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The concepts of (€, €, V g5)-fuzzy bi-hyperideals and (€, €, V g5)-fuzzy quasi-hyperideals of a semihyperring are introduced,
and some related properties of such (€,, €, V g5)-fuzzy hyperideals are investigated. In particular, the notions of hyperregular
semihyperrings and left duo semihyperrings are given, and their characterizations in terms of hyperideals and (€, €, V g5)-fuzzy

hyperideals are studied.

1. Introduction

The concept of the fuzzy set, initiated by Zadeh in his
pioneer paper [1] of 1965, is an important tool for modeling
uncertainties in many complicated problems in engineering,
economics, environment, medical science, and social science,
due to information incompleteness, randomness, limitations
of measuring instruments, and so forth. Many classical
mathematics is extended to fuzzy mathematics, and various
properties of them in the context of fuzzy sets are established.
The idea of quasi-coincidence of a fuzzy point with a fuzzy
set, which is mentioned in [2], played a prominent role to
generalize some basic concepts of fuzzy algebraic systems.
Bhakat and Das [3, 4] gave the concepts of (a, §)-fuzzy
subgroups by using the “belongs to” relation (€) and “quasi-
coincident with” relation (q) between a fuzzy point and a
fuzzy subgroup and introduced the concept of (¢,€ Vvq)-
fuzzy subgroup. They also defined and investigated the (e,
€ Vq)-fuzzy subrings and ideals of a ring in [5]. Later on,
Dudek et al. [6] introduced the notion of (¢, € Vvq)-fuzzy
ideal and (¢, € vq)-fuzzy h-ideal in hemirings. Davvaz et al.
[7] considered the concept of interval-valued (¢, € vq)-fuzzy
Hv-submodules of Hv-modules. Recently, Yin and Zhan [8]
further generalized the above relations (€) and (q) by using
a pair of thresholds y and & (y < §). They gave some new

relations €, and g, between a fuzzy point and a fuzzy set
and studied («, )-fuzzy filters in BL-algebras where «, f3 are
two of {€,, 45, €, V g5, €, N g5} with a # €, A g5. Afterwards,
this direction was continued by Ma and Zhan, and others (for
instance, [9, 10]).

Algebraic hyperstructure was introduced in 1934 by
a French mathematician, Marty [11], at the 8th Congress
of Scandinavian Mathematicians. Later on, people have
observed that hyperstructures have many applications in
both pure and applied sciences. A comprehensive review of
the theory of hyperstructures can be found in [12-14]. In a
recent book of Corsini and Leoreanu [15], the authors have
collected numerous applications of algebraic hyperstructures,
especially those from the last fifteen years to the following
subjects: geometry, hypergraphs, binaryrelations, lattices,
fuzzy sets and roughsets, automata, cryptography, codes,
median algebras, relation algebras, artificial intelligence, and
probabilities. The study of fuzzy hyperstructures is also an
interesting research topic of hyperstructure. Many fuzzy
theorems in hyperstructures have been discussed by several
authors, for example, Corsini, Cristea, Davvaz, Kazanci,
Leoreanu, Yin, and Zhan (see, e.g., [7, 8, 13, 16-24]). Hyper-
structure, in particular semihyperring, is a generalization
of classical algebra in which the ordinary operations are
replaced by hyperoperations which map a pair of elements



into a subset. In [25], Ameri and Hedayati gave the notions
of semihyperrings and studied the k-hyperideals of them.
Davvaz [26] gave the concepts of ternary semihyperrings and
investigated their fuzzy hyperideals. Dehkordi and Davvaz
introduced the notions of T'-semihyperrings and discussed
roughness and a kind of strong regular (equivalence) relations
onI'-semihyperrings (see, [27, 28]). However, one can see that
these semihyperrings are based on a hyperoperation and an
ordinary operation (or I'-operation). In this paper, we con-
sider another kind of semihyperring in which addition and
multiplication are both hyperoperations. We define (€, €, v
qs)-fuzzy hyperideals, (€,, €, V g5)-fuzzy bi-hyperideals, and
(€,, €, V g5)-fuzzy quasi-hyperideals in a semihyperring and
investigate some related properties of them. In the rest, we
give the concepts of hyperregular semihyperrings and left
duo semihyperrings and address their characterizations in
terms of (ey, €,V qs)-fuzzy hyperideals, (ey, €V qs)-fuzzy
bi-hyperideals, and (€, €, V q5)-fuzzy quasi-hyperideals.

2. Preliminaries

Let H be a set and P(H) the family of all nonempty subsets
of H and o a hyperoperation or join operation; that is, o is a
map from H x H to P(H). If (x, y) € H x H, its image under
o is denoted by x o y. If A,B < H, then A o B is given by
AoB=|J{xey|xeA, ye B} xoAisused for {x} o Aand
Ao x for Ao {x}. Generally, the singleton x is identified by its
element x.

H together with a hyperoperation o is called a semihy-
pergroup if (x o y) ez = x o (yoz) forall x,y,z € H. A
semihypergroup H is said to be commutative if aob = bea for
all a,b € H. The concept of semihyperrings was introduced
by Ameri and Hedayati in 2007 [25]. We formulate it as
follows.

Definition 1 (see [25]). A semihyperring is an algebraic
hyperstructure (H, +, -) satisfying the following axioms:

(1) (H, +) is a commutative semihypergroup with a zero
element 0 satisfying x + 0 = 0 + x = {x};

(2) (H,-) is semigroup; that is, (x - ¥) -z = x - (y - 2) for
allx, y,z € H;

(3) the multiplication - is distributive over the hyperoper-
ation +; that s, forany x, y,z € H, we have x-(y+z) =
x-y+x-zand (y+2) - x=y -x+2-x

(4) the element 0 is an absorbing element; that is, x - 0 =
0-x=0forall x € H.

In Definition 1, if the multiplication is replaced by a
hyperoperation, then we have the following definition.

Definition 2. A semihyperring is an algebraic hyperstructure
(H, +,°) consisting of a nonempty set H together with two
binary hyperoperations on H satisfying the following axioms:

(1) (H, +) is a commutative semihypergroup;

(2) (H, ) is semihypergroup;
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(3) the hyperoperation o is distributive over the hyper-
operation +; that is, for any x,y,z € H, we have
Xo(y+z)=xoy+xczand (y+2z)ex = yox+zox;

(4) there exists an element 0 € H such that x+0 = 0+x =
{x} and x o 0 = 0 o x = {0}, which is called the zero of
H.

Let (H, +,°) be a semihyperring; for any x,, x5, ...

H, we write Yl x; = x; + X+ + X,,.

,X, €

Example 3. Let H = {0, a,b} be a set with two hyperopera-
tions (+) and (°) as follows:

+] 0 a b
0|{0} {a} {b}
al{a} {0,a} {0,a,b}
b|{b} {0,a,b} {0,b}
(1
ol 0 a b
0[{o} {o} {o}
a|{0} {0} {0}
b|{o} {0} {0,a}

Then H is a semihyperring with a zero.

A nonempty subset L (resp., R) of a semihyperring H is
called aleft (resp., right) hyperideal of H ifit satisfies L+L € L
and Ho L C L (resp., Ro H C R). A nonempty subset B of
a semihyperring H is called a bi-hyperideal of H if it satisfies
B+B CB,BoB < Band Bo H> B < B. A nonempty subset
Q of a semihyperring H is called a quasi-hyperideal of H if it
satisfiesQ+Q € QandQ-HNH-Q < Q.

A fuzzy subset of a semihyperring H, by definition, is an
arbitrary mapping y : H — [0, 1], where [0, 1] is the usual
interval of real numbers. We denote by F(H) the set of all
fuzzy subsets of H.

In what follows let y,§ € [0, 1] be such that y < § and
H a semihyperring with a zero 0. For any A ¢ H, we define

KZ’S to be the fuzzy subset of H by Kf{a(x) >§forallx € A

and KZ"S(x) < y otherwise. Clearly, KZ{(S is the characteristic
functionof Aify =0and 6 = 1.
A fuzzy subset y in H defined by

u(y)={r(¢0)

0 otherwise

if v = :
Iy=x (2)

is said to be a fuzzy point with support x and value r and is
denoted by x,.
For a fuzzy point x, and a fuzzy subset y of H, we say that

(D) x, e pifp(x) 27>y,

(2) x, g5 wif u(x)+r > 26,

(3) x,€, V qsuif x,€ porx, gs p.

In the sequel, unless otherwise stated, @ means that o does
not hold, where a € {€,,q5, €,V gs}. Forany p,v € F(H),

by u €57 we mean that x,€, u implies x,€, V g57 for all
x € Handr € (y,1].
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Lemma4. Let y and v be two fuzzy subsets of H, and then the
following conditions are equivalent.

(1) 122 g(%a)v.
(2) max{v(x),y} > min{u(x), 8} for all x € H.

() u, S, forallr € [y,08], where p, = {x € H | u(x) >
r}.

Proof. (1)=(2) Assume that (1) holds. Let ¢ and v be any fuzzy
subsets of H. If max{v(x), y} < min{u(x), §} for some x € H,
then there exists r such that max{v(x), y} < r < min{u(x), d};
it follows that x,€ pbut x,€ Vg5 v, a contradiction. Hence
max{v(x), y} = min{u(x), 8} for all x € H.

(2)=(1) Assume that (2) holds. If u o) does not hold,
then there exists x,€,u but x,€,Vgs v, which contradicts
max{»(x),y} > min{pu(x), 6}. Therefore, (1) holds.

It is easy to check that (1)&(3). This completes the proof.

According to Lemmad4, it can be easily seen that

Y Q(y,g);c}'f for all 4 € F(H). Also, the following result can
be easily deduced.

Lemma 5. Let y, v, and w be any fuzzy subsets of H such that
U S and v S, 5w, and then y C, 5 w.

We will write i =, 5)7if pt €, 5yvand v, 5 p. Let pr =, 57
be the relation which is defined in the above two fuzzy sets of
a hypersemigorup H. Then it satisfies reflexivity, symmetry,
and transitivity. That is, it is an equivalence relation on the
F(H).

For two fuzzy subsets ¢ and » of a semihyperring H; the
sum y & v is defined by

H@y(x) = sup min{/A (a)>v(b)} (3)

x€a+b

and y @ v(x) = 0 if x cannot be expressible as an element in
a+bforallx € H.

Definition 6. Let p and v be fuzzy subsets of a semihyperring
H, the intrinsic product ¢ © v is defined by:

pov(x)= sup minfu(a),v(b)} (4)

x€Y, aob;

and y © v(x) = 0 if x cannot be expressible as an element in
Y, a;ob forall x € H.

Lemma?7. Letyy, iy, v, and v, be any fuzzy subsets of H such
that p, S, 6)Hp and vy <, 5)7,, and then

(D) 4 ©V; S50k © 7y

(2) py NV Sy 5)Hp N ;.

3
Proof. (1) For any x € H, by Lemma 4, we have
max {(¢4, ©7,) (x),}
= max { sup - min {, (a;),7; (b))} V}
x€Yi aob;
= min {max {4, (&), y}, max {», (b, y}}
x€XL; aeb;
> sup min{min{y (;),8},min{v, (b),8}}
x€YLy aob,
= sup min{min{ (@), (b)},0}
x€XL; aeb;
 min { sup  min s (@)% <b,->},a}
x€Yi, aob;
= min{(y; ©7,) (x),6}.
(5)
This implies that p; © v, S, 51 © ;.
(2) It is straightforward by Lemma 4. O

Lemma 8. Let y, v, and w be any fuzzy subsets of H. Then
1 @oervow=uo(row),
2) po(PUw) = uowUrow, (HUY)0w = yowU Yo,
(3) po(rNw) S, 5 HEWNYOW, (UNY)OW Sy, 5 HOWNVOW.

Proof. 1t is straightforward. O

Lemma 9. Let A, B be any subsets in H. Then one has

(1) A < Bifand only if;cr{a g(%@)xg’a,
y,0
AnB’

y:0
AoB*

¥ oy
(2) KA n K:B N(V,(S)K

8 O
(3) k), Oy 26K

Proof. (1) Assume that K};’a g(y,(;)x};’a. If A ¢ B, then there
exists x € A but x ¢ B. This implies that xley;clyq’& and

— P . . p,6 y,0
x1€, Vqs kg » which contradicts ;" < o B - Conversely,

assume that A € B. Let x € H and r € (y,1] be such that

.0 .0
x,EyKZ .Then «%°(x) > r > y,and so x € A. Thus x € Band

y,0 . . ¥, y,0 2
kg (x) > 8. This gives that x, €, Vgskp~. Hence k) S, 5ykp"

e
(2) It is straightforward.
(3)Letx € H.Ifx € AoB,thean’fB(x) >dandx € yoz
for some y € A and z € B. Thus we have

(K?a o) K};’a) (x)= sup min {KZ’B (@), K]’;’a (b,)}
x€Yi aob;

(6)

> min {Kf{@ (»), E’a (z)} > 0.

.. . y,0 y0 _ y,0
This implies that «,” © k5" =, 5)K)y,p-

If x ¢ Ao B, then (KZ’?B)(JC) < y and x cannot be
expressible as a element in y o z for any y € Aand z € B.



0 0
Thus (K}jl ) K]]; )(x)
y0 _ y:0
Kp =y.0)Ka.p: O

0 < y. This implies that KK(S o}

Definition 10. A fuzzy subset p in a semihyperring H is called
an (€,, €,V q;)-fuzzy left (resp., right) hyperideal if it satisfies

(Fla) uo p ST
0 0
(F2a) KI}iI Ou Q(y)g)ﬂ (resp., p © K}’-I Q(%a)[/l).

A fuzzy subset of a semihyperring H is called an (€, €,V
qs)-fuzzy hyperideal if it is both an (€, €, V g5)-fuzzy left
hyperideal and an (€, €, V g5)-fuzzy right hyperideal.

Definition 11. A fuzzy subset y in a semihyperring H is called
an (€, €, V g5)-fuzzy bi-hyperideal if it satisfies conditions
(Fla) and

(F3a) pou Syoth
(F4a) po K{}S O U iy 0 M-

Definition 12. A fuzzy subset y in a semihyperring H is called
an (€,, €,Vqs)-fuzzy quasi-hyperideal if it satisfies conditions
(Fla) and

.0 .0
(F5a) po K}; n KL O U<y5)H-

Theorem 13. Let yu be a fuzzy subset of a semihyperring
H.Then pis an (€, €, V q5)-fuzzy left (resp., right) hyperideal
if and only if for any x, y € H, one has

(F1b) max{infz€x+yy(z),y} > min{u(x), u(y), 6} for all
x,y € H.

(F2b) max{inf ,,,u(2), y} > minf{u(y), 8} (resp.,
max{infzexoyy(z), y} = min{u(x), 6}).

Proof. Assume that (Fla) holds. For any x, y € H, if possible,
let max{inf ., u(z),y} < min{u(x),u(y),8}. Choose r
such that max{infz€x+yy(z),y} < r < minfu(x), u(y), 8}
Then there exists z € x + y such that p(z) <
r < minfu(x), u(y), 6} that is, zrm‘u. Then (4 @
w(z) = sup,,,, min{u(a), u(b)} = min{u(x), u(y),d8} =
r; hence z,€,u ® p, which contradicts (Fla). Therefore
max{inf ¢, ,u(z),y} > min{u(x), u(y),8}. That is, (F1b)
holds.

Conversely, assume that (F1b) holds. Let x € H and r €
(y, 1] be such that z,€,u @ y, if possible; let z,€, V gsp. Then
p(x) < rand p(x) +r < 26. Hence u(x) < 6. Now, r <
(!/i@!/l)(x) = Supx€y+z mm{[,t(y),y(z)} < Supx€y+z."l(z) < ,u(x)
(since x € y + z and the assumption imply that § > p(x) >
min{u(z),8} = u(y)), a contradiction. Hence, x, € vq p.
This implies that y & p €, 5 pt. Therefore (Fla) holds.

In a similar way, we can prove that (F2a)&(F2b). O

Theorem 14. Let p be a fuzzy subset of a semihyperring H.
Then p is an (€, €, V q5)-fuzzy bi-hyperideal if and only if it
satisfies (F1b) and for any x, y,z € H, one has

(F3b) max{inf . p(w), y} = min{u(x), u(y), 6},

(F4b) max{infwexcyozy(w), y} = min{u(x), u(z), 6}.
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Proof. The proof is analogous to that of Theorem 13. O

Remark 15. Let p be any fuzzy subsets of H. If u is an
(€), €, V gs)-fuzzy left (resp., right) hyperideal of H, then
a € x o y implies that max{u(a),y} > min{u(y),d} (resp.,
max{p(a), y} > min{u(x), 6}). If pis an (ey, €, V g5)-fuzzy bi-
hyperideal of H, then a € xo y oz implies that max{u(a), y} >
min{u(x), u(z), 8}.

Theorem16. (1) unvisan (€, €,Vqs)-fuzzy quasi-hyperideal
of H for every (€,, €, V q5)-fuzzy left hyperideal y and every
(€,, €, V q5)-fuzzy right hyperideal v of H.

(2) Any (€, €, V q5)-fuzzy quasi-hyperideal of H is an
(€), €, V q5)-fuzzy bi-hyperideal.

Proof. (1) Let pand vbeany (€,, €, Vqs)-fuzzy left hyperideal
and any (€, €, V q5)-fuzzy left hyperideal of H, respectively.
Then K}i}& OUC(yoHandvo KL"S €(.5)7- By Lemma 7, we have

wnvorl Nk’ o) g(yﬁ)voxz‘s Nkl ou Sl
and so y Nvisan (€, €,V gs)-fuzzy quasi-hyperideal of H.
(2) Let p be any (€, €, V g5)-fuzzy quasi-hyperideal of
H. Then, p o u Q(V,s)’fzyf O PO USHHH© K porl o
(AQ(W;)KL’& ouand po«’ o U< ok © «"?, and so p ©
u Q(%‘;)KL’S ounuox? Sppand uo K ou g(%&;c}'f oun

V g5)-fuzzy bi-hyperideal
O

-0 .
MQ];CH C(y0u-Hencepisan (€, €,
o

One may easily see that any (€,,€, V g5)-fuzzy left
hyperideal and any (€,, €, V g5)-fuzzy right hyperideal of a
semihyperring H are an (€, €, V q5)-fuzzy quasi-hyperideal
of H. However, the converse of the property and Theorem 16
do not hold in general as shown in the following examples.

Example 17. Let H = {0, a, b, c} be a set with two hyperoper-
ations (+) and (o) as follows:

+‘ 0 a b c
0|{0} {at {b} {c}
a|{a} {a} {a} {a}
b|{b} {a} {0,b} {0,b,c}
c|{c} {a} {0,b,c} {0,c}

(7)
|0 a b ¢
{o} {o} {0} {0}
}0} {a} {0,b} {0}
{

0
a
bi{o} {0} {0} {0}
c[{0} {0,c} {0} {0}
Then H is a semihyperring and Q = {0,a} is a quasi-
hyperideal of H, and it is not a left (right) hyperideal of H.
Define the fuzzy set u of H as follows:

HO)=p@=06  u®) =p=03 (8
Then pisan (€, 4, €y 4V qo6)-fuzzy quasi-hyperideal of H, and
itisnotan (€y 4, €4 V qo6)-fuzzy left (right) hyperideal of H.
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Example 18. Let H = {0, a, b, c} be a set with two hyperoper-
ations (+) and (o) as follows:

+] 0 a b c
0{0} {a} {b} {c}

al{a} {a} {0,a,b} {0,a,c}
b|{b} {0,a,b} {0,b} {0,b,c}
c|{c} {0,a,¢} {0,b,c} {0,c}
9)
|0 a b c
of{o} {or {o} {0}
a|{o} {0} {o} {o}
bl{o} {0} {0} {0,a}
c|{o} {0} {0,a} {0,b}

Then B = {0, b} is a bi-hyperideal of H, and it is not a quasi-
hyperideal of H. Define the fuzzy set y of H as follows:

p(0) =p(b) = 0.6, pu(a) =pu(c) =04 (10)

Then pisan (€4, €54 V qg)-fuzzy bi-hyperideal of H, and it
isnotan (€4, €94 V qo6)-fuzzy quasi-hyperideal of H.

Lemma 19. Let A be any subset in H. Then the following
conditions hold.
(1) Aisaleft (resp., right) hyperideal of H if and only if KZ"S
is an (€, €, V q5)-fuzzy left (resp., right) hyperideal of
H.

(2) Aisabi-hyperideal of H if and only zf;cf{a isan (€, €,V
qs)-fuzzy bi-hyperideal of H.

(3) A is a quasi-hyperideal of H if and only if;cz’& is an
(€,, €,V q5)-fuzzy quasi-hyperideal of H.

Proof. Let A be any subset in H. According to Lemma 9, H o
A ¢ Aifand onlyif KE(S @Kj;’a x(%s)xl’éf A Q(%g)xxa. Hence A is
aleft hyperideal of H if and only if K?s isan (€, €,Vqs)-fuzzy
left hyperideal of H.

The case for bi-hyperdeals and quasi-hyperideals can be
similarly proven. O

3. Characterizations of
Hyperregular Semihyperrings

Definition 20. A semihyperring H is said to be hyperregular
if for each x € H, there exists a € H such that x € xoa o x.
Equivalent definitions: (1) x € x o H o x for all x € H; (2)
A CAoHoAforall A C H.

Example 21. Let H = {0, a, b} be a set with two hyperopera-
tions (+) and (°) as follows:

+] 0 a b
0|{0} {a} {b}
al{a} {0,a} {0,a,b}
b|{b} {0,a,b} {0,b}

(11)
|0 a b
0[{0} {o} {o}
a|{0} {0,a} {0,b}
b|{o} {0,b} {0,a}

Then H is a hyperregular semihyperring. Since 0 € 00 00 0,
acacacaandbebobob.

Remark 22. If H isa hyperregular semihyperring, then H o
H=Handx); 0l ~qgkh -

Theorem 23. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.

(2) unv =, 5pov forevery (€,, €,Vqs)-fuzzy right hyper-
i(}i(elt_zll w and every (€,, €, V qs)-fuzzy left hyperideal v
of H.

(3) RNL = Ro L for every right hyperideal R and every left
hyperideal L of H.

Proof. (1)= (2) Let H be a hyperregular semihyperring, with
p being any (€, €, V q5)-fuzzy right hyperideal and v any
(€, € V gs)- fuzzy left hyperideal of H, respectlvely Then

Mevc(ya)#OKH _(Yé\)(al and M@V (YB)KH oV C(]/(S v. Hence
1O V<, sk N Y. Let x be any element of H. Then, since H
is hyperregular, there exists a € H such that x € xca o x,
and then x € x o b for some b € x o a. Now, since p is
(€,, €, V g5)-fuzzy right hyperideal of H, by Remark 15, we
have max{u(b), y} > min{u(x), §}. Hence,

max {u © v (x),y}
(bi)}’Y}

= max { sup  min{u(q),»
x€Y | aob,

ax {min { (b) , v (x)}, y} (12)

min {max {y (b),y}, max { (x), y}}

IV

{
min {min {g (x), 8}, max {v (x), y}}
=min{unv(x),d}.
This implies that y N v € oot © - Hence (2) holds.
(2)=(3) It is straightforward by Lemmas 9 and 19.
(3)=(1) Let x be any element of H. Then x - H + Mx
and H o x + Nx, where M = {1,2,...} and N = {1,2,...}
are the principal right hyperideal and principal left hyperideal
generated by x, respectively. By the assumption, we have
XxX€ (xo0+x)N(00x+x)
C (xoH+ Mx)N(Hox+ Nx)
= (xoH + Mx) o (H o x + Nx) (13)
=xoHox+ (xoH)o(Nx)
+ (Mx) o (H

0x)+ (Mx)o (Nx).

This implies that x € x o a o x for some a € H. Hence H is
hyperregular. O



Corollary 24. Let H be semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.
(2) u N VS5 © v for every fuzzy subset y and every
(€,, €, V q5)-fuzzy left hyperideal v of H.

B uNv<ysu © v for every (€, €, V q5)-fuzzy right
hyperideal y and every fuzzy subset v of H.

Corollary 25. Let H be a hyperregular semihyperring. Then
every (€,, €,V qs)-fuzzy bi-hyperideal is an (€, €, V q5)-fuzzy
quasi-hyperideal of H.

Proof. Let u be any (€,, €, V g5)-fuzzy bi-hyperideal of H.

Evidently, y© K}i}s and K}'f ©uarean (€,, €,V q;s)-fuzzy right
hyperideal and an (€, €, V g5)-fuzzy left hyperideal of H,
respectively. Now, by Theorem 23 and Remark 22, we have

Uuo K};’a n K}/f Ou
.0 X
Sl O Kly Okl Ou (14)

~ y,0
)P O Ky O PS5l

This implies that p is an (€, €, V q5)-fuzzy quasi-hyperideal
of H. O

Lemma 26. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.
(2) B = Bo H o Bfor every bi-hyperideal B of H.
(3) Q =Q-° H - Q for every quasi-hyperideal Q of H.

Proof. (1)=(2) Assume that (1) holds. Let B be any bi-
hyperideal of H and x any element of B. Then there exists a €
H such that x € xoaox.Itiseasytoseethat xocaex C BoHoB
and so x € Bo H o B. Hence, B € B o H o B. On the other
hand, since B is an bi-hyperideal of H, we have Be Ho B C B.
Therefore, B= Bo H o B.

(2)=(3) Evidently, every quasi-hyperideal of H is a bi-
hyperideal of H. Then by the assumption, we have Q = Q o
H o Q for every quasi-hyperideal Q of H.

(3)=(1) Assume that (3) holds. Let R and L be any right
hyperideal and any left hyperideal of H, respectively. Then we
have (RNL)oSNSo(RNL) € RoSNSeL < RNL,andsoitis easy
to see that RN L is a quasi-hyperideal of H. By the assumption
and Theorem 23, we have RN L = (RNL)oSo(RNL) ¢
RoSoL CRoL CRNL.Hence, RoL=RNLandsoSis
hyperregular. O

Theorem 27. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.

(2) U= 54 © K" © u for every (€€, V q5)-fuzzy bi-
hyperideal p of H.

B) p=uou© K}i}s O p for every (€,, €, V q5)-fuzzy quasi-
hyperideal p of H.
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Proof. (1)=(2) Assume that (1) holds. Let y be any (ey, €,V
qs)-fuzzy bi-hyperideal of H and x any element of H. Then

y@x}ffe‘u C(y.0)¢- On the other hand, since H is hyperregular,
there exists a € H such that x € x ca o x,and then x € bo x
for some b € x o a. Thus, by Remark 15, we have

max {(p © S0 u) (x),y}
= max { sup min (M o} Kl}s) (a) ,H(bi)} >V]’
x€YL | azob,
{

> max mln{ MGKH)(b) y(x)} }

mm{ sup min (]) K?( j)},‘u(x)},y}
bEZJ 16j° J

{mm{ (x), &} *(a), M(x)} }
> max {min {u (x),8, u (x)},y}

= min {u (x),6}.
(15)

This implies that 4 €, ) yox}’f ©p. Hence we have =, 51 ®
Ko,

(2)=(3) It is straightforward by Theorem 16.

(3)=(1) Assume that (3) holds. Let Q be any quasi-
hyperideal of H. Then by Lemma 19, Kgﬁ is an (€, €, V gs)-
fuzzy quasi-hyperideal of H. Then, by the assumption and
Lemma 9, we have
e (16)

¥,
Ko Sk QKH OKQ () KQuHQ:

It follows from Lemma 9 that Q € Qo H o Q. Now, since Q is
a quasi-hyperideal of H, wehave Qe HeQ = Qe HNH-Q ¢<
Q, and s0 Q e H » Q = Q. Therefore H is hyperregular by
Lemma 26. O

Corollary 28. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.
@) ucyopo K}i}a O u for every fuzzy subset y of H.

Theorem 29. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.

() uNv=qsp©v0u forevery (€,¢€, V qs)-fuzzy bi-
hyperideal y and every (€,, €, V qs)-fuzzy hyperideal
v of H.

(3) uNv=q,5HOvou forevery (ey, €,V qs)-fuzzy quasi-
hyperideal y and every (e v qa) -fuzzy hyperideal
v of H.

V’Y

Proof. (1)=(2) Assume that (1) holds. Let y and » be any
(€,, €, V g5)-fuzzy bi-hyperideal and any (€, €, V g5)-fuzzy
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hyperideal of H, respectively. Then it is clear that y © v ©
1 <(y5)k N v. Now let x be any element of H. Then since H
is hyperregular, there exists a € H such that x € xocaox C
(xoaox)oaox = xo(aoxoa)ox. Then there existb € aoxoa,
c€xo(aoxoa)suchthatc € xoband x € co x. Now, since
visan (€, €, V gs)-fuzzy hyperideal of H, by Remark 15, we
have max{»(b), y} = min{v(x), 8}. Thus,

max {(povou) (x),y}
= maX{ s min {(¢ ©v) (&) >.“(bi)}’y}
> max {min {(x©7) (c), u(x)},y}

= max <|min<| sup min {‘u (cj),v(dj)},y(x)},y}
ceXii ¢jod;

> max {min {u (x),v (), u (x)}, y}

min {max {y (x), y}, max {v (b), y}, max {u (x), y}}

V

v}, min {v (x), 8}, max {u (x), y}}

{
> min {max {y (x),
{

min {(x N ) (x),8}.
17)

This implies that 4 N v <, 5 © v © p. Hence, (2) holds.
(2)=(3) This is straightforward by Theorem 16.
(3)=(1) Assume that (3) holds. Let y be any fuzzy quasi-

hyperideal of H. Then since K}’f is an (€, €, V g5)-fuzzy

hyperideal of H, we have

~ }/,5 ~ )/,5
U ~(y’8)‘14 n KH ~(V‘6)H © KH © u. (18)

Then it follows from Theorem 27 that H is hyperregular. [J

Corollary 30. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.

(2) BN A = Bo Ao Bfor every bi-hyperideal B and every
hyperideal A of H.

B)QNA =Q-o AoQ for every quasi-hyperideal Q and
every hyperideal A of H.

Proof. (1)=(2) Assume that (1) holds. Let B and A be any
bi-hyperideal and any hyperideal of H, respectively. Then
by Lemma 19, Kya and KZ{S are an (€, €, V gs)-fuzzy bi-
hyperideal and an (€,,€, V qs)-fuzzy hyperideal of H,
respectively. Thus, by Theorem 29, we have
Kha 0o)kh VK5 =qon Ok} OKE = oKk g (19)

Then it follows from Lemma 9 that BN A = Bo Ao B.

(2)=(3) It is straightforward.

(3)=(1) Assume that (3) holds. Let Q be any quasi-
hyperideal of H. Then since H itself is a hyperideal of H, we
have

Q=QNH=Q-H-~Q. (20)
Then it follows from Lemma 26 that H is hyperregular. [

Theorem 31. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.

() u N vy ap © v for every (€€, V q5)-fuzzy bi-
hyperideal y and every (€,, €, V q5)-fuzzy left hyper-
ideal v of H.

() uNv<,su©v for every (€, €, V q5)-fuzzy quasi-
hyperideal y and every (€,, €, V q5)-fuzzy left hyper-
ideal v of H.

(4) p N V(o © v for every (€,,€, V q5)-fuzzy right
hyperideal yand every (€, € Vqs)-fuzzy bi-hyperideal
v of H.

(B) u N v<ysu © v for every (€,,€, V q5)-fuzzy right

hyperideal y and every (€€, V qs)-fuzzy quasi-
hyperideal v of H.

(6) uNvNw <, 5 HOVOW for every (€,, €,V qs)-fuzzy right
hyperideal y, every (€., €,V q5)-fuzzy bi-hyperideal v,
and every (€, €, V qs)-fuzzy left hyperideal w of H.

(7) uNvNw S, 5 HOVOw for every (€,, €,V qs)-fuzzy right
hyperideal u, every (€,, €,Vqs)-fuzzy quasi-hyperideal
v, and every (€, €,V q5)-fuzzy left hyperideal w of H.

Proof. (1)=(2) Assume that (1) holds. Let y and » be any
(€), €, V g5)-fuzzy bi-hyperideal and any (€, €, V g5)-fuzzy
left hyperideal of H, respectively. Now let x be any element
of H. Since H is hyperregular, there exists a € H such that
X € xoaox,and then x € x ob for someb € a o x.
Since vis an (€, €, V g5)-fuzzy left hyperideal of H, we have
max{v(b), y} = min{v(x), §}. Thus,

max {(u©7) (x),y}
= max { sup min {P‘ (ai) >
xXEYL | aob;

> max {min {g (x),7 (b)},y} 1)

v(b)} V]’

min {max {y (x),y}, max {v (b),y}}

IV

{
min {max {y (x), y}, min {» (x) , 8}}
=min{(uN7)(x),d}.

This implies that p N v S, 54 © 7.

(2)=(1) Assume that (2) holds. Let ¢ and v be any (Ey, €,V
qs)-fuzzy right hyperideal and any (€, €, V q5)-fuzzy left
hyperideal of H, respectively. Then it is easy to check that y is
an (€, €,V gs)-fuzzy bi-hyperideal of H. By the assumption,

wehaveyﬂvcyapt@v (ya)MGKH ﬂKH OV N Y.
Hence, pNv =, 54 ©v.So H is hyperregular by Theorem 23.

Similarly, we can show that (1)&(3), (1)&(4), and
Hei).

(1)=(6) Assume that (1) holds. Let ¢, », and w be any
(ey, €V qs)-fuzzy right hyperideal, any (ey, €V qs)-fuzzy
bi-hyperideal, and any (€, €, V q5)-fuzzy left hyperideal of
H, respectively. Now let x be any element of H. Since H is
hyperregular, there exists a € H such that x € xeaex C



(xoaox)oaox. Then there existb € xoa,c € acxandd € box
such that x € doc. Now, since pisan (€, €, V g5)-fuzzy right
hyperideal and w is an (€, €, V g;)-fuzzy left hyperideal of
H, by Remark 15, we have max{u(b), y} > min{u(x), 8} and
max{w(c), y} > min{w(x), §}. Thus, we have

ax{(porvow)(x),y}
m{ s min((e09) 0). 06 y}

> max {min {(y ©7) (d) ,w (c)}, y}

{(
= max{mm{ sup min (cj),v(dj)},w(c)},y]>
dEzJ 165° J

> max {min

b),7(x),w (o)}, y}

fu(
= min {max {u (), y}, max {v (x),y}, max{w (c), y}}
{p (x),8}, max{v(x),y}, min{w(x),8}}

{
> min {min
{

in{(unvnow)(x),8}.

I
8

(22)

This implies that y N YN w S, 51 © 7 O w.
(6)=(1) Assume that (6) holds. Let 4 and v be any (ey, €,V
qs)-fuzzy right hyperideal and any (€, €, V q5)-fuzzy left

hyperideal of H, respectively. Since K}’f is an (€, €, V g5)-

fuzzy bi-hyperideal of H, by the assumption and Lemma 9,
we have

~ )
123 n 'V~(y’5)‘u n KH nwy

2 2
g(y,é)['t (O] g(y,(;)[/l O Kyy n Ky ©V (23)
g(y,é)[’t n.

Hence, y N v=(,5u © v. Therefore, H is hyperregular by
Theorem 23.

Similarly, we can show that (1)&(7). This completes the
proof. O

Corollary 32. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is hyperregular.

(2) BNL < Bo L for every bi-hyperideal B and every left
hyperideal L of H.

(3) QN L < QoL for every quasi-hyperideal Q and every
left hyperideal L of H.

(4) RN B < R o B for every right hyperideal R and every
bi-hyperideal B of H.

(5) RN Q < RoQ for every right hyperideal R and every
quasi-hyperideal Q of H.
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(6) RNBNL < RoBeoL forevery right hyperideal R, every
bi-hyperideal B, and every left hyperideal L of H.

(7) RNQNL < RoQ-oL forevery right hyperideal R, every
quasi-hyperideal Q, and every left hyperideal L of H.

Definition 33. A subset A in a semihyperring H is called
idempotentif A = Ao A. A fuzzy subset ¢ in a semihyperring
H is called (€, €, V g5)-idempotent if p =, 54 © p.

Example 34. Consider Example 21. Let A = {0,a}. Then A o
A = A and so A is idempotent. Define a fuzzy subset of H
by u(0) = 0.6, u(a) = 0.5, and pu(b) = u(c) = 0. Then u ©
H=(0.406) 4 and so s (€ 4, €94 V gy )-fuzzy idempotent.

Theorem 35. A semihyperring H is hyperregular if and only
if all (€,,€, V qs)-fuzzy right and (€, €, V qs)-fuzzy left
hyperideals of H are (€, €, V q5)-fuzzy zdempotent and for
every (€, €,V qs)-fuzzy right hyperideal y and every (€, €,V
qs)-fuzzy left hyperideal v of H, the fuzzy subset u © v is an
(€,, €, V q5)-fuzzy quasi-hyperideal of H.

Proof. Assume that H is hyperregular. Let ¢ and v be any
(€,,€, V gs)-fuzzy right hyperideal and any (€,, €, V g5)-
fuzzy left hyperideal of H, respectively. Then we have y ©
1 <00 ‘uex}'f (.0 H- Since H is hyperregular, by Theorem 31,
we have €, 5y u© pand so p=(, 5 p© . Hence pis (€, €,V
gs)-idempotent. In a similar way, we may prove that every
(€,, €,V qs)-fuzzy left hyperideal is (€, €, V q5)-idempotent.
Now let p and v be any (€, €, V q5)-fuzzy right hyperideal
and any (€, €, V q;)-fuzzy left hyperideal of H, respectively.
By Theorem 23, we have y N v =, 5 © v and so

5
ooy n(uor)oxy
.0 X
:(%5);{}; o(uny)n(unv)oxy
(24)
g(%é\)K}’_}B © u nvyo KI);(S g(y’(g)‘lxi ny

o O

Lherefore pOvisan (€,¢€, V qs)-fuzzy quasi-hyperideal of
Conversely, assume that the given conditions hold. Let
p be any (€, €, V qs)-fuzzy quasi-hyperideal of H. It is

easy to check that g U K}’f © pis an (€, €, V q4)-fuzzy left
hyperideal of H; then by the assumption, it is (€, €, V g5)-
fuzzy idempotent. Thus, we have

0
U< oH UK O
0 S
1.0 (M Ukl © !4) © (.“ Uk}, © ,u)
5 5 (25)
:(y,a)P‘@MU#OKIE Q#UKI); ouou

y,0 y,0 2
U KH © 123 © KH © ‘l/lg(%a)KH O] u.
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That is, 4 g(y’é)xlyf © p. Similarly, we can show that ¢ €, 54 ©

0
KL . Thus,

:0 y:0
U<poky OUNUOKL S i and so
s s (26)
~ Vs Vs
U =4.0KH OQUNUOK .

On the other hand, it is clear that 4 © K}/f and K}'f O pare an
(e,, €,V qs)-fuzzy right hyperideal and an (ey, €,V qs)-fuzzy
left hyperideal of H, respectively. By the assumption, we have
X 0 8 o 5 8
(HoR YOO, ) =, 5 Ol (15 L5 Op0) =15 ©

, and (p © Kfyf) o) (K}f © ) is an (€
hyperideal of H. Thus, we have

» € V gs)-fuzzy quasi-

~ y0 ~ v0
H=GoHOKky NKky Op

=y (or} )0 (nonly)n (v ou)o (xff on)

(since KIEG is an (ey, €,V q(;)—fuzzy hyperideal

of H and so «}; @ k1 =(5)k11 )
~qal© (K oxl)ouon
Nl opo (kl ol )ou
=50 (Wony) o (dff o)) oxfy
0 o (o tf)o (t on)
~pe) (HOKL) 0 (1 0 1)

~ 7,0 :0 .0
oM O (KH O Ky ) OUSHHHOKy OpUSy sk
(27)

which implies that p =, 5,u © K}’f O p. By Theorem 27, H is
hyperregular. O

Corollary 36. A semihyperring H is hyperregular if and
only if all right hyperideals and all left hyperideals of H are
idempotent and for every right hyperideal R and every left
hyperideal L of H, the set R o L is a quasi-hyperideal of H.

Proof. Assume that H is hyperregular. Let R and L be any
right hyperideal and any left hyperideal of S, respectively.

Then by Lemma 19, «%° and !"° are an (€,,€, V gs)-fuzzy
right hyperideal and an (€, €, V g5)-fuzzy left hyperideal
of H, respectively. By the assumption and Theorem 35, we

7,0 y0 _ y.0 . .
know that k" Ok} =(, 5)Kp,; is an (€,, €, V g5)-fuzzy quasi-

. P8 y:0 8 y6 P, P,
hyperideal of H and k" =(, 5yk" Oy > K| =0k, OK[™ .

Consequently, Ro L is a quasi-hyperideal of H and R = Re R,
L=L-L.

Conversely, assume that the given conditions hold. Let
Q be any quasi-hyperideal of H. Analogous to the proof of
Theorem 35, we may show Q = Q o H o Q. Therefore, H is
hyperregular by Lemma 26. O

Corollary 37. Let H be a hyperregular semihyperring and
y any fuzzy subset of H. Then the following conditions are
equivalent.

(1) pisan (€, €,V q5)-fuzzy quasi-hyperideal of H.

(2) p=(,6)v0w for some (€, €,Vqs)-fuzzy right hyperideal
vand (€, €,V qs)-fuzzy left hyperideal w of H.

Proof. (1)=(2) Let u be any (€€, V qs)-fuzzy quasi-
hyperideal of H. Since H is hyperregular, by Remark 22 and

Theorem 27, we have u z(%a)yQK? OU=(,5HO (K}i}a o K?) o

Y= (y@x}}a) o (K}if Ou). Evidently, y@x}'f and K}}B Ouarean
(€,, €,V gs)-fuzzy right hyperideal and an (€, €, V g5)-fuzzy
left hyperideal of H, respectively. Hence, (2) flolds.

(2)=(1) It is straightforward by Theorem 35. O]

4. Characterizations of Hyperregular and
Left Duo Semihyperrings

Definition 38. A semihyperring H is called left duo if every
left hyperideal of H is a hyperideal of H. A semihyperring H
iscalled (€, €, Vqs)-fuzzy left duo if every (CN Vqs)-fuzzy
left hyperideal of H is an (€, €, V q5)-fuzzy hyperideal of H.

Lemma 39. A hyperregular semihyperring H is left duo if and
only if for any x € H one has x e H € H o x.

Proof. Assume that the hyperregular semihyperring H is left
duo. Let x be any element of H. Clearly, H o x is a left
hyperideal of H. Since H is both hyperregular and left duo,
then H o x is also a right hyperideal of H. Then by the
assumption, we have

xoH C(xeHox)oH C(Hox)oH CHox. (28)

Conversely, assume that the given condition holds. Let L
be any left hyperideal of H. Then Lo H € Ho L C L. That s,
L is also a right hyperideal of H. Therefore, H is left duo. [

Theorem 40. A hyperregular semihyperring H is left duo if
and only if it is (€, €, V q5)-fuzzy left duo.

Proof. Assume that the hyperregular semihyperring H is left
duo. Let y be any (€,, €, V g5)-fuzzy left hyperideal and x, y
any elements of H. Then since H is both hyperregular and left
duo, by Lemma 39, there exists z € H such that xo y C zox.
Thus, we have

max{uiergyy(a) ,y} > max{aiergxy(a) ,y} > min{u(x) .8} .
(29)

This implies that g is an (Ey, SY qs)-fuzzy right hyperideal

of H. Therefore, H is (€,, €, V q5)-fuzzy left duo.
Conversely, assume that the hyperregular semihyperring

H is (€, €, V q5)-fuzzy left duo. Let L be any left hyperideal

of H. Then, by Lemma 19, K{’a isan (€, €, V g5)-fuzzy left

. . P90 .
hyperideal of H. By the assumption, x; is also an (€, €, V

qs)-fuzzy right hyperideal of H. Using Lemma 19 again, L is
also a right hyperideal of H. Therefore, H is left duo. O
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Lemma 41. Let H be a semihyperring which is both hyperreg-
ular and left duo. Then every (€, €,V q5)-fuzzy bi-hyperideal
of Hisan (€, €,V gs)-fuzzy rzght hyperzdeal of H.

Proof. Let pbeany (€,, €, V q5)-fuzzy bi-hyperideal and x, y
any elements of H. Since H is both hyperregular and left duo,
there exists elements a,b € H such that x € x o a0 x and
x oy Cbox. Thus, we have

y=(xca)e(xoy)

C(xoa)o(box)=x0(aob)ox.

Xoy C(xeaox)e 50)

Hence, there exists ¢ € H such that x o y € x o co x. Since p
isan (€, €, V g5)-fuzzy bi-hyperideal of H, we have

max{zier)lcofypt(z) ,y} > max{zeigfoxy(z) ,y} > min{u(x),8}.
31)

This implies that y is an (€, €, V q;)-fuzzy right hyperideal
of H. O

Theorem 42. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is both hyperregular and left duo.
(2) H is both hyperregular and left (€,

B)u N vy ap © v for every (€,,€, V q5)-fuzzy bi-
hyperideal y and every (€, €, V q5)-fuzzy left hyper-
ideal of H.

(4) p N v=(, 5 O for every (€,,€, V qs)-fuzzy quasi-
hyperideal y and every (€,, €, V qa) -fuzzy left hyper-
ideal of H.

(G)u N vy sp © v for every (€,,€, V qs)-fuzzy bi-
hyperideal y and every (€, €, V qs)-fuzzy hyperideal
of H.

(6) u N v=q5p O for every (€, €, V q5)-fuzzy quasi-
h}/}I){erideal p and every (€,, €, V qs)-fuzzy hyperideal
of H.

(7) uNv=(, 5uo0v forevery (ey, €,V qs)-fuzzy left or right
hyperideal y and every (¢ v qs)-fuzzy hyperideal
of H.

€,V qs)-fuzzy duo.

Y’V

Proof. Firstly, by Theorem 40, (1) and (2) are equivalent.
Assume that (1) holds. Let y and v be any (€, €, V g5)-fuzzy
bi-hyperideal and any (€, €, V g5)-fuzzy left hyperideal of
H, respectively. Then since H is hyperregular, it follows from
Theorem 31 that y N v C(,, 5,4 © v. On the other hand, since
pis an (ey, €V qs)-fuzzy bi-hyperideal of H, by Lemma 41,
u is also an (€, €, V g5)-fuzzy right hyperideal of H. Thus

we have u © vC(, 5p © KIV{"S Spop and p © vg(%(;)x}f o}
V<.0)7- Hence, p © v, ssp N v and so pp © v, gp © 7.
Therefore, (3) holds. It is clear that (3)=(4)=(6)=(7) and
(3)=(5)=(7). Assume that (7) holds. Let ¢ and v be any
(Gy, €V qs)-fuzzy right hyperideal and any (Ey, €V qs)-

fuzzy left hyperideal of H, respectively. Then since Klyf is an

(€), €, V gqs)-fuzzy hyperideal of H, by the assumption, we
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have v =, 5 0 k17 X0V @ x". Thus, v is an (€€, V g5)-
fuzzy right hyperideal of H; thatis, vis an (€, €, V q5)-fuzzy
hyperideal of H. Hence, H is left duo. On the other hand,
by the assumption, we have i N v=(, 5,p © v. Then it follows
from Theorem 23 that H is hyperregular This completes the
proof. O

Theorem 43. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is both hyperregular and left duo.

(2) HNV=Qep © VO Jor every (€,,€, V gs)-fuzzy
bi-hyperideal p and every (€, €, V qs)-fuzzy left
hyperideal v of H.

B unNv=yau ©v o u for every (€,€, V q5)-fuzzy
quasi-hyperideal p and every (€,, €, V q5)-fuzzy left
hyperideal v of H.

Proof. (1)=(2) Assume that (1) holds. Let y and » be any
(€,, €, V g5)-fuzzy bi-hyperideal and any (€, €, V g5)-fuzzy
1X[hyper1deal of H, respectively. Then

5
HOVO U, 5O Kl ©u Spob (32)

On the other hand, since H is left duo, 7 is an (€,,, €, V g5)-
fuzzy right hyperideal of H. Hence, we have

p,0 7,0 p,0
[/l [ONX0} ‘l/l g(Y,B)KH [ONX0} KH Q(%(;)v O] KH g(y’(g)'v. (33)

Therefore, u®vou <, 5N v. Now let x be any element of H.
Since H is both hyperregular and left duo, there exist elements
aandbofSsuchthatx € xcaoxand xca C box. Then we
have

X€XoaoxC(xoaex)eao(xoaox)

:xoaoxoao(xoa)‘)x
(34)
Cxoaoxoao(box)ox

=(xocaox)o(aobox)ox.

Thus, there exist elements ¢, d, e, and f such thatc € xcao
x,de€aocbecdox, fecoe,and x € f ox. Since pisan
(€,, €, V q5)-fuzzy bi-hyperideal and v an (€, €, V g5)-fuzzy

f{ hyperideal of S, by Remark 15, we have max{u(c), y} =
mln{y(x), 6} and max{v(e), y} > min{v(x), §}. Thus, we have

max {(povou) (x),y}
= maX{ s min {(u © v) (ai)’w(bi)}’)/}

> max {min {(# ©v) (f), ()}, v}
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:max<|f sup min{min{y(cj),v(dj)},/d(x)}’)/}

X god;
> max {min {u (c), v (e), u (x)},y}
= min {max {u (c),y}, max {v (e), y}, max {u (x), y}}
> min {min {y (x), 8}, min {v (x), 8}, max {u (x), y}}

=min{(uNv)(x),8}.
(35)

This implies that uNv <, 54 ©v© . Therefore, uNv =, 5o
VO .

(2)=(3) It is straightforward.

(3)=(1) Assume that (3) holds. Let y be any (ey, €,V qs)-

fuzzy quasi-hyperideal of H. Since K}f isan (€, €,vq;)-fuzzy

left hyperideal of H, by the assumption, we have y =, 5 ¢ N

K}}f =0l @ K}f © . Then it follows from Theorem 27 that
H is hyperregular. Next, let » be any (€,, €, V q5)-fuzzy left

hyperideal of H. Then, since x}’f isan (€, €, V g5)-fuzzy bi-

hyperideal of H, by the assumption, we have

- 7,0 y,0 y,6
Y N(y,@)KH ny g(%(g)KH [ONXO} KH . (36)
Hence,
7,0 ,0 7,0 7,0
'V@KH g(y’a) (KH @'V@KH ) OKH

(37)
~ ) 7,0
N(}’,(S)KH [ONXO} KH g(%(g)')/.

This implies that g is an (ey, €,V qs)-fuzzy right hyperideal
of H. Therefore, pisan (€, €, V q5)-fuzzy hyperideal of H. It
follows from Theorem 40 that H is left duo. O

Theorem 44. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is both hyperregular and left duo.

@ pu N v=gau © K};’a © v for every (€,,€, V qs)-
fuzzy bi-hyperideal y and every (€, €,V q5)-fuzzy left
hyperideal v of H.

G unv=qsuo Kny © v for every (€, €, V qs)-fuzzy
quasi-hyperideal y and every (€,, €, V q5)-fuzzy left
hyperideal v of H.

Proof. (1)=(2) Assume that (1) holds. Let i and v be any
(€), €, V gs)-fuzzy bi-hyperideal and any (€, €, V g5)-fuzzy
left hyperideal of H, respectively. Then by Lemma 41, p is an
(€,, €, V q5)-fuzzy right hyperideal of H. Thus, we have

7,0 0
HOKy OV aHO V<O Ky Syokh (38)

,8 Y,
uo Ky [ON% g(y’(;)‘l/l [ON% Q(V,(S)KH [ON% g( )V.

7,0

Therefore, y © K}’f © V<5 N v. Now let x be any element
of H. Since H is hyperregular, there exists an element a of S

1

such that x € xoaox C (xoaox)oao x. Thus, there exist
elements b and ¢ of H such thatb € ao xoa,c € x o b, and
x € c o x. Then we have

max {(p© K o V) (x),y}
= max { sup min {(//l o K}i}é) (@), (bi)} ’V]’
x€YLL, a;ob,

> max {min {(y © K}’f) ©,vx} v}

:max\| sup min{y(cj),K})f(dj),v(x)},y}
CEZ:'L

cjodj

vV

max {min {¢ (x), 8,7 (x)},y}

> min {y (x),v(x),8} = min{(u N ) (x),d}.
(39)

This implies that u Ny S, 54 © K}'f © 7. Therefore, 4 © K})f o
Va0 .

(2)=(3) It is straightforward.

(3)=(1) Assume that (3) holds. Let g and v be any (€),€,V
qs)-fuzzy quasi-hyperideal and any (ey, €V qs)-fuzzy left
hyperideal of H. Then by the assumption, we have

0 .0
UNY=au0Ky; 0V =po (K 07) S auor. (40)

Hence, it follows from Theorem 31 that H is hyperregular.
Next, since visan (€, €, V q;)-fuzzy left hyperideal, then it is

an (€,, €, V qs)-fuzzy quasi-hyperideal. It is clear that K}/f is
an (€,, €, V qs)-fuzzy left hyperideal of H; by the assumption,

~ Y0 _ 7,0 7,0
we have v ~.0)Y NKy =,6)Y © Ky © Ky . Hence,

Y0 _ PR QR X
V0O KH ~(Y’5)'V (O] KH (O] KH © KH
(41)
Y0 o v0
g(%a)v © KH © KH ~(y)§)1/.

This implies that g is an (ey, €,V qs)-fuzzy right hyperideal
of H. Therefore, ptis an (€, €, V q5)-fuzzy hyperideal of H. It
follows from Theorem 40 that H is left duo. O]

Theorem 45. Let H be a semihyperring. Then the following
conditions are equivalent.

(1) H is both hyperregular and left duo.

@ unrvNw=, 500w forevery (€, €,V qs)-fuzzy
bi-hyperideal u, every (€., €, V q5)-fuzzy hyperideal v,
and every (€, €, V q5)-fuzzy left hyperideal w of H.

G unrvNw=,sp0vow forevery (€, €,V qs)-fuzzy

quasi-hyperideal y, every (€,, €,Vqs)-fuzzy hyperideal
v, and every (€, €,V qs)-fuzzy left hyperideal w of H.
Proof. (1)=(2) Assume that (1) holds. Let y, v, and w be
any (ey, €,V qs)-fuzzy bi-hyperideal, any (ey, €V qs)-fuzzy
hyperideal, and any (€, €, V g5)-fuzzy left hyperideal of H,



12

respectively. Then by Lemma 41, ¢ is an (€, €, V q5)-fuzzy
right hyperideal of H. Thus, we have

M@‘VO(U (Y5)KH OKH Owg(y5)KH OwC(y(;)w,
¥, y,0
123 OYVOw g(y,c?)KH [ON/XO} KH Q(%é)v, (42)

[J@V@wcya (M@KH)OKH _(yé‘)HQKH _(y(s)‘[/l

Therefore, yorvowc
of H. Since H is both hyperregular and left duo, analogous to
the proof of Theorem 43, there exist elements a, b, ¢, d, e, and
fsuchthatc € xogox,d € aob,e € dox, f € coe,and x € fox.
It follows from Remark 15 that max{u(c), y} > min{u(x), 8}
and max{v(e), y} = min{»(x), §}. Thus, we have

»# NN w. Now let x be any element

max {(povow) (x),y}
(bi)}’)’}

=max<| sup min{(x©7)(q),w
X€Y!L, aob

2 max {min {(4 ©7) (), @ ()}, v}

sup min{y(cj),v(dj),w(x)},y
fEZ] 164

= max

[\

max {min {u (c),7 (e),w (x)}, y}

in {max {y (c),y}, max {» (e), y}, max {w (x), y}}

min {min {y (x),8}, min { (x), 8}, max {w (x), y}}
{

I
8

IV

=min{(gNrvNow)(x),d}.
(43)

This implies that u N v N w S, 54 © ¥ © w. Therefore, p Ny N
HUO VO w.
(2 )=(3) It is straightforward.
(3)=(1) Assume that (3) holds. Let ¢ and v be any (ey, yV
qs)-fuzzy quasi-hyperideal and any (ey €V qs)-fuzzy left

hyperideal of H, respectively. Since K}’f isan (€, €,V qs)-

fuzzy hyperideal of H, then by the assumption, we have

BNV 5uN KN Sy AC) K1 o, (44)
Then it follows from Theorem 44 that H is both hyperregular
and left duo. O

5. Conclusions

In this paper, we investigate some new characterizations of
some kinds of semihyperrings. Semihyperrings owe their
importance to the fact that so many models arising in the
solutions of specific problems turn out to be semihyperrings.
For this reason, the basic concepts introduced here have
exhibited some universality and are applicable in so many
diverse contexts. These concepts are important and effective
tools in (hyper)algebraic systems, automata, and artificial

Journal of Applied Mathematics

intelligence. Our future work on this topic will focus on
studying intuitionistic (soft) or interval-valued fuzzy sets in
semihyperrings and other algebraic constructions of semihy-
perrings.
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