nine-parameter equivalence group is given by

X, :x=€"x, u=u, v=v,
-2 -
H=¢""H, G=e"G,

X,:x=x, u=e"u, v=v,

X;:X=x, u=u v=e"y,
H=H, G=¢e"G,

X,:X=x, u=u+aq, V=0,
H=H, G=G,

X5:X=x, u=u, vV=v+as
H=H, G=gG,

Xe:X=x, U=u+aex Inx, v=u,

H=H, G=G-2a,
Xg:X=x, H=u+agx, U=0v,
H=H, G=G,
Xg:X=x, u=u, vV=v+ayx,
H=H, G=G

€)

3
Hence the composition of these transformations gives
-
x=e"x,
u=e® (u +agx’ Inx + x’ag + a4) ,
v=e” ’1 ? (10)
v=€e"(v+ax Inx+x"ay+as),

H =" (H - 2ay),
G=¢b (G-2a,).
Case 3 (n = 1). In this case system (3) has the nine-

dimensional equivalence Lie algebra spanned by the equiv-
alence generators

X, = x% —ZH% —ZG%,

X, = u% +H%,

X5 = vaa +G%,

xi- 2

X = a—av, (11)
Xe = lnx%,

X, = lnx%,

Xg = xZ% —4%,

X, = xzaa—v—zt%

and hence the nine-parameter equivalence group is given by

X, :x=¢€"x,

X;:X=x, u=u, v=e’v,
H=H, G=¢"G,
X,:X=x, Uu=u+a, V=0,
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TABLE 1: Lie symmetries for n# — 1, 1, 3, for various functions H(v) and G(u).

H(v) arbitrary, G(u) = c, ¢ a constant

0 0 0
X, = P X, = x(l’”)a, X, = (cx® +2nv + 2v)£

H(v) = d, d a constant, G(u) arbitrary

X, = % X, = x(lf”)%, X, = (dx* +2nu+2u)%

H(v) = d, d a constant, G(u) = « + u, « and f3 constants (3 +0)

0 0
X ==, X,= x(l_”)a, X, = (dx* + 2nu + 2u)

ov 5 o’
){4 = ﬁxGin) a + (21’1 - 6)X(lin)$,

0 0
X5:(2n+2)$—/3x2£, . .
X, = (2n* + 81 +6) Xoo - 4 (r*u + 3dx” + 4nu + 3u + ndx®) Fos (Bdx® — 2an — 6(x)xza—,
x u v
X, = (16nx + 4n’x + 12x) — — (4n + 12)dx23 + (87°v + 32nv + Bdx* + 24v)2
0x ou ov

H(v) = d, d a constant, G(u) = o + ﬁufp, «, p, and f3 constants (3, p #0)
0 0

X, == X, =5 =,

Yoo 2 * ov

X, = (nx+x)a + (2nu +2u)$ - (2npv—2nv+ocpx2 +2pv—2v)%,

X, = Qu +2nu + dx*)=—
4= Qu+2nu x)av

H(v) = d, d a constant, G(u) = o + ﬂe'k”, a, k, and f3 constants (3, k #0)

15}
X, = = X, = x(l‘”)a, X, = (dx* + 2nu + 2u)

. — 2 —
X, =(02n+2) 3 (akx” + 2knv + 2kv) 3

as

H(v) = d, d a constant, G(u) = « + S1nu, « and 8 constants (3 # 0)

X, = %, X, = x(k")i, X, = (dx? +2m4+2u)a—,
X, = — 2 2 i 2nv — Bx® + 20) —
4 (xn+x)ax+(u+ nu)au+(nv Bx"+ v)av

H(v) = a + bu, a and b constants (b #0), G(u) = ¢, c constant

0
X = —, X, =x""" 2 X, = (cx* + 2nv + 20) —,
Yoo ou ? (a )au
X, = b = + (2n - 6)x<17”)a—,
v
0
X, =bx*— - (2n+2)=—,
ou ov 3 5
X, = (bex* - 32nu — 12ax? — 24u — 8n*u — danx®) — — (denx’ + 24v + 8n’v + 32nv + 12x2)a—,
v
0 0 0
X, = (16nx + 4 x + 12x) — + (87%u + 24u + 32nu + bex®) =— — (12¢x? + 4enx®) —
ox ou ov

H(v) = a + bv, aand b constants (b #0), G(u) = o + Pu, « and f constants (5 # 0)

0 0 0 0
Xl = F(X)%, Xza— W(X)@, XS = ua +U%,
X, = bo— + Pu—
4 buau+[3uav

H(v) = a + bv, aand b constants (b #0), G(u) = fu?, B and p constants (B, p#0)
0 0
X, = — + 4bu— + (2a + 2bv — 2ap — 2bpv) —
L (bx+bpx)ax+ buau+( a+ 2bv - 2ap bpv)av

H(v) = a + bv, a and b constants (b #0), G(u) = [J’efk“, S and k constants (3, k #0)

0 0 0
X, = bkxa + 417@ - (2ak + Zbkv)a
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TaBLE 1: Continued.

H(v) =a+bv™, a,m, and b constants (b, m#0), G(u) = c, c a constant

d d
X, = —, X, =x"" =, X, = (cx* + 2nv + 20) —,
1 ;=X RS (cx nv v)au

ou
5}
X, = (nx + x) = + Qu — 2mmu + 2nu — amx® — 2mu) — + (2nv + 20) —
ox ou ov

H(v) = bv™, m and b constants (b,m #0), G(1) = « + fu, « and f3 constants (3 #0)
0 5}
X, =(Bx+ ﬁmx)a + 2o —2am+2pu — ZBmu)a + 4ﬁv$

H(v) = bu™, mand b constants (b,m#0), G(u) = fuf, fand p constants (3, p#0)
0 d
X, = (pmx - x)a + (2mu — 2u)$ +(2pv - 2v)£

H(v) = bu™, m and b constants (b, m #0), G(u) = ﬁe'k”, B and k constants (3, k #0)

0 0 0
X, = kmxa + (2m - 2)$ + 2kv$

H() =a+be™, a,mand b constants (b, m#0), G(u) = c, c constant

0 0 0
Xi=—,X,= x(k")a—, X; = (cx? +2nv+2v)a—,

ou
X, = (ax” + 2u + 2nu) m=—— - 2(n + 1) —
ou ov

H(v) = be™™, m and b constants (b, m#0), G(u) = « + fu (+0)
0 0
X, = [j’mxa - Qam + Zﬁmu)a + 4[3%

H(v) = be ™, mand b constants (b,m #0), G(u) = fu?, B and p constants (B, p#0)

0 0 0
X, = mpxa +2mu$ +(2p- 2)$

H(v) = be™™, m and b constants (b, m#0), G(u) = ﬁeik“, B and k constants (3, k #0)
I3} 5} I3}
Xl = mkxa + zma + 2k$

H(v) =a+blnv, a,mand b constants (b #0), G(u) = ¢, ¢ constant

XI:aE,XZ:x(l_”)g, 3:(cx2+2v+2nv)3,
u
X,=m+1)x— + Q2nu - bx? + 2u)2 + (2nv + 2v) —
0x ou ov
XsiX=x uU=u UV=v+as, and so the composition of these transformations gives
H=H, G=gG, x =e"x,
X %= = = ﬁ:euz(u+alnx+ax2+a)
c:X=x, u=u+aslnx, v=uv, 6 3 4 )>
To Goc v=¢"(v+aInx+ayx’ +as), (13)
T7 _ 424 _
X,:Xx=x, u=u, v=v+a,lnx, H =% (H - 4a5),
— — G = e (G - 4ay) .
H=H, G-=G, (G - 4ay)
x B _ _ Case 4 (n = 3). In this case system (3) has the ten-dimen-
gi X=X USUTGX, U= sional equivalence Lie algebra spanned by the equivalence
H=H-4a G=G generators
- 8> - >
0 0 0
i X = u= V= 2 X, =x—-2H— -2G—,
Xo:X=X%x, U=U, UV=0V+adyX, 1 o oH 3G

X, = x“li - 2x_2u2 - 2x_zvi,
(12) Oox ou ov
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TABLE 2: Lie symmetries for n = —1, for various functions H(v) and G(u).

H(v) arbitrary, G(u) = ¢, ¢ a constant

X, = 2) X, = xzi, X, = (clenx+2v)%

ou ou
H(v) = d, d a constant, G(u) arbitrary

0 b5} 5}
X, = 30 X, = ng, X, = (dx*Inx +2u)%
H(v) = d, d a constant, G(«) = « + fu, a and 3 constants (3 #0)

0 0 0 0 0
X, = 30 X, = xza,aX3 = (dlenx+2u)a, X, = ﬁX4$ - sza,
XSZﬁXZIHX£—2£, a a
X = (4dpBx*Inx - 32ax* Inx — 3Bdx* — 64v)a— - (32x%Inx + 64u)a—,

v u

0 0
X, = IGxa + (4dfx*Inx — 160x* Inx - 3 ﬁdX4)$ - (32dx*Inx + 32u)$

H(v) = d, d a constant, G(u) = a + fu?, «, p, and B constants (3, p #0)

_ 0 _ 20 a2 0

X, = aU,XZ =x 30 X, = (dx lnx+2u)aav,

X, =x— +2u— + Qv -2pv — apx’Inx)—
4 xax+ uau+( U —2pU — apx nx)av

H(v) = d, d a constant, G(u) = & + Be ™™, a, k, and f3 constants (3, k #0)
_ o0 _ 20 o i 9

X, = aU,Xz =x 30 X, = (dx lnx+2u)av,

0
Xy=2-5" - (akx? lnx+2kv)%

H(v) = d, d a constant, G(1) = « + fInu, « and f3 constants (5 #0)

) 0
X, = = X, = xz%’ X, = (dlenx+2u)£,
X, = xo— +2u£ + (2v—ﬂx21ﬁx)£

H(@) =a+bv,a and b constants (b+0), G(u) = ¢, ¢ constant

0 0
X, = 50 X, = xza, };3 = (cx*Inx + 21.1)%, X, =cx? lnxa - 2$,
X, = bxtlnx— — 8x*—,
ou Jdv 3 5
X = (4bex*Inx — 32ax* In x - 3bex* - 64u)a— —(32cx*Inx + 64v)a—,
u v

0 b5}
X, =16x— + (4cdx* In x — 16ax? In x — 3bex*) — — (32¢x? In x + 320) —
ox ou ov

H(v) =a+bv, a and b constants (b#0), G(u) = « + fu,« and f constants (S +0)

0 0 0 0
Xl = F(.x)%, Xza— W(X)@, X3 = Ma + Ua,
X4 = bva + ﬁug

H() =a+bv,a and b constants (b+0), G(u) = fu?, B and p constants (3, p#0)
5} 5}
X, =(bx+ bpx)a + 4bu$ + (2a + 2bv - 2ap - 2bpv)a

H(@) =a+bv,a and b constants (b #0), G(u) = ﬁeik“, B and k constants (3, k #0)

0 0 0
X, = bkxa + 4b$ - (2ak + 2bkv)$

H@)=a+bv™, a,m, and b constants (b,m+0), G(u) = ¢, c aconstant
0 0 0

X, = 30 X, = xza, X, = (cx*Inx +Zu)a—%,

X, = X + (2u — amx*Inx - 2mu)£ + 21)%
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TABLE 2: Continued.

H(v) =bv™,m and b constants (b,m #0), G(u) = « + fu, « and B constants (S +#0)
5} d
X, =(Px+ [)’mx)a + Qo - 2am + 2u — Zﬁmu)a + 4[31)%

H()=bv™,m and b constants (b,m#0),G(u) = fu™?, p and B constants (3, p#0)
0 d 0
X, = (pmx - x)a + 2mu — 2u)£ +(2pv - 21))%

H@) =bv™,m and b constants (b,m #0), G(u) = ,Befk", k and B constants (3, k#0)

0 0 0
X, = kmxa +(2m - 2)£ + 2kv$

H@) =a+be ™, a,m,and b constants (b,m+0), G(u) = ¢, c constant
X, = %, X, = xZ%, X, = (cx*Inx +2v)$, X, = (amx? lnx+2mu)% —2%

H(v) =be™,m and b constants (b,m+0), G(u) = a + fu, « and B constants (S +0)

0 0 0
X, = ﬁmxa - Qam + Zﬁmu)a + 4ﬂ$

H(v) =be ™, m and b constants (b,m+0), G(u) = fu?, B and p constants (B, p#0)

0 0 0
X, = mpxa + 2mu$ +@2p- 2)$

H() =be™,m and b constants (b,m+0),G(u) = ﬁe'k”, B and k constants (8, k#0)
b} 0 b5}
Xl = kaa + 2m$ + 2k$

H@) =a+blnv,a,m, and b constants (b+0),G(u) = ¢, c constant

X, = d

0 d
, X, = x* =, X; = (cx?In x + 2v) —, Xy=x—+Qu- bx*lnx)— +2v
ou ou ov

ou ou ox

0 0 X, :x = T = B =
Xy = e + H—, siX=x, u=e’u, v=uv,
> "ou  OH o B
H=¢"H, G=G
0 0 ’ ’
X, =v—+G—,
v oG X,:X=x, u=u, v=e"y,
0 + =_ a
5= o H=H, G-=¢"G,
X, ai’ Xs:X=x, Uu=u+as, V=0,
v
H=H, G=G
a a bl bl
X;=x" - 8— _ _ _
ou OoH X¢:Xx=x, U=u, U=0v+a,
0 0 — _
Xg 2%‘8%, H=H, G=gG,
% —x_zi X, 1 x=x, E=u+a7x2, v=v,
’ ou’ — _
H=H-8a, G=G,
22
10 ov Xg:X=x, U=t U=0+agx,

(14)

and hence the ten-parameter equivalence group is given by

X,:x=€"x, u=u, v=v, Xg: X=X, U=u+apx >, D=,
H=¢"H, G=e""G, H=H, G-=0G,

X, E:(x2+2a2) /2, = ux’ x2+2a2 71, Xp:X=x, u=u, U:v+a10x_2,
U:vxz(x2+2a2) 1, H=H, G=G, H=H, G=G

(15)
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TABLE 3: Lie symmetries for n = 1, for various functions H(v) and G(u).

H(v) arbitrary, G(u) = ¢, ¢ a constant

X, = %, X, = lnx%, X5 = (cx? +4v)%

H(v) = d, d a constant, G(u) arbitrary

X, = %, X, = lnx%, X, = (dlenx+4u)%

H(v) = d,d a constant, G(u) = « + ffu, « and f constants (S +0)

0 0 0
X, ==, X, =lnx—, X;=(dx’1 du)—, X, = fx* — —4—,
1= 5% nxava 3 (dxanx+ u)av 4= pBx o E”
X5 = (Bx* lnx—ﬁxz)a —4lnx$, ;
X, = (16dx* + 64u) — + (160x” + 64v — ﬁdx“)a—,
u v
a 2 4 a 2 a
X, = 16x— — - - —Q 2u)—
7 6xax (Bax™ — Bdx )av (16dx* + 3 u)au
H(v) = d, d a constant, G(u) = a + fu?, a, p, and f3 constants (3, p #0)
0 0
X, =—, X, =lnx—, X, = 21 4u) —
17 5 AT inxass Ay (dx“Inx + u)av,

X, = Zx% + 4u% — (4vp + apx® — 40)%

H(v) = d, d a constant, G(u) = « + ﬁe'k”, o, k, and f3 constants (B, k #0)

X, = 30 X, = lnx%, X5 = (dx? +4u)$,

—4% (ke 9
X4—4au (akx +4kv)av

H(v) = d, d a constant, G(u) = « + S1nu, a and 8 constants (8 # 0)
2, X, = lnxi, X, = (dx2 +4u)i,

X, =
Yo 5 5 R 5 v
X, = 2x— +4u— + (4v - Bx*)—
4 xax+ uau+(v ﬁx)av
H() =a+bv, a and b constants (b+0), G(u) = ¢, ¢ constant
X, = 2, X, = lnxi, X, = (cx? +4v)2, X, = 4lnx2 - (bx2 Inx - bxz)i,
ou 5 5 ou ou ov ou
X, =bx*— —4—,
s = bx ag ov 3 3
_ 9 2 0 4 a9
X = 32xaax 16¢cx 3 + (bc:ac + 64u) 3 )
X, =16x— — (8ax? — bex*)— — (16¢x* + 320) —
ox ou ov

H(v) = a+bv,aand b constants (b#0), G(u) = « + fu, « and f constants (S +0)

0 0 0 d
Xl = F(X)g, Xza— W(x)a, X3 = Ma + Ua,

X4 = bva + ﬁua

H() =a+bv,a and b constants (b+0), G(u) = fu?, B and p constants (3, p#0)
0 0
X, =(bx+ bpx)a + 4bu$ + (2a + 2bv - 2ap - 2bpv)a

H() =a+bv,a and b constants (b #0), G(u) = ﬁeik“, B and k constants (3, k #0)

0 0 d
X, = — +4b— — (2 2 —
1 bkxax+ bau (2ak + bkv)av
H@)=a+bv™, a,m, and b constants (b,m+0), G(u) =c,c a constant
d d d
Xl = a, X2 = ln.X'@, X3 = (sz +4U)ai,

X, =2x— + (4u-— amx? — dmu) — + dv—
ox ou

ov




Journal of Applied Mathematics

TaBLE 3: Continued.

H@w) =bv™

5} d
X, =(Px+ /Smx)a + Qo - 2am + 2u — Zﬁmu)a + 4[)’1)%

,m and b constants (b,m#0), G(u) = « + fu, « and B constants (S+0)

H@w) =bv™
X, =( mxfx)3+(2mu72u)2+(2 v72v)i
1= ox ou P ov

,m and b constants (b,m+#0), G(u) = fu?, p and B constants (B, p#0)

H(@)=bv™,m and b constants (b,m #0), G(u) = ,Befk", k and B constants (3, k#0)

0 0 0
X, = kmxa +(2m - 2)£ + 2kv$

H@) =a+be ™, a,m, and b constants (b,m +0), G(u) = ¢, c constant

0 0
30 X,=Inx—

X, = ou

0 0
, X5 = (cx? +4v)a—, X, = (amx® + 4mu) — — 4—
u

15}
ou ov

H(v) =be™,m and b constants (b,m+0), G(u) = a + fu, « and B constants (S +0)

0 0 0
X, = ﬁmxa - Qam + Zﬁmu)a + 4ﬂ$

H(v) =be ™, m and b constants (b,m+0), G(u) = fuf, f and p constants (B, p+0)

0 0 0
X, = mpxa + 2mu$ +@2p- 2)$

H@) =be™, m and b constants (b,m#0), G(u) = ﬁe’k“, B and k constants (8, k#0)

X, = mkx3 + 2m2 +2k—, X, = (mkxInx — kmx)— + Zmlnxa— +2klnx—

ox ou ov ox

u ov

H () =a+blnv,a,m, and b constants (b #0), G(u) = ¢, ¢ constant

0

X, ==X, = lnxg, X, = (ex? +4v)3, X, = 2x2 + (4u—bx2)2 +4v—
ou ou

ou ou ox

0
ov

Therefore the composition of these transformations gives

_ 2 1/2
X = eul(x + 2a2) ,

(16)

- 2 ) 4 2
v:e““(x +2a2) (x U+ ay + agx + dgx ),

H=e"""(H-8a,),
G =¢e"7" (G- 8ag).
3. Principal Lie Algebra and
Lie Group Classification

The generalized Lane-Emden system (2) admits a Lie point
symmetry

a 1 a 2 E)
_ 9 NV
X =&(x,u,v) ax+11 (x,u,v)au+17 (x,u,v) % 17)

if
2
P LTy | Y
dx*  xdx @
(18)
2
x ﬁ+2@+G(u) =0.
dx*  xdx @

After some albeit tedious and lengthy calculations, the above
determining equation gives

f:e(x)7
111 =k(xX)u+l(x),

nzzc(x)v+d(x),

n o Ny n !
—e +—e - —e+2k =0,
X X (19)
n o Ny n ’
-e +—-e - —e+2c =0,
X X

(ku+1)G' (u) +(2¢' —¢) G (w) + nd+d" =o,
X

(cv+d)H' (v) +(2¢' —k) H (v) + Tyl =o.
X

Consequently, we conclude that the principal Lie algebra of
(2) is trivial and the classifying relations are

(au+B)G' (u) +yG (w) +8 =0,
(20)
(Bv+ L) H' (v) + 9H (v) + w = 0,

where «, 5,9, 6,0, A, y, and w are constants.
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TABLE 4: Lie symmetries for n = 3, for various functions H(v) and G(u).

H(v) arbitrary, G(u) = c, ¢ a constant

0 L0 0
X, = 30 X, =x 2@, X, :(cx2+8v)a—

H(v) = d, d a constant, G(u) arbitrary

X1:%)Xz_ 72661) X, = (dx? +8u)aav

H(v) = d, d a constant, G(u) = « + u, « and f3 constants (3 +0)
Xlzav,,;(zzx_zaav = (dx’ +8u): X4—ﬁlnxa%—2x'2%
oo % _ 8@ 0 0

X, = 96xa —24dx? =t (Bdx* + 192v)$,

X, = (192u + 24dx*) = + (192v — Bdx* + 24ax*) —
ou ov

H(v) = d, d a constant, G(u) = o + ﬁufp, «, p, and f3 constants (3, p #0)

9 o290 w desn S
X, = aU,Xz—x 30 X, = (dx +8u)av,
X —4x3+8u3—((x x* — 8v+ 8 v)2

tT  ox ou 3 P ov

H(v) = d, d a constant, G(u) = o + ﬂe’k", a, k, and f3 constants (S, k #0)

o] 5 0 ) o]
X, =—, X,=x—, X, = =,
! ava 2=% ov 36 (dx” +8u) o)
X, = SB—M — (akx® + 8kv)a—v
H(v) = d, d a constant, G(u) = « + SInu, « and 8 constants (8 # 0)
o] 5 0
X, = a,aXz = xaza, 5 = (dx? +8u)$,
X, = 4x— =
4 xa§+8uau +a(8v ﬁx)
X, = x_la - 2x_2ua— (Zx'zv ﬁln x)—
H(v) = a + bu, a and b constants (b # 0), G(u) = ¢, ¢ constant
o] 5, 0 3] 0 5, 0
X, = 30 ;(2 = x;@, X, = (cx® + 80)5, X, = blnxa -2x za,
it L gL
ou 880
d , 0
X = 96x— + (bex* + 192u)— - 24c¢x?
ox v’

X, = (24ax* + 192u — bex )E + (24cx® + 19211)2
ou ov

H(v) = a + bv, aand b constants (b #0), G(u) = « + fu, « and f constants (3 +0)
0

0 b) h)
X, = F(x)%> Xza— W(x)a, X; = Uz -+ U=,
X, = bua— + [Suav

H(v) = a + bv, aand b constants (b #0), G(u) = fu?, B and p constants (B, p#0)
0 0
X, = — +4bu— + (2a + 2bv — 2ap — 2bpv) —
L= (bx+ bpx)ax + buau + (2a + 2bv - 2ap bpv)av

H(v) = a + bv, a and b constants (b #0) G(u) = ﬁeik“, B and k constants (3, k #0)

0 0 0
X, = bkxa + 417@ - (2ak + Zbkv)a
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TaBLE 4: Continued.

H(v) =a+bv™, a,m,and b constants (b, m #0), G(u) = c, ¢ a constant

0 5 0 N d
X, =—, X, = —, X5 = —,
=5, % X 3 X (cx® + 8v) aua
X, = 4xa—x + (8u — amx* - Smu)a + 8va—v

H(v) = bu™, m and b constants (b, m #0), G(u) = & + Su, o and 3 constants (5 + 0)

0 0
X, =(Bx+ ﬁmx)a + (2o —2am + 2fu — Zﬁmu)a + 4[31)%

H(v) =bv™, mand b constants (b,m+0), G(u) = fu?, fand p constants (3, p#0)

0 0
X, = (pmx —x)a + (2mu—2u)£ + (2pv—20)$

H() =bv",mand b constants (b,m+0),G(u) = [j’e_k“, B and k constants (f3,k #0)

= kmxaa + (2m - 2) +2kv%

H(v) = a+be™, a,m, and b constants (b m#0), G(u) = c, c constant

a%’ X, = x_zi

X, = ou’

d
3—(cx +81))— X4—(amx +8mu)——8—
ou ou

0
ov

H(v) = be ™, m and b constants (b,m +0), G(u) = « + Su, « and 3 constants (3 # 0)

0 0 0
X, = ﬁmxa - (am + Zﬁmu)a + 4/3%

H(v) = be ™, mand b constants (b, m+0), G(u) = fu?, B and p constants (B, p#0)

X, —mpxa +2muai+(2p 2)—

H(v) = be™™", m and b constants (b,m #0), G(u) = ﬁeik“, B and k constants (3, k #0)

d 0 d
X —mkxa +2m£+2ka

H(v) = a+blnv, a,m, and b constants (b #0), G(u) = c, c constant

0 50 0

X, = 7au’aX2 = x 2@’ X, = (ng +8v)auaX4 = 4xa + (8u —
-1 _ -2 _ox 2y

X =x F 2x™u blnx)au 2x Uav

0
bx")— + 8v—,
x) +va

These classifying relations are invariant under the equiv-
alence transformation (7) if

a=a,

2 1- -
ﬁ:a(agx + agx ”+a4)+ﬁe ®,
Yy=%

8 =86 — 2y (1 +n) ag,
_ (21

0=0,

A=6 (a9x2 +ax' "+ aS) + e ™,

=9

2a,—a;

w = we —2¢ (1 +n)ag.

1

The classifying relations (20) are also invariant under the

equivalence transformation (10) if

a=a,

y=9

|

= 8* 7% — 2ya,,
6=06,
A=0 (a9x2 +a,x Inx + as) + e ™,
=9
2a,-a,

w = we - 2¢ag.

2 2 -
ﬁzoc(agx + agx lnx+a4)+[3e ®,

(22)
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It is also noted that the classifying relations (20) are invariant
under the equivalence transformation (13) if

a=q,

B=« (a6 Inx + agx” + a4) + e ™,
r=y

S =82 4ya,,
_ (23)

0=0,

A= 9((17 Inx + agx” + as) + e ™,

=9,

2a,-a,

w = we — 4¢ag.

The classifying relations (20) are also invariant under the
equivalence transformation (16) if

a=aq,

B= oc(agx_2 +ax’ + 615) + (1 + 2a2x_2)e_“3,
r=y

5 =082 _ 8yas,
0=0 e

—_ a

A=0 (alox_2 +agx” + a6) +A (1 + 2a2x_2) e ™,

=9,

2a,—a;

w = we - 8¢pa;.

The above relations are now used to find the nonequivalence
forms of H and G and their corresponding Lie point symme-
try. Several cases arise and are presented in Tables 1, 2, 3, and
4.

The Noether symmetries given in [6] from (25) to (44)
always form a proper subalgebra of the Lie algebra that is
obtained above. This can be seen from Tables 1, 2, 3, and 4.
However, in [6] the first integrals were also presented.

4. Concluding Remarks

We have studied a generalized coupled Lane-Emden system
from the algebraic viewpoint. A complete group classification
of the underlying system was performed. We showed that the
generalized coupled Lane-Emden system admits a nine- or
ten-dimensional equivalence Lie algebra. The principal Lie
algebra, which was found to be trivial, had several possible
extensions. We deduced the results for all possible cases of
the values of n. There were in fact four cases that arose.
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