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We investigate the existence and multiplicity of solutions to a boundary value problem for impulsive differential equations. By
using critical point theory, some criteria are obtained to guarantee that the impulsive problem has at least one solution, at least two

solutions, and infinitely many solutions. Some examples are given to illustrate the effectiveness of our results.

1. Introduction

In this paper, we will investigate the existence and multiplicity
of solutions to the boundary value problem for impulsive
differential equations:

~(p@| W O d' ®) +sOUOF ue

= f(tu(t), t+t, ae tel0,T],
Mpw) e @ 7w @) =1 @),
i=1,2,...,k,
u(0) =u(T) =0,

where p > 2, p(t), s(t) € L*[0, T, with ess inf,¢o ) p(t) > 0,
ess inf,c(oys(t) > 0,and 1 < p(t) < +00; 0 < s(t) < +00;
0=ty <ty <t <ty =T, AMpt)lu' )P (t) =
PN )P (1) = pU ' )P (), f 5 [0.T] x
R — Riscontinuous, I; : R — R are continuous.

Recently, there have been many papers concerned with
boundary value problems for impulsive differential equa-
tions. Impulsive effects exist widely in many evolution pro-
cesses in which their states are changed abruptly at certain
moments of time. The theory of impulsive differential systems
has been developed by numerous mathematicians (see [1-6]).

Impulsive and periodic boundary value problems have
been studied extensively in the literature. There have been
many approaches to study periodic solutions of differential
equations, such as the method of lower and upper solutions,
fixed point theory, and coincidence degree theory (see [7-
10]). However, the study of solutions for impulsive differential
equations using variational method has received considerably
less attention (see, [11-18]). Variational method is, to the
best of our knowledge, novel and it may open a new
approach to deal with nonlinear problems with some type of
discontinuities such as impulses.

Teng and Zhang in [15] studied the existence of solutions
to the boundary value problem for impulsive differential
equations

(W 0w 0) = £ (buw . ©),
t#t;, ae. te[0,T],

A () =1 (u(ty),
u(0)=u(T)=0.

)
i=1,2..,1

By using variational methods and iterative methods they
showed that there exists a solution for problem (2).
In this paper, we will need the following conditions.



(A) F(t,u) is measurable in t for every u € R and
continuously differentiable in u for a.e. t € [0,T] and
there exist a € C(R*,R"), b € L'(0, T; R") such that

|ftw|<a(udb(), (3)

f(?f allu € R and a.e. t € [0,T], where F(t,u) =
Jo [ 5)ds.

(H,) There exist constants a,b > 0 and r € [0, p — 1) such
that

|F (t,u)] < a(jul)b(t),

|f (t,w)| <a+blul, for (t,u) € [0,T]xR.  (4)

(H,) There exist constants ¢ > 0 and 7 € [p, +00) such that

Ifw| <c(ul™ +1), for (bu) € [0,T]xR.  (5)

(H,) There exist constants g;,b; > 0O and r; € [0, p—1) (i =
1,2,...,k) such that

|I; w)| < a; + blul", forueR. (6)

(H,) There exist constants ¢ > p and M > 0 such that

0 < uF (t,u) <uf (t,u), forte[0,T], [ul>M. (7)

(H,) lim, _,, f(t,u)/|ulP"" = 0 uniformly, fort € [0, T] and
u€R.

(Hs) there exist A > p and 3 > A — p such that

F >
lim sup(t—f) < 00 uniformly, for a.e. t € [0,T],
ldl—oeo x|
lim inf ™ GX) " 2FE) ®
ERE T

uniformly for a.e. t € [0,T].

(Hg) there exists Cij > 0 such that
t

ZJ L(s)ds—-L;(H)t =0 Vie{l,2,....k}, [t =2 (9)
0

We recall some facts which will be used in the proof of
our main results. It has been shown, for instance, in [19] that
the set of all eigenvalues of the following problem:

(¢ O 7 @) AP = o
t#t, tefo,T], 10
u(0)=u(T)=0

is given by the sequence of positive numbers

k. \?
)‘k=(P—1)(%), for k=1,2,..., 1)
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where

1
1
=2 ——ds. 12
, L D s (12)

Each eigenvalue A, is simple with the associated eigenfunc-
tion

knpx
(pk(x)=s})n - ) for0<x<T. (13)

X denotes the eigenspace associated to A, then WO1 (0,T) =

Dien X

An outline of this paper is given as follows. In the next
section, we present some preliminaries including some basic
knowledge and critical point theory. In Section 3, by using
the critical point theory, we will establish some sufficient
conditions for the existence of solutions of system (1). In
Section 4, some examples are given to verify and support the
theoretical findings.

2. Preliminaries

In this section, we recall some basic facts which will be used
in the proofs of our main results. In order to apply the critical
point theory, we make a variational structure. From this
variational structure, we can reduce the problem of finding
solutions of (1) to the one of seeking the critical points of a
corresponding functional.

In [20], the Sobolev space WO1 (0, T) be the endowed with
the norm

T 1/p
lullyae = <JO | (t)|" dt) , uew,?0,1). (14

Throughout the paper, we also consider the norm

/
Jull = (LT (p@ | @ +s® @) dt)l g -

uew,?(0,1).

By Poincaré inequality:
T » T
J | ()] dtzCJ lu (£)|Pdt, (16)
0 0

where C=, is precisely the largest C > 0 for which the above

inequality holds true. Then [} [u'(#)[Pdt — A, [ lu(t)|Pdt >
0 while it minimizes and equals to zero exactly on the ray
generated by the first eigenfunction sin,, (,t/T).

Let us recall that

T 1/p
|ul, = (J Iu(t)l"dt> , lulloy = max Ju (). (17)
0 te[0,T]

We denote by | - | » the usual L?-norm. The n-dimensional
Lebesgue measure of a set E € R" is denoted by |E|. By
the Sobolev embedding theorem, WO1 P00, T) — L'[0,T]
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continuously for » € [1,+00), and there exists y, > 0 such
that

lul, <y, lul, VueW,*(0,T). (18)

Lemma 1. There exist C,, C, > 0 such that
L
Collulyeo < Il € Collullyosr Vot € WP OT).  (19)
Proof. Since ess inf,corp(t) > 0, ess inf,c(orys(t) > 0,
1 < p(t) < 400, and 0 < s(tf) < +co, we have that ess
inf, ;o p(t) == my > 1, essinf, o ys(t) := m, > —A,, where

A, is a positive number and that there exists n; € (0, 1) such
that —m, < A,(1 — n,). Thus, by Poincaré inequality, we have

T » T
(1-n) J W @ dt > (1-m)2, j u (O)IPdt
0 0 (20)
T
> —mZJ’ lu ()P dt,
0
forallu € WOI’P(O,T). Thereby, for every u € WOI’P(O, T),
T L T
lull? = L p®u' ) de + L s (0) lu()Pdt
T
>m J |u' (t)|pdt
0
= mlllull‘};,(;y
= CEull,,.
On the other hand, by Poincaré inequality, one has

Nual?

T T
J p ()] (t)|Pdt+J s(6) [u (0)]Pdt
0 0

T , P T »
loll [ 1 O at + ek, [ wcorear
Isloo \ (1.7 [P (22)
(Il + =) [ o o

(oo = 151w,
1 0

Nl

IN

Take C, = (m, + 1, - DY2,C, = (Ipll + sl /A1) Y2,
then

Cyllulygro < lual < ol (23)
The proof is complete. O

Lemma 2. There exists C; > 0 such that if u € WOI’P(O, T),
then

o < Cs llull - (24)

Proof. If u € WO1 2(0,T), it follows from the mean value
theorem that

T
- L u(s)ds = u(®), (25)

for some& € (0, T). Hence, fort € [0, T], by Holder inequality
and Poincaré inequality

t !
u @Ol = fu®+ [ o (ds
13
r !
< |u (@) +J0 'u (s)|ds
11¢T T, 1/p
<z Jo u(s)ds +T1/‘1<‘[O |u (t)|Pds> (26)
C 1/p 1/q T , p 1/p
(B or) ([, W ora)
C 1/p g 1
< ((?) LT )c_l"””'
Hence, [lull,, < ((C/T)"? + TY)(1/C)lull = Csllul. The
proof is complete. O

Take v € Wol’p (0,T) and multiply the two sides of the
equality

(po s O ' ®) +sOuOFu® = £ Euw)

(27)
by v and integrate it from 0 to T', we have
T N !
_ L (p O ©f "u (t)) v (t)dt
T
+ J sOlu®OP*u@) v () dt (28)
0

T
= L ftu®)v ) de.

Moreover,

_ JT (p O 0w (t))'u (t) dt

0

oy ™ O ) v d
__;L (P O " ) vy



> (P () )l () w0)

—p ) | W () o ()

_ J:"” p(®)|u (t)|P AOVA0) dt>

i

V' @)W () - p (1)

I
M=
—
o
~
=+

u’ ()|’ () - p@ |« ) 0 (T) o (T)

1

+pO [« 0 0)v (0)

+ IT pO|u 0 W 1) (1) dt
0

J T N !
= L))+ [ pol ©f W v o
i=1
(29)

Combining (28), we have
T / P2 /
L p® [ @ W () (1) dt

k
+ JOT s [u @O 2u(t)v @) de + ;Ii (u(t)v(t;)

i=1
T
_ L Flbu®)o)d.
(30)

Considering the above, we introduce the following concept
solution for problem (1).

Definition 3. We say that a function u € WO1 P(0,T) is a
solution of problem (1) if the identity
T —
L PO | @ " (1) () dr
k

+ JOT s [u @O 2u () v @) de + ;L (u(t)v(t;)

i=1

T
L ftu®)v () de
(31)

holds for any v € Wol’p(O, T).
Consider the functional ¢ : WO1 ?(0,T) — R defined by

k  cu(t;) T
J I,-(t)dt—J- F(tu(@®)dt. (32)

I
P =l .

i1 Jo
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Using the continuity of f and I;,i = 1,2,...,k, one has that
Qe CI(WOI’P(O, T),R). Foranyv € Wol’p(O, T), we have

T —
¢ (v = L pO|u @ " 0 () dr

T
+ L S () lu (O u ) v (6) dt (33)
k T
Y L)) - [ S euwpoa.
i=1

Thus, the solutions of problem (1) are the corresponding
critical points of ¢.

Definition 4. Let X be a normed space. A minimizing
sequence for a function ¢ : X — (—00,+00) is a sequence
uy such that (1) — inf ¢ whenever k — +00.

Definition 5. Let X be a Banach space and let ¢ : X —
(00, +00). @ is said to be sequentially weakly lower semi-
continuous if lim inf, _, ,  ¢(x;) > ¢(x) as x;, — xin X.

Definition 6. Let E be a Banach space and let ¢ € R. For any
sequence {u} in E, if @(u;) is bounded and (p'(uk) - 0
as k — +00 possesses a convergent subsequence, then we
say that ¢ satisfies the Palais-Smale condition (denoted by PS
condition for short). We say that ¢ satisfies the Palais-Smale
condition at level ¢ (denoted by (PS), condition for short) if
there exists a sequence {u;} in E such that ¢(u;) — ¢ and
¢ () — 0ask — +oo implies that c is a critical value of

@.

Definition 7. Let E be a Banach space and let ¢ : E —
(—00, +00). ¢ is said to be coercive if p(u) — +00 as [ul| —
+00.

Lemma 8 (see [12]). If ¢ is sequentially weakly lower semi-
continuous on a reflexive Banach space X and has a bounded
minimizing sequence, then ¢ has a minimum on X.

Definition 9. Let X be a real Banach space with a direct sum
decomposition X = X ' ® X?. The functional Q€ C'(X,R) is
said to have a local linking at 0, with respect to (X', X?), if,
for some r > 0,

() pu) = 0, u € X', |lul <,

(ii) p(u) <0, u € X2, ull < r.

If ¢ has a local linking at 0, then 0 is critical point
(the trivial one). Suppose, furthermore, that there are two

sequences of finite dimensional subspaces X} ¢ Xj C -+ C
X"and X} ¢ X5 ¢ -+ ¢ X* such that

x' =[x,
n

x*=Jx:. (34)
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Definition 10 (see [13, Definition 2.2]). Let I € CYUX,R).
The functional I satisfies the (C)* condition if every sequence
(1, ) such that «,, is admissible and

o, € Xa,» sup |I (uan)| < 00,

(35)
(1 e, [) 7' () — 0

contains a subsequence which converges to a critical point of
I

Lemma 11 (see [13]). Suppose that ¢ € C'(X,R) satisfies the
following assumptions:

(1) ¢ satisfies the (C)* condition,
(2) @ has a local linking at 0,
(3) @ maps bounded sets into bounded sets,

(4) for everym € N, p(u) — —ocoas |ull — +oo, u €
X' o X2

Then ¢ has at least two critical points.

Lemma 12 (see [14]). Let E be a Banach space. Let ¢ €
C'(X, R) be an even functional which satisfies the PS condition
and ¢(0) = 0. IfE = V&Y, where V is finite dimensional, and
o satisfies the following conditions:

(1) there exist constants p, « such that (P|BBPHY > a, where
B,={xeE:|x| <p}

(2) for each finite-dimensional subspace W C E there is
R = R(W) such that ¢(u) < 0, for allu € W with
llull = R.

Then ¢ has an unbounded sequence of critical values.

3. Existence of Periodic Solutions

Theorem 13. Assume that (A), (H,), and (H,) are satisfied,
then problem (1) has at least one solution.

Proof. Let M, = max{a,,a,,...
b.}. By Lemma 2, we have

,aih, M, = max{b,b,,...,

~ l » ko cut) ~ T
9= I +;L 1) dr L F(tu(t) dt

u(t;)

(a; + blul™) dt

k
> Sl - Y. |
i=1

0

<=

5
T r+1
—| (alul+blul™")dt
0
1
> ;uunp = kM, [lull o
k
- M, Julls = aTlullg, — bTlully
i=1
1
> —[ull” - kM, C; |lul
p
k
= M, Y C  ull " = aTCy ull - bTCY flul ™,
i=1
(36)

forallu € Wol’p(O, T). This implies that lim,,; _, ,¢(u) = oo,
and ¢ is coercive.
On the other hand, we show that ¢ is weakly lower

semicontinuous. If {u},cn C Wol’p(O, T), up — u, then we
have that {u;},n converges uniformly to u on [0,T] and
liminf, | o llugll = [lull. Thus

.. .. 1 P £ )
hlgrllorgf(p(uk) = hlzrlgolf ;"uk" + Z L L(t)dt

i=1

T
—J F(t, uy (t))dt)
0

» k u(t;) T
lull? + Zl L I (t)dt - L F(t,u(t)dt
(u).

1
2 —
p
P

(37)
By Lemma 8, ¢ has a minimum point on WOI’P 0,T),

which is a critical point of ¢. Hence, problem (1) has at least
one solution. The proof is complete. O

We readily have the following corollary.

Corollary 14. Assume that (A), (H,), and (H,) are satisfied
and f and the impulsive functions I, (i = 1,2,...,k) are
bounded. Then problem (1) has at least one solution.

Lemma 15. Assume that (H,), (H,), and (H;) are satisfied,
then (u) satisfies the PS condition.

Proof. Assume that {u,} ¢ WO1 P(0,T) satisfies that o(u,,) is
bounded and ¢'(1,) — 0asn — +oo0. We will prove that

the sequence {u,} is bounded.
It follows from (H, ), (H,), (H;), and Lemma 2, we have

o (u,) - ¢’ (u,) u,

_(# ) P
=|=-1)|u,
(1)l

u,(t;)
| nOde -1, (), (0)

0



MF (tu, (1) = f (tu, () w, () dt

YT
(p bl - s )
< (anc bl e 213 s

J{|u <o} (WF (tu, (1) = f (tu, () u, (£)) dt
SEE

¢
p
k
x <lec3 [ + MZchf”nunn”“) -C,.
i=1
(38)

Hence, {1, } is bounded in WOI’P(O, T).

. 1, . . .
Since W,?(0,T) is a reflexive Banach space, passing to a
subsequence if necessary, we may assume that there isa u €

W, F(0,T) such that

u, —u in WP (0,T),

in L [0,T], (39)

U, —u

{u,} converges uniformly to u on [0,T].

Notice that
(¢ () — 9" (W), u, —u)

[ vl

x (), (t) —u' (1)) dt

T~ o e o)

T
o [ 5O (ju OF P, 0 = OF Pu )

X (u, (£) —u(t)) dt

+ Z (L (u, () = 1 (u (1)) (w, (8;) =1 (£;))

(f (tu, @) - f & u ) (u, ) —u(r))dt

(40)

|
s
~

0

Recalling the following well-known inequality: for any x, y €
RN,

(IxP2x = |7 2y) (k= p) 2 ¢ |x — 3", p=2, (4D
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for some constant [ (Lemma 4.2 in [21]) and using Schwarz
inequality, we have

of o

< "(PI (un) - (P’ (u)“ “un - u"

T
)| dt+cpJ s (6) [, (6) — u ()|Pdt
0

- Z (; (u, (1)) = I (u (1)) (u, (8) — u(13))
+ JOT (f (tu, (1) = f (u (@) (w, (8) —u (1)) dt
(42)
Since
(T (u, (1)) = I (u (1)) (u, (8) — e (13)
(43)
< (lIi (un (tl))| |I (I/l (t | "M “oo

By the assumption (H, ), we have
T
J, OF (o ©0) = £ 6000) 1, 0 - )
T

< L (|f (tu, @) + | f Gu@)]) |, (8) —u(t)| dt
T

< CJ (2 4+ "+ 1l |, () - (1)) dit
0

< Cslluy = 1] o (1 + Juaiy + 1l)).

(44)

From (39), it follows that u, — wu in W, ?(0, T). Thus, ¢(u)
satisfies the PS condition. The proof is complete. O

Lemma 16. Assume that (A), (H,), (Hs), and (Hg) are
satisfied, then ¢ satisfies the (C)* condition.

Proof. Let {u%} be a sequence in WO1 ’P(0,T) such that a, is
admissible and

U, € X, , sup |(p (u%)' < +00,
(45)
(14 Jue D o' () — 0
then there exist a constant C, > 0 such that
o ()l <Co (14]ue])o' (w) <Cr a6)

for all large n. On the other hand, by (H
Cs > 0 and p; > 0 such that

5), there are constants

F(t,x) < Cglx|", (47)
for all |x| > p, and a.e. t € [0, T]. By (A) one has

|F (t,x)| < max a(s)b(t), (48)

s€|0,p;
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for all [x| < p, and a.e. t € [0,T]. It follows from (47) and
(48) that
|F (t,x)] < max a(s)b(t) + Cs|x|". (49)
se[O,p1

From (H,) and Lemma 2, we have that

lu(t,)| i |u<t>| b g
L (t)dt| < j +b|t|") dt
ZL ®) Z (a; + B111")

i=1

k
< Mykfjullg, + My Y [lull (50)
i=1

k
< MykC; lull + MyCy Y ]!

i=1

for all u € Wol’p(O, T), where M, = {a,a,,....,a}, M, =
{b,,b,,...,b}. Combining (49), (50), and Holder’s inequality,
we have

k 2
- ]] )-> J I (t) dt

i=1

T
+J F(tu, (t))dt

0

k
< Cy + MKCy Jull + MyCy Y [lul ™

i=1

s€|0,p,

T
+Cy j Juy, O[dt + n[lax]a(s)J b (1) dt
L 1
< Cy + MyKCy flull + MyCy Y [lul ™
i=1

T A
+C; J |uan (t)' dt + Cs,
0
(51)

for all large n, where C, = maxsg[o,plla(s) JOT b(t)dt. On the
other hand, by (H;), there exist C, > 0 and p, > 0 such that

xf (t,x) - 2F (t, x) = C,|x|’, (52)
forall |x| > p, and a.e. t € [0, T]. By (A),
|xf (t,x) —2F (t, x)| <Cgb(1), (53)

for all |x| < p, and ae. t € [0,T], where Cg = (2 +

pz)maxse[o’pz]a(s). Combining (52) and (53), one has

(f (t,x),%) = 2F (t, %) = C,|x|’ = C,pf = Cgb (), (54)

forall x € RY and ae. t € [0,T]. According to (Hg), there
exists Cy > 0 such that

t
2j L(s)ds—I; (1)t 2 -Cy Vi=1,2,....k t € R. (55)
0
Thus by (46), (54), and (55), we obtain
(p+1)Cy = pp () = (9’ (1h,) s, )
k- ug, ()
-ry |, e I (1,
i=1

I (t)dr —
T
+J [, ) f (tuy, () - pF (tiu, (1))]dt

Z( "tfmw—xaxmw%mﬁ
[(VF (t:u, (8)),u, ()

—pF (t,u, (1))]dt
-kCy +C, JT |uan'ﬁdt - C7pr -Gy
0
T
x J b (1) dt,
° (56)

for all large »n. From (56), jOT |ty |Adt is bounded. If B> A, by
Holder’s inequality, we have

TP @l (T, 1P v
J, fug o <708 ( [ far) e

Since E € [0,1)foralli = 1,2,...,k, by (51) and (57), {uan}
is bounded in WO1 P(0,T). If B < /\, by Lemma 2, we obtain

T T _
J, fise, O de = [, O i, 0 e

J |u (t)| dt (58)

: ci‘-ﬁuu%uw [l o

Since E,-j € [0,1), A = B < 2, by (51) and (58), {u, } is
also bounded in WO1 ’P(0,T). Hence, {uan} is also bounded
in WO1 (0, T). Going if necessary to a subsequence, we can

— uin WOI’P(O, T). As the same the proof

of Lemma 15, Therefore, u, — wu in Wo1 ?(0,T). Hence ¢
satisfies the (C)* condition. O

assume that u,
*n

Theorem 17. Assume that (A), (H,), (H,), (H;), (Hs), and
(Hg) are satisfied and the following conditions hold.



(H,) There exist constants § > 0, K > 0, y > 0 such that

|ul? + Klul?™,

2kM 1
Vi + 200 1 < Ftu) <
p T 2pyh

T (59)

fort € [0,T], |u| <86.

(Hg) L(w) (i=1,2,...,k) is nondecreasing.

Then the problem (1) has at least two critical points.

Proof. Let X\ = span{d; s Agyare s Adpanh Xo = X2 =

(X")* forn € N.Then X/ = |J, .y X0, j = 1,2.Ifu € X!
one has |ul, < y,llull, and if u € X2, we have ||Ju? < ylulg.

Step 1. ¢ has a local linking at 0 with respect to (X", X?).
For u € X', using (H,) we have

u(t;)
I L(t)dt > 0. (60)
0

M=

1

It follows from (Hjg) that

k

~ l » u(t;) - T
9 @)= Il +Zj I () dt j F(tu () dt

0 0

1 1 1
2 Il - ng - Klulb})
4 (61)
1 1 +1 +1
> —[ull? = —yElul? - Kyb! ul?
P 2pyh°? e

1 1
= 2—p||u||p - KYII,)L [Pk

Thus, ¢(u) > 0foru € X! with JJul| < ry, where r; > 0 is small
enough.

For u € X2, with [lu| < r, = 8/C5, we have |u| < |ull,, <
Csllull < 6 since dim X? = k < +0o. Thus, From (H,) and
(Hjy) it follows that

1 k u(t;)
o) = lul + Y[ rwa

i=1 70
T 1
—j F(tu(t) df < 2 Jull?
0 p

u(t;)

k
+ a; + blul"
D RCRTT
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T
_J <Z|u|P+%|u|>dt
o \p T

< %|u|§ + kM, Jlully, + M,

k
) fullit -

Y1 — 2k, ful o
in1 p

k
i+1
< kM llullgo + M, Yl < 0.
i=1

(62)

Take r = min{r,, r,}. We know that ¢ has a local linking at 0
with respect to (x4, x%.

Step 2. ¢ maps bounded sets into bounded sets.

Assume [u]l < R, where R, is a constant. By (Hg), one
has

k u(t.‘)
<p(u)s%nuup+ j L) dt

i Jo

T
1
" jo F ()l de < - Jl? + kMl

k
41 1 +1 1
+ My Y lull i + Zuunp + Kyb! )
i=1

IN

3
z—pllullp + kM, Cs lull + M, (63)

k
741 i+l +1 +1
x Y CE ull ™+ Kybl ul?
i=1

IN

3
2—p||R0 |7 + kM, Cy | Ry + M,

k
x 3 TR + Ky R < 00,
i1

which implies that ¢ maps bounded sets into bounded sets.

Step 3. For everym € N, ¢(u) — —ooas |lull — +oo, u €
X, @ X

By (H;), for any M, > 0, there exists a constant h(M,)
such that F(t, u(t)) > M|ul? —h(M,) for all (t,u) € [0,T]xR.
Since dim(Xin ® X?) is of finite dimension, there exists y>0
such that [ul|? < ylulg forallu € X, ® X, which implies

1 k cu(t)
@< Il + Y [ Lo
p -1 70
- M|u|§ +h(M)T

1
< Ellullp + kM, [lullo, + M,
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. M
r;+1
X Nl - 7||u||f’ +h(M)T
i=1

1 M
< (; - 7) ull® + KM, C, ful

k
+ M,y Y Cy  ull ™ + h (M) T.
i=1

(64)

Choosing M > y/p, we have p(u) — —o0 as [lull —
+oo, u € X} & X°.

Summing up the above, and by Lemma 16, ¢ satisfies all
the assumptions of Lemma 11. Hence by Lemma 11, prob-
lem (1) has at least one nontrivial solution. The proof of

Theorem 17 is completed. O

Theorem 18. Assume that (A), (H,), (H,), (Hs), and (H,) are
satisfied and the following conditions hold.
(Hy) f(t,u) = —f(t,—u) for (t,u) € [0,T] x R.
(Hyp) L(w) = -L(—u) (i =1,2,...,k) and nondecreasing.

Then the problem (1) has an infinite number of nontrivial
solutions.

Proof. ¢ € CI(WOI’P(O, T),R), by (Hy) and (H,,), ¢ is an even
functional and ¢(0) = 0.
First, we verify the condition (2) of Lemma 12.

G Ry

u_~ F(t,u)’ - (65)
E>f(t’u) u<-—-M,

u_ F(t,u) o

Integrating (65) for u from [M,, u] and [u, —M, ], respectively,
we have

Mlnl < In F(tu) ,  u=M,,
M, F(t,uo)
" (66)
Mln—0 > lnM, u < —M,.
-u F(t,—u,)
That is,
u \*
F(t,u)zF(t,M0)<—) , u=M,, (67)
M,

—u

F(t,u) > F(t,—M,) (M )H, u<-M,  (68)

Combining (67) and (68), we have
F(t,u) > aqlul¥, |u] = M, (69)

where

a, = u," min {t?[loi)x%]F (t, MO),tlgE&%F (t, —MO)]» > 0. (70)

On the other hand, by the continuity of F(t,u), F(t,u) is
bounded on [0, T] x [-M,, M, ], there exists K; > 0 such that

F(t,u) > -K; > agful” — o My =Ky, |ul < My (71)
Combining (69) and (71), we have
F(t,u) > oqlul’ —a,, V(t,u)€[0,T] xR, (72)
where o, = «; + Kj.
For arbitrary finite-dimensional subspace W ¢ WO1 ?(0,
T), and any u € W, there exists C,, = C,,(W) > 0 such that
July = Cio lull. (73)

By (H,), (72), (73), and Lemma 2, we have

1 u(t;)
o) = -l + | nwar

i1 Jo

k

T 1
_ j F(tu(t)dt < ;Ilullp

0
k u(t;)

+Zj (a; + bjul™) dt
i=1 70

T
- L (i — ) it < %nuup (74)

k

i+l

+ kM lully + My Y lull?y
i=1

1
- oc1|u|ﬁ +a,T < ;||u||p + kM, C; ||ul

k
+1 +1
+ M,y C5 ] = ay Clglull” + T,
i=1

for every u € W. This implies that ¢p(u) — —ocoasu € W
and [ul — 0. So there exists R(W) > 0 such that ¢ < 0 on
for all u € W with |lul| > R.

In the following, we verify the condition (1) of Lemma 12.

Let V = X, PX,, Y = @5X,, then WOLP(O’T) =

V@Y and V is finite dimensional. Using (H,,) we have

k

D Jum) I (t)dt > 0. (75)

i=1
By (H;) and (H,), we have

. F(t,u)
lim =

. 76
u—0 ybP 0 ( )

Hence, for e = 1/2 pyg , there exists § > 0 such that for every
u with |u| < 6,

1
|F (t,u)] < lul?. 77)
2 yg
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Hence, for any u € Y with [ull < 6/C;, |ull,, < 6, by (18),
(54) and (55), we have

1 k u(t;)
=l + Y [ L a
p i=1 70

T 1
_J F(tu(t)dt > ~|lul”
0 p

(78)
’ 1 p 1 P
- [ R S -
0 P 2pyp
1 1 1
> —[ull? = —yPlul® = —[ul®.
p T 2p
Take o = (1/2p)(87/CE), p = 8/C;, then
¢p(u)>a, YueoB,NY. (79)

Hence, by Lemma 12 and Lemma 15, ¢ possesses infinite
critical points, that is, problem (1) has infinite nontrivial
solutions. The proof is complete. O

4. Example

Example 19. Let p = 2, p(t) = 1, s(t) = t, t; = 1/2. Consider
the boundary value problem

U O +tu@)=t+u@), aetel01],
u(©0)=u(l) =0, (80)
Au' () =u (£])-u (£]) = 1+ Vu(t).

It is easy to see that conditions (H,) and (H,) of Theorem 13
hold. According to Theorem 13, problem (80) has at least one
solution.

Example 20. Let p = 2, p(t) = 1,s(t) = 2 -t,t; = 1/3.
Consider the boundary value problem

A +2-Du®) = w@®)? aetel01],
u0)=u(l)=0, (81)

A (t) =u (£)—u' () =1+ Vu(t).

It is easy to check that all the conditions of Theorem 17 are
satisfied. Thus, according to Theorem 17, problem (81) has at
least two critical points.

Example 21. Let p = 3, p(t) = 1+ 2t,s(t) =2+, ¢, = 1/2.
Consider the boundary value problem

~(@+20 [ O ©) + @+ Ou) = @),
ae tel0,1], u(0)=u(1)=0, (82)

s (1) = () - (1) = @

It is easy to check that all the conditions of Theorem 18 are
satisfied. Therefore, according to Theorem 18, problem (82)
has infinite nontrivial solutions.
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