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Some results on fixed points related to the contractive compositions of bounded operators in a class of complete metric spaces which
can be also considered as Banach’s spaces are discussed through the paper. The class of composite operators under study can include,
in particular, sequences of projection operators under, in general, oblique projective operators. In this paper we are concerned with
composite operators which include sequences of pairs of contractive operators involving, in general, oblique projection operators.
The results are generalized to sequences of, in general, nonconstant bounded closed operators which can have bounded, closed,
and compact limit operators, such that the relevant composite sequences are also compact operators. It is proven that in both cases,

Banach contraction principle guarantees the existence of unique fixed points under contractive conditions.

1. Introduction

Some results on fixed points related to the contractive
compositions of bounded operators in a class of complete
metric spaces (X,d), which are Banach spaces if X is a
vector space on a certain field F (usually R or C) and
the metric is homogeneous and translation-invariant, are
discussed through the paper. In this case, the metric d is also
a norm and, since the space X is a vector space the complete
metric space (X, d) is also a Banach space (X, || ||). The class
of composite operators under study can include, in particular,
sequences of projection operators under, in general, oblique
projective operators. Section 2 is concerned of composite
operators which include sequences of pairs of contractive
operators including, in general, oblique projection operators
in the operator composite strip. The results are generalized in
Section 3 to sequences of, in general, nonconstant bounded
closed operators which can have bounded, closed, and com-
pact limits, such that the relevant composite sequences are
also compact operators. It is proven in this paper that Banach
contraction principle [1-4] guarantees the existence of unique
fixed points under contractive conditions fulfilled by some
relevant strips of composite operators within in the whole
composite sequence of operators.

2. Some Results on Contractive Mappings and
Fixed Points under Projection Operators

Let {T}} be a sequence T} : X — X of self-mappings on X,
where (X, d) is a metric space and consider a sequence {P,}
of (non-necessarily orthogonal) projection operators on X of
respective ranges M, which are then closed subspaces of X,
[3]. We can then consider a sequence of projection operators
{Pp } with Py, : X — M such that P, = Py, so that X =
Im P, @ Ker P, and z = P.x € Im P, is in M for any x €
Xandz=x-z=(I-P)x € Ker P, fork ¢ N, = NU {0}.
Now, consider sequences {x;} in X and {z;} in M, with z; =
P, x; such that the identities

X1 = T = Py X + (I = Preyy) Xpey

21 T (I - Pk+1) Xke+1 (1)

Ty Pexy + Ty (I = Py) x;

hold by construction for k € Nj,. The subsequent result holds.

Theorem 1. Assume that (X,d) is a complete metric space
with the metricd : X x X — R, being homogeneous



and translation-invariant and 0 € X; k € N,. The following
properties hold.

(i) If all the self-mappings on X in the sequence {T}} are
nonexpansive and the sequence of projection operators
{P} from X to the sequence of subspaces {M,} is
uniformly bounded then d(z;.,,, 2,1) < 003k € N,

(ii) Assume that the self-mappings on X in the subsequence
{Ti}ksn, are contractive for some ny € N, that the
sequence of operators {T}.} convergesto T : X — X,
and that the projection operator P : X — M C
X is constant and bounded (i.e., if it is not orthog-
onal, ie., it is oblique, then its norm exceeds one
and it is finite) then Property (i) holds. Furthermore,
Jlimy , o d(2112>2k1) = 0 and {z,, = PTixi} is a
Cauchy sequence which converges to some unique limit
point z(= PTx) € M for any initial iterate x, € X,
where x(= Tx) € X is the unique fixed point of T :
X - X

(iii) Assume that there is a strictly sequence of nonnegative
integers {j,.} such that the difference sequence { ji,, — ji.}
is uniformly bounded and has a limit ] € Nask —
00. Assume also that the associate sequence of compos-
ite self-mappings T(ji, + 1, ji) ={T; - T; . T;}is
contractive and that the sequence projection operators
{P} from X to the sequence of subspaces {M,} is
uniformly bounded and has a set of subsequences each
converging to a set {P;} — P, of projectors from X
to {M;}. Then, 3limy _, oo d(2;  11,2j41) = 0, and
there is at most a finite number ] of distinct Cauchy
subsequences {ij} with distinct limit points {z,, ..., Z;}
in X.

Proof. Since the metric is homogeneous and translation-
invariant then the complete metric space (X,d) can also
be considered as a Banach space (X, ||[l) under the metric-
induced norm defined as [x — y|| = d(x, y); forall x,y €
X. The norm of any projection operator in the considered
sequence is defined as ||Pl| = supycx4op<1 I1Bexll/IxN) =
SuP"X(EX)":l(”ka"/"x”) = Supux(eX)H:l"ka"; ke No- Then,
if T(k+1,j) : X — X is the left-composite self-mapping
T(k+1,j) = T, - T;, T for any k(> j), j € Ny, one gets
from direct calculations, by using the property that the metric
is homogeneous and translation-invariant, the following
relations for any iterated sequences {x;} in X and {z;} in
M, constructed as x,; = Tixy, 2 = Pex; with arbitrary
Xo€X; keN:

d (Zk+2> Zk+1)
=d (Pk+2xk+2’ Pk+1xk+1)
=d (Pk+1xk+2’ Py Xiepr + Prpr X — Pk+2xk+2)
<d (Pk+1xk+2’ Pk+1xk+1)
+d (Pk+1xk+1’ Pk+1xk+1 + Pk+1xk+2 - Pk+2xk+2)

<d (Pk+1xk+2’ Pk+1xk+l) +d (Pk+2xk+2’ Pk+1xk+2)
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= [Pesixiis = ProrXior] + [PesaXins = Pevr %isa |
< Pesi k02 = 2aa |+ [Pz = P [ 62|
= |Peall d (xier> %i2) + [|Pesz = Presa | d (%142, 0)
= |Peca || d (Tixio Teir Tiexi)

+ | Pesa = Peyy || d (T (k +2,0) x,,0)
< Pl e )

+ | Pesa = Peya || (T (k +2,0) x,,0)

< [|Pesi || d (15 %) + (| Pesa | + | Prs2]]) @ (x5 0)
< [P ]| (d (Toxo, 0) + d (x4, 0))

+ (1Peall + 1Pzl %ol s e € No

2)

since the metric is homogeneous and translation-invariant,
the norm is an induced-metric norm, then [|x; || = d(x;,0) =
d(T(k,0)x,,0), where z, € M, and the self-mappings in the
sequence {T;} on X are all non-expansive; k € N, and the
sequence of projection operators {P,} from X to the sequence
of subspaces {M,} is uniformly bounded with sup;cy [IP]l <
p < co. Then, one has from (2)

d (212 Ze1) < 4[| %] < 005 k €Ny, 3)

where p = 1 if all the projections are orthogonal and y > 1,
otherwise. Hence, Property (i). If P, = P, = P for k € N is
a constant bounded projection from X to M with M; = M ¢
X being constant for k € N, and all the self-mappings on X
of the sequence {T} } are contractive then one gets from (2) for
the real constant K' = supy., \en, K such that K € [0, 1) that
Property (i) holds according to the relation

d (zk+2’ Zk+1)
< Pl d (Tixge> T %)
< 1Pl (Texieo TiXperr + T Xien = T
< 1Pl d (Tixp TiXer1)
+ IPI d (Texperr> TeXperr + TeorXiar = TieXier1)
= 1Pl (d (Tixp> Texrr) + IP1 d (0, Ty X1 = TXn))
= 1P (d (Texio Texe1) + A (TieXper1> T K1)
= IPI (| Texie = Tixiean | + [T = Teer X )

NPTl 1%k = xan ] + 1P Ti = Tiear | % |
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<[P ( ITell 2k = %pear | + 1Tk = T

xd (T (k+1,0)x,,T (k+1,0)0))

k—
< ”P” <K nOHd(xnoJrl’xno)

K(1-KF™
% I~

Xp, > < 003

k(= ny) € N,
(4)

so that Jlimy _, ,,d(zy,,, 241) = 0 from (4) for any initial
value x, € X of the iteration since K*™™' — 0 and ||T}, -
Tl — Oask — oosince {T,} — T. Then, {z;} is
Cauchy sequence which has a limit z in M, since M is closed,
[4]. It is now proven that z(e M) = Px is the unique limit
point in M of any sequence of iterates, where x(= Tx) € X
is a fixed point of the self-mapping T : X — X which is
unique from Banach contraction principle. It is now proven
that T: X — X is contractive. Assume not so that one has if
T : X — X isnot contractive:

d (ka xk)

< d (T, Txy)

= d (Tixier T + Txp = T + T = Ty
< d (TiXper1> Tex)
+ d (Tix Ty + T = TieXye + Ty = Ty

= d (Tixper> Texy) + d (0, Ty = Tyxy + Tyxpeyy = Togeyy)
= d (T X1 Texy) + A (Tyxy + Ty, Toxge + Ty )
I = T el + e )

< Kyd (Xpp15 ) + “Tk -

< d (T Texi) +

k > n,

©)

for nonzero x; and x;,; since T : X — X is contractive
for k > n,. Then, one gets, since [T, - T|| — 0 as k — oo,
that

tim sup [(1 = Ky =T, = T]) (el + i D]

= limsup [(1 = Ky) ([l + [lxea )] < 0
k— 00

which is a contradiction since K < 1 for k > n, unless {x;}
converges to zero. If {x; } converges to zero then there are n, (>
ny) € Npand 0 < A = A(n;) < 1= supy,, K such that
T, = T|l < A for all k > ny since [T, -T] - 0ask — oo
and some k; > n; such that ||xkl |+ Ika1+1 || > 0 that yields the
contradiction

0< (1=K =) (f | + [ <0 @

Thus, if the subsequence {T}} ksn, IS contractive in X then its
limit T : X — X is also contractive. Now, since T : X — X
is contractive then its fixed point is unique since (X,d) is
complete. It is clear that z = PTx is a limit point in M of
any iterated sequence. Assume that it is not unique so that
there are two limit points z = PTx,z = PTX(#z) € M
for some X(# x) € X which is not trivially a fixed point of
T : X — X (since the fixed point x € X of the contractive
self-mapping T : X — X is unique if (X, d) is complete).
Thus, from Banach contraction principle and since (X, d) is
complete, one has

0 «— d (PTX, PTyx) = |PT;X — PTx||
< |IP| || Tix - Tiex||

(8)

< IPIK*d (%, x) < co;

k eN,

ask — oo since {T}} converges, there is a limit self-mapping
T on X:

z «— PI'Xx — PTix — PIx = Px = z. 9)

Thus, PT)x — Z =z as k — o00. Hence a contradiction to
Z #z and then z in M is the unique limit point of PT" : X —
M even in the event that there is X(# x = Tx) € X such that
PTX = PTx = Px = z. Property (ii) has been proven.

On the other hand, if the sequence of operators is
uniformly bounded then supen, 1Pkl < ¢ < oo and, if fur-
thermore, the sequence of compositie mappings (T Jks1s ]k)}
is contractive with some constant K € [0,1) given by K =
SqueNo( ;’”}k_l [K 1), k € Ny, where {j,} is a strictly increas-
ing sequence of natural numbers such that the sequence
{7k+1—Ji} is uniformly bounded, one has directly from (1)-(2):

d(z;,,.2;,) < ud (x5,

< ,u(I?j" [d (x1, %) +2 ||x0||]) < 005

T (jk+1’jk) xjk)

k € Ny,

d (ij+ik’ zjk) < pd (xjk> T (jk+1’ ]k) xjk)

Jtik=1
( [] >(ka [d (31, x0) + 2 |x]])

J=Jk

<00
(10)

for k € N, where {{i;}} is a sequence of finite sets of natural
numbers satisfying j € {i;} © 1< j < (i, —ju) + 1 for k €
N,. Thus, one gets from (10):

3 lim d(

jk— 00

’ij) = ~lim d(sz+1+j’zjk) =0 (11)

Jk =0

for any j € {i} since j, — ocoask — oo and. Since
{jks1 — ji} is uniformly bounded with existing limit J € N as



k — 00, T(jgpr + L, ji) = {T},,, -+ Tj+T,} is contractive
and the projection sequence {Pk} from X to the sequence of
subspaces {M,} is uniformly bounded while having a finite

set of subsequences {P;} converging to a set P; — P, of
projectors from X to {M,} for i € J then

Elkli_{lgod (zjk+1+1’ zjk+1)
= lim d( P, T (jkss + 1,0) x0, P, T (ji, +1,0) x, = 0)
(12)
) 'that. {zj,«= P]k+lT(jk+1 +1,0)x,} is a Cauchy sequence
satistying:
Zjsi —Z=F (kligr;o (T T T ) Bic 1)

N (13)
as j, — 00, i € M; Z €<XﬂﬂM]k+, 1)

for at most J distinct points {z,, ..., Z;} since, by hypothesis,
there is a natural number J satisfying co > J = limyey {jik1 =

ji} = 1 and since {Pj,»} — P i € J. Hence, Property (iii)
holds. O

Remark 2. The existence of some X(#x = Tx) € X in the
proof of Theorem 1(ii) often happens. For instance if PT :
X — M is linear then X = x + x, fulfils the relations
PTx = Px = PTX = z for any x, € Ker PT.

The following auxiliary result to be then used holds.

Lemma 3. Assume that the sequences of linear self-mappings
{T,} and {P,} converge to respective limits P and T being
mappings from X to M C X and from X to X, respectively,
in the sense that P,T,x — PIxasn — 00 from any
x € X. Let (X, ||]) be a Banach space with the norm of any
Q: X — X being defined by |QIl = sup,cx -1 Qx| For
any given § € R, 3ny = ny(8) such that |P,T,| < pt + 6,
where p = ||P|| andt = ||T|| IfPT : X — X is contractive
then the sequence {P,T,} of mappings from X to X is then
asymptotically contractzve

Proof. Direct calculations yield

|P.T,| = sup |PTx + P(T, - T)x + (B, - P) T,,x|
[x]=1

IN

IPT|| + | PI | T, = T| + | P, = P|| | T.|

(14)

IN

IPTI+ |PY|T, - T]
+[[B, = PHITH+ | B, - P|T, - T]

and for any given ¢ € R, therearen; = n;(¢) € N for i = 1,2
such that || T, - T|| < e for all integern > n; and |P,-P| < ¢
for all integer n > n,. Thus, if n; = max(n,,n,) then one has
for any n > njy:

IR,

IN

IPT| + (P + T + &) €
(15)

pt+(p+t+e)e< pt+d.
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The last inequality holds if and only if &* + (p + t)e =8 < 0
for any given positive real constant § and any positive real
constant ¢ = &(5) being sufficiently small to satisfy ¢ <

(1/2)(\(p+1)* +48 — p — ) < Vb/2. Since |P,| — p

and |T,| — t, there are finite natural numbers n, =
n(8,e) = ny(e), ny, = n,(8,€) = n,(e) such that ¢ satisfies
that constraint [|P,T,ll < pt + § for any integer n > n; =
n5(3, €) = ny(e) > max(nl, ny). If PT : X — X is contractive
then pt < K < 1 for some real constant K. Thus, there is
ny = n3(e) such that pt < K < |P,T,| < K; < 1 for any

givenreal 8 < K, - Kand e < (1/2)(\/(p+1)* +48 — p —
£ < (1/2)(\(p+ 1* +4(K, - K) - p—1) < YK, ~K/2and

then the sequence {P,T,,} is asymptotically contractive. [

Note that Lemma 3 holds irrespective of the fact that one
of the operators be a projection.

3. Results on Contractive Mappings of
Sequences of Composite Bounded Operators

The results of Theorem 1 are now extended to the study of
contractive compositions of linear operators belonging to two
sequences of bounded operators {Ty;} with Ty : Dom(Ty,) ¢
X - Im(Ty) ¢ XtoX;i = 1250thatnoneofthem
is necessarily a projection on some subspace of X. Some
preparatory results are first established. In the following, a
Banach space(X, || ||), being equivalent to a complete metric
space (X,d) with a homogeneous and translation-invariant
metric induced-norm d : X x X — R, is considered such
that [x|| = d(x,0) = d(x+ay, ay) foranyreal and any x, y €
X. The subsequent result refers to the asymptotic distances
in sequences involving a convergent composite sequence of
bounded linear operators.

Lemma 4. Consider a Banach space (X, || |), with 0 € X,
being equivalent to a complete metric space (X,d) with a
homogeneous and translation-invariant metric induced-norm
d: X xX — Ry,. Consider also a composite sequence
of two sequences of bounded linear operators {T;, = TyTy;}
defined by T\, : Dom(T}) ¢ X — Im(T,) c X defined
by Tix = Ty(Tyx) = TyTx forany x € Dom(Tk)
where Ty : Dom(Ty) ¢ X — Im(Ty) ¢ X5 i = 1,2,
provided that Im(T},)(#0) < Dom(Ty) and Im(T,) N
Dom(T,,) #0; for all k € N,,. The following properties hold.

(i) Assume that {Ty} — T, (i = 1,2). Then, lim; _, .. d
( Tyx, T, T x) = 0; for all x € Dom(Ty); for all k €
N,

(ii) Assume that {T,} — T, (i = 1,2). Then, lim; _, d
( Tpx, Ty Ty x) = 0; for all x € Dom(Ty); for all k €
N,

(iii) Assume that {T,} — T, (i = 1,2). Then, lim, _, , d
(Tyx, T, Ty x) = 0; for all x € Dom(T,); for all k €
N,

(iv) Define the operator composite sequence {T(k + i +
1,k)} of operators as T(k +i + 1,k) = Tjy; -~ Ty Tk
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Wlth Tk Tjkijk_l:k s TZlek; for all i, k € NO
subject to Im(T;)(#0) < Dom(T;, ) for j €

jio ImT;(#0) € DomTyy,, and 1 < ji < J(e
N,) < oo; for all k € N,. Define also the operator
composite sequence of operators {T°(k + i + 1,k)} as

T (k+i+1,k)=Tp - Tp. Tp
0 0 0 0 0 0
= (Tjk+ik+i e Tjk+,~—1,k+iT1,k+i) e (Tjkk e TZlek)

orik € Ny, where T, = T., if T, has not a limit as
0 jk jk Jjk
k — ooand TJ(.’k = Tjoo if Tjoo = limy _, o Ty Then

(16)

klim d(T(k+i+1,i)x,T°(k+i+1,i)x):0;

17)
Vx € Dom (T},), Vi € N,.
Properties (i)-(iii) hold for any x € Dom(T},).
Proof. Assume that {T} — T, withT; : X — X( =

1,2) since (X,d), equivalently (X, | ), is complete so that
Tyx — Tix (e X) strongly for i = 1,2ask —

1

oo for any x € Dom(T),) since Im(T;)(#0) < Dom
(Ty) and Im(T,,) N Dom(T)y,,) #0; for all k € N,. Then,
lim; _, ., d(Tyx, T,T};x) = 0; for all x € Dom(T},), and

Tiex = Ty Tyx = Ty Ty x + Top (Tyr — T) x )
=T,Tyx + (Ty, = T,) Tyx + T (T - Ty) x
that leads to
I(Tie = ToTy) x| < |[(Tok = To) Tyox| + || T (To = T1) x|
= Hklinéo (T, - T,T)) x
= klingod (T - T,T,) x,0)
= klingod( Tex, T,Tix) = 0;

Vx € Dom (T}) .
(19)

Hence, Property (i). Now, assume that only {T},} has a limit.
Then,

Tkx = Tszlkx
= Ty Tyx + Ty (Ty = Ty) x
= |(Ty - Ty Ty) x|

= ”Tzk (T - Tl)x”; Vx € Dom (Ty) ,

(20)
k— 00

= klim d (Tyx, Ty Tyx) = 0;  Vx € Dom (T}).
— 00

Hence, Property (ii). Finally, assume that only {T;} has a
limit. Then,

Tix =Ty T x
=T,Tyx + (To, = T,) Tyyx
= |(Ti - TyTy) x|
< (T = T) Tiex| 5

Vx € Dom (T}), 1)

3 lim (Tk - TZle) X
k — oo

= lim d (T, - T,Ty) x,0)

k— o0

= klim d (Tx, T,Tyex) = 0;

Vx € Dom (T}).

Hence, Property (iii).

Property (iv) is direct from Properties (i)-(iii) and the
associative property of composition of operators since for
any k € Ng,, Tix exists in Im(Ty) if Im(T},) < Dom
(Ty) and Dom(Ty;,,) > Im(Ty) for x € Dom(T},), and
then,Dom(T}) c Dom(T};) and Im(T}) > Im(T,;); for all k €
N, since

T(k+i+1,k) =T, Tp Tk

= (Tjk+,»k+i T Tjk+,.—1,k+iT1,k+i) T (Tjkk T TZlek) ; (22)
Vk € N,.

Then, for any finite i € N, one gets

||T(k+i+ 1,k)—T°(k+i+1,k)||

— 0 ask— o0

(23)

for some positive finite constants ¢; and ¢;, since any linear
operator Ty jwithalimitT, ;admitsauniquedecomposition
7 0
0 _ 7 -
z’ejj =T, ;+ Ty with Ti; — Oas k — oo, forall ¢; €
Jo 7=12  k+i. O

The next result is concerned with the closeness of the limit
operator if the sequence of operators is closed.

Lemma 5. Consider a sequence of closed linear operators {T,}
defined by T, : Dom(T,) ¢ X — Im(T,) ¢ X ina
Banach space (X, || ), such that Im(T,) ¢ Dom(T,,,,) with
Im(T,,) N Dom(T,,,,) #@, which converge to a limit operator
T :Dom(T) ¢ X — Im(T) C X. Then, such a limit is a closed
operator which is bounded if all the operators of the sequence
are bounded.



Proof. Note the following:

) {T, x o Tx
sequence {x,;’)} ¢ Dom(T,,) since dlim
T)x < lim,,,, - oI T, =Tl
T. Furthermore,

as n,m — oo for any bounded

o — ool (T =
)| = 0 since {r,} —

IN

ITxl < |T,x] + (T, - T) x| < |

24)
Vx e X

IN

NGl el + | K| el 5

forany n € Ny, K, > |T,| is a finite real sequence
of constants {K,} with K,, < K for any n € N, since
{IT,|I} is convergent, and En >|T, —T]; forall n e
N,. Again, since {||T,, ||} is convergent, there isn, € N
such that K > |K,|| for any n(> ny) € N, |Tx| <
IR el + 1K lllxl < (K+K)llx] sothat T: X — X
is bounded.

2) I1f the bounded sequence {x,, M ¢ Dom(T,,) converges
to x™ ¢ Dom(T},) for any n € N then {T,x ")} —
T,x™ for any n € Nyasm — oo since {T,} is a
closed operator for any n € N, so that

3 lim "Tnx -T,x"

< lim ”Tn (xfr’:) - x("))"

m— 00

= 0.
(25)

< |T,| lim "xf::) — x™

m— 00

(3) One gets combining the above points (1)-(2) that:

{Tnxi:l‘)} — Tnx(") — Txgl’) — Txasn,m —

o if (" - x™ — xforany n € N, where
{x = {(x™} ¢ Dom(T,) as m — o0, and then
{x NS k" }EDom(Tn) as m — oo for any n €
N, and {x m} - {x"} > x € Dom(T) as m,m —
oo since { T} is a sequence of closed operators which
converges. Thus, the limit of bounded converging
sequences belongs to the domain of the limit operator.
Furthermore, one has for any bounded sequence {x,,}
converging to x € Dom(T):

|T,x, - Tx| = |Tx, + (T, - T ) x, - Tx|

IN

ITH % = + T, = T ]l — 0

ask — oothenT,x, — Tx strongly so that T : Dom(T) c
X — Im(T) ¢ X is a closed operator as a result. ]

The above result can be extended to sequences of opera-
tors not all of them being bounded provided that each of such
sequences of operators can be decomposed as a composition
of subsequences of composite operators such that each of
such a composite subsequence is bounded. The above result
can be applied to sequences of operators not all of them being
bounded. It is well-known that a sequence of linear operators
on a Hilbert space [5, 6] is bounded if and only if they are
closed and their domain is the whole vector space X, [1, 4].
Thus, we have the following result using Lemma 5.
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Lemma 6. Consider a sequence of linear bounded operators
{T,} defined by T,, : X — X in a Banach space (X, || ||) which
converge to a limit operator T : X — X. Then, such a limit is
a bounded linear closed operator.

Proof. Since the operators are all bounded then their domain
is X, their range is in X and are all closed. The conditions of
Lemma 5 hold with

X = Im(T,) ¢ X = Dom (T,,,)
(27)
with Im (T,,) N Dom (T,,,;) = X #0.

Then, thelimitT : X — X of{T,,} is also bounded and closed
from Lemma 5. O

The subsequent result is concerned with the limit oper-
ator of a sequence of linear operators being compact if all
the operators in the sequence are bounded and at least one
of them is compact.

Lemma 7. The following properties hold.

(i) Consider a sequence of bounded compact linear oper-
ators {T,} defined by T, Dom(T;) ¢ X —
Im(T,) < X in a Banach space (X, ||||), such that
Im(T,) ¢ Dom(T,,,) with Im(T,,) N Dom(T,,,,) # 0,
which converge to a limit operator T : Dom(T) ¢ X —
Im(T) c X. Then, such a limit is a compact operator.

(ii) Assume that the sequence {T,} of bounded operators
satisfies that there is at least one compact operator
within all subsequences {T; ,T; ,...,T; _} being
subject to max,en, (jur1 — ]n) < ¢ < oo for some
subsequence {j,} < N, for any n € N,. Then, the
composed operator T(n,m) is compact as it is its limit
provided that it exists.

Proof. We have to prove that if {x, } is bounded then {Tx,,} is
convergent. Note that for given bounded sequences {x;’)} and
{xD}; 4, j,n € N, that

750 - T3

=|(r -1) %0 + T,x - T, - (T-T,) f)||

<|(r-1,)x§

SR

(28)

and, one gets by taking subsequences {z;} ¢ {xfj)}, {zj} C

M

|72~ 72| < |7 - T (lail + |5]) + [Tz - Tz |-
@
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Since {T,,} — T, we can find ny,i, € N such that for n(>
n,) € Ny, min(i, j) > i;, we have

r-rd< <,
max (|z;] » ”z]") <K, <2c< 00, (30)
“Tnz,- - Tnzj" < g

for any given ¢ and € = &(c) € R,, since {z;} and {zj} are
bounded subsequences, and {T, z;} converges, so that it is a
Cauchy sequence, since {T},} contains at least one compact
operator. As a result, [|[Tz; — szII < €2+ ¢€/2 = ¢is
arbitrarily small for ¢ being sufficiently small. Thus, {Tz;}
is convergent. Property (i) has been proven. Property (ii)
follows from Property (i) and the fact that any operator
composite sequence of bounded operators is a compact
operator if there is at least one which is compact. O

Now, define the composite operator T(k +i+1,k) : X —
X; for all i, k(> i) € N, by

T(k+i+1,k)=T,,;

= (Tjoesi = T Tiess) - (T

Vx € Dom (T},); Yk € N,,.

: Tk+1Tk

: Tsz1k> ; (D

Define also the sequence {T°k + i + 1,k)} of composite
operators asT(k +i+ 1,k) = Ty, -~ Ty, T}; for all k € N,
where Tk .; replaces each operator in the composite operator
T}..; by its limit when such a limit exists. A result is now given

based on the existence of the following limit:

lim d(T(k+i+ Li)x, T (k+i+ l,i)x) =0;
k— oo
(32)
Vx € Dom (T}) -

The following result is obtained from Lemmas 4-7.

Theorem 8. Consider the operator composite sequence {T (k +
i+ Lk} forallk,i € N, of composed linear bounded
operators in (31) on a Banach space ( X,|l), subject to
Im(Tjk)(rﬁ(Z)) C Dom(TjH’k) forj € ji, Im Tjkk(rﬁﬂ) C
DomT,;,, and 1 < j, < J(€ Ny) < oo; forall k € N,
and the sequence of composed linear operators {T° (k+i +1, k)}
of defined in the same way as (T(k+i+1,k)}ask - oo by
replacing each operator possessing a limit by such a limit. The
following properties hold.

(i) Either the sequences {T (k+i+1,k)} and {T° (k+i+1,k)}
have limits and both limits coincide or none of them
has a limit and, furthermore, and Tk +i+ 1,k —
Tk +i+ 1,k) as k — oo.

(ii) If the limits of Property (i) exist and are finite then
the limits of the sequences of operators {T'(k + i +
Lk)} and {T°(k+i+1,k)} as k — oo; forall i € N,
have the same set of fixed points.

(iii) Assume, in addition, that for some k € N, there
is at least one compact operator in the composition
operator T(k + i + 1,k), and that Im(T)(#0) ¢
Im(Ty) ¢ Dom(Tj, ) for j € ji, ImT; ,(#0) C
ImT;  (#0) ¢ Dom T, for 0 < ¢ < iand some
i € Ny and that all the operators are closed. If Property

(i) holds with Tk+i+1,k) » T'k+i+ 1,k —
T  ask — 00; for some i € N, and |T*|| < K < 1,

then T* is contractive and

Jim T e+ nti+1),k)x =T ((k+n(i+1),k),k y|

= lim |T°(k+n(i+1),k)x =T (k+n(i+1),k) |

A*(i-v-l)n A*(i-v-l)n

T x- y Vx, y € Dom (Ty,),

(33)

= lim | |=0;

k,n— 0o

the sequences of composite operators {T(k + j» )} and
{T°(k + j, j)} converge to zero ask — oo, and T*
Dom(T*) ¢ X — Im(T*) ¢ X is bounded,
closed and compact and has a unique fixed point in
Dom(T*) n Im(T*) to which all sequences with initial
conditions in Iﬁ("([“*) converge.

(iv) Assume that there is a (in general, nonunique) strictly
increasing sequence of nonnegative integers {j.} with
Jo=0and0 < ji, — jp < m < oo such that

“T (jk+2’jk)|| < K (jksos jir1) "T (jk+1’jk)“

. (34)
< K|T G )]s vk €Ny

for some nonnegative real sequence {Ki.(ji,1» ji)bs k €
Ny, and some real constant K € [0,1). Assume,
in addition, that for some k € N, there is at
least one compact operator in any composite operator

T(jrs1» ji) and that all the operators are closed. Then,
the sequences of composite operators {T(k + j, j)} and
{T°(k + j,j)} converge to zero as k — oo for any
ﬁmte j € N, Finally, assume that T(ji,,, &) —
g* is contractive, continuous,
bounded closed, and compact and has a unique fixed
point in Dom(T*)NIm(T*) to which all sequences with
initial conditions in Tm(T™*) converge.

T as k — o00. Then,

Proof. Note from the definition of the sequences Tk +i+
1,k)} and {T°(k +i + 1, k)} that for any, since

||T° (k+i+ l,k)“
< ||T(k+i+ l,k)“

+||T0(k+i+1,k)—T(k+i+1,k)“,



||T(k+i+ 1,k)||
< "TO (k+i+ l,k)“
+||T°(k+i+1,k)—T(k+i+1,k)“
(35)

so that lim sup, [ T(k+i+1,k)| - |T°(k+i+ 1k)|| < 0.
Then, either both sequences of operators {T(k+i+1,k)}and
{T°(k+i+1, k)} have the same (finite or infinity) limit or none
of them has a limitand T(k +i + 1,k) — T°(k +i + 1,k) as
k — o0. Hence, Property (i). Property (ii) follows trivially
from Property (i) for the case limkﬂoofo(k +i+ Lk) =
lim, ,  T(k+i+1,k)=T" forallieN,.
To prove Property (iii), note that

”T(k+2i+1,k)x—T(k+2i+1,k)y'|
<Kfx -y = Kd(x),
“T(k+2i+1,k+2i+1)T(k+2i+1,k)x
—T(k+2i+1,k+2i+1)T(k+2i+1,k)y“

<K fx -y,

nlL11gO||T(k+ni+1,k+ni+1)T(k+ni+1,k)x

—T(k+ni+1,k+ni+1)T(k+ni+1,k)y|'

<K'x =y,

—T*y)

= (klilrgof(k+ni+l,k)x—klingof(k+ni+l,k)y)
=kli_)md(T(k+m+1k)x T(k+m+1k)y)

= lim d (T (k+ni + 1,k) T (k + ni + 1,k) y)
= lim d(T°(k +ni+ 1,k) % T (k + ni + 1,k) y)

= lim d(T(k+m+1 K)x, T (k+ni+1, k)y)

k—>oo
= klim "T(k+ni+ Lk)x—T(k+ni+ l,k)yH
<K'd(x,y)
(36)

so that, since K € [0, 1) then the limit operator T* on X is
continuous, then bounded with

Jimd (T =T"y) = d(Jim T - Jim T"'y) =
(37)
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for any x,y € Dom(T},). Furthermore, for any k € N,
and the associative property of composition of operators,
In = n(j,k) = max(i € Zy, : Tk + j,j) = T(k + j,k,)
T (k,, j); for all j € Ny, for all k(> j) € N) withn = n(j, k)
being unique for each given j € Ny, k(> j) € N and the given
operator decomposition being also trivially unique. Note that
IT(k + Ll - 0ask — oo forany j € Nj sincen =
n(j,k) — ocoif (k- j) — oosince [T*] < K" —
O0Oasn — oo since K € [0,1). Similarly, it is proven that
IT°G+ j, Il = 0ask — oo.
On the other hand, note the following.

(1) Any convergent sequence {x;} for k € N, construct-
ed from the composed operators

T(k+i+ l,k) :Tk+i”'Tk+1Tk
(38)

= (Tjk+ik+i T Tjk+i—1,k+iT1,k+i) T (Tjkk e TZlek)

for any k € N, as follows x;;, € Dom(T;),xy =
ToXio - - Xk = Tjkkxjk—l,k’ Xiger = Tign
X .. converges to a point X in Dom(T*), since
all the operators in the above composite sequence of
operators are closed and then the limit operator T*
Dom(T*) ¢ X — Im(T") ¢ Tm(T*) ¢ Dom(T*) ¢
X is also bounded and closed (from Lemma 6 and the
associative property of operator compositions), and
T*% in Im(T*) ¢ Im(T*) with Im(T"*) being closed
(ie., Im(T*)is relatively compact) since all composite
sequences of operators T(k + j, j) are compact for any
given j € Ny, k(> j) € N since at least one of the
operators within any of such sequences is compact
and all of them are bounded, [1, 3, 4].

(2) Any convergent sequence {T*"x} of elements in
Dom(T*) with x € Dom(T,,) converges to some
point x* in Dom(T*), which maps to T*x* in
Im(T*) ¢ Im(T"*) ¢ Dom(T*) which is also the limit
of the same convergent sequence. Such a limit {T*nx}
has a limit in Dom(T* )N Im(T*) which is also the
unique fixed point of T*. Otherwise, if there were
two distinct fixed points x* and y* then it would

(T x -

T y) = d(x*,y") > 0, then a contradiction and

hence Property (iii).

are x,y € Dom(T),) such that lim

n— 00

To prove Property (iv), note that strictly increasing se-
quence of nonnegative integers {j.} with j, = 0 and 0 <
Jir1 — Ji £ m < oo such that

|7 G O] < KT (1, 0)| — 0 a5 k— oo; (39)
I Giear + 1o 0)]| < MK |T (j,, 0)| — 0

for any sequence of nonnegative integers {m} subject to
0 < my < jJiyo — Jigg < m < oo;forall k € N for
some nonnegative real sequence {K;(ji,1> j)}; k € N, and
some real constant K € [0,1). As a result the sequences of
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composite operators (T(k,0)}, {T°(k,0)}, {T(k + j» j)}, and
Tk + j» j)} converge to zero as k — oo foAr any finite
j € Ng. On the other hand, if T(ji,1, ji) — T, as, k —
oo then T is contractive. Otherwise, it would hold trivially
that lim infk_)goﬂT(k, 0)| > 0, a contradiction. Thus, the
limit operator T; is contractive and bounded and then it is
also continuous as a result. T; : Dom(Tg*) cX — Im(T;) C
IE(T;) C Dom(T;‘) C X is closed (from Lemma 6) and

compact, since all the operators in the composite sequence
of operators T(ji,j;) are bounded and at least one of

them is compact. Thus, T; has a unique fixed point in

Dom(T*) N Im(T™*) to which all sequences to which all the
sequences {x.}; k € N, of the form xy;, € Dom(T};), xy =

Tzkxlk,..., xjkk = Tjkkxjk*Lk’ xl)kﬂ = Tl,kJrli'kk,... Wlth
initial point in Dom T}, converge. Hence, Theorem 8 is fully
proven. O

Remark 9. Note that the existence of the operator limits in
Theorem 8((iii)-(iv)] is not required for each operator within
the composite sequence of operators but only for certain
composite strips of such operators.

The subsequent result, whose proof is omitted, extends
in a natural way Theorem 8 through the associative property
of composite operators to the case that there are subsets of
composite operators having limits although each individual
operator is not requested to have a limit.

Theorem 10. Consider the composite operator below:

T (k +ig + 1, k) = Teys, - Tt T

= (Tjk”kkﬂ e Tjk+,~k—1,k+iT1,k+ik) T (Tjkk e TZlek) >
(40)

on a Banach space (X, | 1), subject to the following conditions.

(1) The elements of the sequences of sets {i,} are finite and
each of those sets has a finite cardinal for all k € N,
and i, — i"(< 00) as k — oo.

) I_m(Tjk)( +0) C Iﬁ(Tjk) C Dom(TjH,k) forj €
jk’ Im Tjk+ek(:'£0) C IﬁTjk”k(#@) C DOmTl’k_'_l
for 0 <€ <ip.

(3) The elements of the sequences of nonnegative integers
{jksi,} are finite for all k € Ny, and ji,, —
Jere Jor 0< € <ip, 0<€<i" ask — oo.

(4) All the operators in each of the sets {T; ; : 1 < i <
Jjiet; for all k € N are linear, bounded, and closed (so
that all the operators are linear, bounded, and closed)
and at least one of them in each set is compact.

(5) The sequences of composite operators {Ty, } for 0 <
& <iy; for all k € N, tend to respective limit operators
T; for0<j<i’ ask — oo

Then, T(k + i, + L,k) — Tk +i* +1,k) — T* =
T/ ---T, T, which is linear, continuous, bounded, closed, and

compact. Furthermore, ifIIT]fk I < K; and K = Hlj:OKj <1,
then T™ has a unique fixed point in Dom T* NImT" to which
all sequences {x;.}; k € N, of the form x,;. € Dom(T};), Xy =
Tzkxlk, ey x]-kk = Tjkkxjk_l)k, xl’k+1 = Tl)k+1.xjkk, . Wlth
initial point in Dom T, converge.

Example 11. This example discusses a way to use oblique
projections to build composite operators with sequences of
operators to take into account the approximation of the
images in finite-dimensional spaces and also to take account
of computing or measurement errors as well as connections
with fixed point issues. Consider the complex pre-Hilbert
space sz(a) of square-integrable p-vector functions on [0, a]
endowed with an inner product defined by the complex
number (x,y); forall x,y € L%D(a) with associate inner
product induced norm |[|x| = (x,x)l/z; for all x € L%p(a).
Consider a bounded linear operator T : Lé(a) - Li(a), of
norm |T|| = sup, -, ITx|, represented by y(t) = (Tx)(t) =
Y2 (3,69, t); for all £ € [0,a], where ¢;,6; : [0,a] —
L?D(a); i € N are sets of linearly independent functions
which define mutually reciprocal basis {¢; : i € n} and
{0, : i e m}, thatis, (0;,¢;) = §;;. If such basis are
orthogonal then they are identical leading to y(t) = (Tx)(¢) =
Z;fl (9, 9,)@;(t); for all t € [0,a]. We can decompose Li,(a)
uniquely as a direct sum of orthogonal subspaces as follows
as L%p(a) =M, (L;(a) N M,) for each n € N where
L;(a) - L;(a) on
C Lé(u) is given by the composite operator P,T,

the orthogonal projection of T
M

L*(a) — M,, of the orthogonal projection P, : L*(a) — M,,
represented by 3,(t) = (P,y,)(t), where y (t) = (T,x)(t) =
Y (3, 0)9(t), forallt € [0,a] is defined through the
truncated operator T, : Li,(a) - L?D(a) so that

)711 (t) = (PnTnx) (t) = (Z <PnTx’ 01> (P1> (t)

i=1

M=

< <PnT€0j)9i>0‘j§0i> (1) (41
=1 =1

=17

Z ﬁi(Pi (t) >
i=1

where
a; = <x, 0;),
;= PT¢.,0,)a;
P le< 950,) (42)
= i <PnT(pj,0,-> <x,6] ; ien={12,...,n}

Note that {T,,} — T and d(y,7,)t) — Oasn —
o0; for all t € [ 0,a]. Now assume that y(t) is subject to some
structured uncertainty y(t) = (TTx)(t) = Z;fl T enei(t) =
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(fol (TTx, @:))@;(t); for all t € [ 0,a] (due, for instance, to
computational or measurement errors) and defined by some
relative uncertainty operator T in T on Li,(a) belonging to a
family T = {T ¢ L?p(a) . |IT|| < 7, somef € Ry,} so that
Ymes(£) = ¥(t) + ¥(t) and its projected value on M,,, through
the orthogonal projection M,, is

Vmes, (t)

(2,
(B,

T,+T,T,)x) ()

(
P,T,x) (t) + (P,T,T,) x (t)

)+ ¥, ()

nM:

P, (T+TT)x, e)go,)(t)
(43)

™M=
™M=

<P To;+P, TT(pJ,O > ocj(p,> (1)

Il
—

Il
—

TN

G
;
<

™M=

<Pn I + T) Tg;,0; > oc](pl) ()

i=1

M=

(ﬁi"',gi)(l’i(t); VtG[O,a],

Il
—

t) = ¥, (t)

(
-(BEturmodam)o

ymesn

=1

ZZ(ﬁi+El‘)¢i(t); vt € [0,a],

=1

where {T} - T,

Bit)=) (P.TTe;6,)a; ()
j=1

2 (Ao, )00 “

1]
H TNM=

ien={1,2,...,n}

with P, (T,) = P,I + T,) is an oblique operator which
depends on the particular uncertainty operator T, in the class
T which has necessarily a norm exceeding unity while the
orthogonal operator P, has unit norm. The (non-necessarily
unique) worst case in a norm deviation sense of the measured
projection of y on the subspace M,, is given by

-

1l
—_

Z < on (~) T(Pj’6i> ajp; (t)  (46)

1

n
ymes = S~E
TeT j=
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so that the maximum deviation amount of the projected
vector is

52 - 54 - | 55 (22 (7)o, 0)

i=1 j=1

Ifthe basis {g; : i € n}is orthonormal then it is autoreciprocal,
then all its vector functions have unit norm and

Fies, 0= sup >3 (P

(T) To;, ‘Pi> oj; (t), (48)

i i <P;‘; (T) To;, ‘Pi> ap;

i=1 j=1

. -5 - |
(49)

(T) T(Pj’(Pi> XiPif -

i=1 j=1

The problem can be reformulated for the case a =
oo for T : L?p — Li, being a bounded linear operator on
the Hilbert (then complete) space Li,. Thus, T : Li, - Li,
is closed, since bounded, and its domain is Li and it is also
guaranteed to be compact from of its representation. It is
clear that the operators in the sequence {T,} are bounded,
closed, compact, of closed range so that their ranges have
n-finite dimension and their domain is L. The orthogonal
and oblique operators involved in the above discussion are all
bounded and of closed ranges. Then, all the composite opera-
tors of the forms {P, T}, {P,, T}, {PonTT} and the operators in
the converging sequences {P,T,,}, {P,,T,.}> {PonTn T,} are all
bounded, closed, and compact of domain LP' If|T| <K<1
then for any given real ¢ € (0,1 — K) there is n, € N, such
that |7, < K +¢& < 1since {T,} — T. Assume that the

class of uncertainty operators T, in the class T on Li, has the
property [P, (T)Il = II + T,| < IP%] < 1/(K +¢) <
1; for all n > n,. Thus, the composite operators P, (T,)T,,
are contractive if ||I + Tnll <1/K+e<1; for all n > nyand
each of such composite operators has a unique fixed point,
which depends on n; for all n > 0, and which converges
to the unique fixed point of the contractive operator (I +
T)T asn — oo from Theorem 8 since (I + Tn)Tn - (I+
T)T asn — oo so that d((I + Tn)nT:z, I+ T)nT"z) —
0 and d((I + T)HT”y, I+ T)nT"z) — 0asn — oo for
any y,z € Li.

Remark 12. Some ideas in Example 11 combining uncertain-
ties with projections both being described through “ad hoc”
operators are useful in problems of Signal Theory and Control
Systems Theory, [4]. Some related problems can be combined
with stability and stabilization issues of dynamic systems
subject to unmodeled dynamics and/or parametrical-type
uncertainties by using Lyapunov stability theory and fixed
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point analysis. See, for instance, [7-10]. Fixed point analysis
can also be a useful technical tool when using iterative
methods in numerical approaches. See, for instance, [11, 12]
and references therein. It can be direct the extension of the
results to a formalism concerning the replacement of fixed
points by best proximity points of cyclic p-self-mappings
[13-17] on unions of sets which do not intersect since best
proximity points are also fixed points of certain strips of
fixed length p of companion composite self-mappings T% :
Uiep Ai Uiep A with themselves, the sizes p of such
composite self-mappings being the number of disjoint sets
Ay ¢ X,i € p := {L,2,...,p} in the cyclic disposal.
The location of fixed points has also been approximated in
some background bibliography on the field. See [18, 19] and
references there in. In particular, approximated fixed points
have been characterized for nonself mappings which do not
possess fixed points. See, for instance, [19] and references
therein.
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