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We propose a new class of mathematical structures called (m, n)-semirings (which generalize the usual semirings) and describe
their basic properties. We define partial ordering and generalize the concepts of congruence, homomorphism, and so forth, for
(m, n)-semirings. Following earlier work by Rao (2008), we consider systems made up of several components whose failures may
cause them to fail and represent the set of such systems algebraically as an (1, n)-semiring. Based on the characteristics of these
components, we present a formalism to compare the fault-tolerance behavior of two systems using our framework of a partially

ordered (m, n)-semiring.

1. Introduction

Fault tolerance is the property of a system to be functional
even if some of its components fail. It is a very critical
issue in the design of the systems as in Air Traffic Control
Systems [1, 2], real-time embedded systems [3], robotics [4,
5], automation systems [6, 7], medical systems [8], mission
critical systems [9], and a lot of others. Description of fault-
tolerance modeling using algebraic structures is proposed
by Beckmann [10] for groups and by Hadjicostis [11] for
semigroups and semirings. Semirings are also used in other
areas of computer science like cryptography [12], databases
[13], graph theory, game theory [14], and so forth. Rao [15]
uses the formalism of semirings to analyze the fault tolerance
of a system as a function of its composition, with a partial
ordering relation between systems used to compare their
fault-tolerance behaviors.

The generalization of algebraic structures was in active
research for a long time; Timm [16] in 1967 proposed com-
mutative n-groups; later Crombez [17] in 1972 generalized
rings and named it as (m,n)-rings. It was further studied
by Crombez and Timm [18], Leeson and Butson [19, 20],

and by Dudek [21]. Recently the generalization of algebraic
structures is studied Davvaz et al. [22, 23].

In this paper, we first define the (1, n)-semiring (%, f, g)
(which is a generalization of the ordinary semiring (2, +, x),
where Z is a set with binary operations + and x), using f and
g which are m-ary and n-ary operations, respectively. We pro-
pose identity elements, multiplicatively absorbing elements,
idempotents, and homomorphisms for (1, n)-semirings. We
also briefly touch on zero-divisor free, zero-sum free, addi-
tively cancellative, and multiplicatively cancellative (m,n)-
semirings and the congruence relation on (m, n)-semirings.
In Section 4, we use the facts that each system consists
of components or subsystems and that the fault-tolerance
behavior of the system depends on each of the components or
subsystems that constitute the system. A system may itself be
a module or part of a larger system, so that its fault tolerance
affects that of the whole system of which it is a part. We
analyze the fault tolerance of a system given its composition,
extending earlier work of Rao [15]. Section 2 describes the
notations used and the general conventions followed.

Section 3 deals with the definition and properties of
(m,n)-semirings. In Section 4, we extend the results of



Rao [15] using a partial ordering on the (1, n)-semiring of
systems: the class of systems is algebraically represented by
an (m, n)-semiring, and the fault-tolerance behavior of two
systems is compared using partially ordered (m, n)-semiring.

2. Preliminaries

The set of integers is denoted by Z, with Z, and Z_ denoting
the sets of positive integers and negative integers, respectively,
and m and # used are positive integers. Let # be a set and f
amapping f : & — R;thatis, f is an m-ary operation.
Elements of the set & are denoted by x;, y; wherei € Z,.

Definition 1. A nonempty set % with an m-ary operation f is
called an m-ary groupoid and is denoted by (%, f) (see Dudek
[24]).

We use the following general convention.

The sequence x;,X,,,...,X,, is denoted by x!" where
1<i<m.

Forall 1 <i < j < m, the following term

f(xl,...

is represented as

’xi’yi+1""’yj’zj+1>""zm) (1

f (v 2i). )

In the case when y;,; =+ = y; = y, (2) is expressed as

fxi, (])7), Z;'-lu)' (3)

Definition 2. Let x, x,, ..., Xy,,_; be elements of set %.

(i) Then, the associativity and distributivity laws for the
m-ary operation f are defined as follows.

(a) Associativity:
FOTL L)l
_ f (x{_l,f (x;mj—l) i xfnr:l-;l) ,

forall xy,...,x,,_; € R, foralll <i<j<m
(from Gluskin [25]).
(b) Commutativity:

I
_f( Xn(1)> Xn(2)>

for every permutation # of {1,2,...,
Timm [16]), Vx;, %5, ..., X, € .

(4)

(5)
xn(m)) J

m} (from

(ii) An m-ary groupoid (%, f) is called an m-ary semi-
group if f is associative (from Dudek [24]); that is, if

S () )
= (L ().

3 Xy € R, wherel <i< j<m.

(6)

forall x,,..
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(iii) Let x, X5, .., X, a1, 4,5 - - . » 4, be elements of set &,
and 1 < i < n. The n-ary operation g is distributive
with respect to the m-ary operation f if

g(xl f (al)’x?ﬂ)
~ F (g () )
g(xl ’a x1+1))

Remark 3. (i) An m-ary semigroup (%, f) is called a semia-
belian or (1, m)-commutative if

fxa..ay)=f(y.a....a

m-2 m—2

2 %), (®)

for all x, y,a € & (from Dudek and Mukhin [26]).

(ii) Consider a k-ary group (G,h) in which the k-ary
operation h is distributive with respect to itself, that is,

i-1 kY K
h(xl > (al)’xiﬂ)
i1 k i-1 k
:h(h(x1 ’a1>xi+1)’---’h(x1 ,ak,xm)),

for all 1 <i < k. These types of groups are called autodistrib-
utive k-ary groups (see Dudek [27]).

€

3. (m, n)-Semirings and Their Properties

Definition 4. An (m,n)-semiring is an algebraic structure
(2, f, g) which satisfies the following axioms:
(i) (&, f) is an m-ary semigroup,
(ii) (%, g) is an n-ary semigroup,
(iii) the n-ary operation g is distributive with respect to the

m-ary operation f.

Example 5. Let 9 be any Boolean algebra. Then, (%, f, g)
is an (m,n)-semiring where f(A7) = AfUA,U---UA,,
and g(Bf) = BynB,N---NB,, forall Aj,A,,..., A, and
B,B,,...,B, € B.

In general, we have the following.

Theorem 6. Let (R, +, X) be an ordinary semiring. Let f be an
m-ary operation and g be an n-ary operation on X as follows:

F) = in, VX1, Xgsees Xy € R,
i=1
1 (10)
n
g =Tl Yyprne R
i=1
Then, (R, f, g) is an (m, n)-semiring.
Proof. Omitted as obvious. O

Example 7. The following give us some (rm, n)-semirings in
different ways indicated by Theorem 6.
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(i) Let (%,+,%) be an ordinary semiring and x;,
Xy, ..., X, bein R. If we set

g () = x; X x5 X+ X x, (1)

we get a (2, n)-semiring (&, +, g).

(ii) In an (m, n)-semiring (%, f, g), fixing elements aé"“l
and b}, we obtain two binary operations as follows:

xoy=f(xa",y),
(12)

x®y=g(x,b§“,y).

Obviously, (%, ®, ®) is a semiring.

(iii) The set Z_ of all negative integers is not closed under
the binary products; that is, Z_ does not form a
semiring, but it is a (2, 3)-semiring.

Definition 8. Let (%, f, g) be an (m, n)-semiring. Then m-ary
semigroup (%, f) has an identity element 0 if

1 m—i

forall x € #Z and 1 < i < m. We call 0 as an identity element
of (m, n)-semiring (X, f, g).

Similarly, n-ary semigroup (%, g) has an identity ele-
ment 1 if

y=91....Lyl...,1) (14)

j-1 n-j
forally e Zand1< j<n.
We call 1 as an identity element of (m,n)-semiring

(&, 1, 9).
We therefore call 0 the f-identity, and 1 the g-identity.

Remark 9. In an (m,n)-semiring (%, f, g), placing 0 and 1,
(m—2) and (n—2) times, respectively, we obtain the following
binary operations:

x+y=f(x0,...,0,9),
m—2

xxy=g(x1..., ,y) (15)
n—2
Vx,y € R.

Definition 10. Let (&, f, g) be an (1, n)-semiring with an f-
identity element 0 and g-identity element 1. Then,

(i) 01is said to be multiplicatively absorbing if it is absorb-
ingin (&, g), that is, if

g(0.x")=g(x"0) =0, (16)

forall x;,x,,...,x,_; € %.

(ii) (&, f, g) is called zero-divisor free if

g(x,xp...,x,) =0 (17)

always implies x; =0 orx, =0or---or x, = 0.

Elements x;,%,,...,x,_; € R are called left zero-
divisors of (m,n)-semiring (%, f, g) if there exists
a # 0 and the following holds:

g (x'll_l, a) =0. (18)
(iii) (&, f, g) is called zero-sum free if
f(xpx5..05%,)=0 (19)
always implies x; = x, = -+ = x,,, = 0.

(iv) (&, f, g) is called additively cancellative if the m-ary
semigroup (&, f) is cancellative, that is,

f(xll l’a xz+1) f(xl ’b x1+1)

, %, € Randforall1 <i<m.

=a=b, (20)

foralla,b, x;,x,,...
(v) (&, £, g) is called multiplicatively cancellative if the n-
ary semigroup (%, g) is cancellative, that is,

g(x1 »a, le) g(x1 ,bx,“) =a=b, (21)

foralla,b,x,x,,...,x, € Randforall1 <i<n.

Elements x;, x5, ..., x,_; are called left cancellable in
an n-ary semigroup (%, g) if

g (xT_l,a) =g (x;l_l,b)

, X, 1,4, b € R.

(R, £, 9) is called multiplicatively left cancellative if
elements x;, x,, ..., x,_; € #\{0} are multiplicatively
left cancellable in n-ary semigroup (%, g).

= a=b, (22)

for all x,, x,, ...

Theorem 11. Let (R, f,g) be an (m,n)-semiring with f-
identity 0.

(i) If elements x,,x5,...,%,_; € R are multiplicatively
left cancellable, then elements x,,x,,. . .,x,_, are not left
divisors.

(ii) If the (m,n)-semiring (R, f, g) is multiplicatively left
cancellative, then it is zero-divisor free.

We have generalized Theorem 11 from Theorem 4.4 of
Hebisch and Weinert [28].

We have generalized the definition of idempotents of
semirings given by Bourne [29] and Hebisch and Weinert
[28]), as follows.

Definition 12. Let (2, f, g) be an (m, n)-semiring. Then,

(i) it is called additively idempotent if (&, f) is an
idempotent m-ary semigroup, that is, if

flx...x x,...,x)—x, (23)

for all x € &;

(ii) it is called multiplicatively idempotent if (R, g) is an
idempotent n-ary semigroup, that is, if

90y =, (24)

forally € &, y+0.



Theorem 13. An (m,n)-semiring (R, f,g) having at least
two multiplicatively idempotent elements in the center is not
multiplicatively cancellative.

Proof. Let a and b be two multiplicatively idempotent ele-
ments in the center, a # b. Then,

9., Lab=g1...,1

., 1,b,a),
n-2 n-2 (25)

which can be written as follows:

()
91,...,1,g (a),b) = g(l

n-2 n-2

1, g (b) a), (26)
which is represented as

9(L,....1,9(1,"a"),a,b)
n-3

(27)
=g(....14(1, b)ba)

n-3

If the (m,n)-semiring (2, f, g) is multiplicatively can-
cellative, then the following holds true:

g(L....1g1,"a"),1,1)

n-3

=g(1....Lg(1, bl)),l,l), (28)

n-3

a1, = g1, ),

which implies that a = b, which is a contradiction to the
assumption that a # b; therefore, (2, f, g) is not multiplica-
tively cancellative. O

We have generalized Exercise 2.7 in Chapter I of Hebisch
and Weinert [28] to get the following.

Definition 14. Let (&, f, g) be an (m, n)-semiring and o an
equivalence relation on Z.

(i) Then, o is called a congruence relation or a congruence
of (&, f, g), if it satisfies the following properties for
alll<i<mandl<j<m

(a) if x;0y; then f(x)af (y]"),
(b) if zjou; then g(z})ag(uy),

for all x;,%,,..., %, V1> Var---
Zyy Uy, Uy ooy Uy € R

)ym) ZI,ZZ,...,

(ii) Let o be a congruence on an algebra %. Then, the quo-
tient of R by o, written as %/o, is the algebra whose
universe is % /o and whose fundamental operation

satisfies
R
X1sXoyeonr X
92/0 (xl’x2> “,xm) _ f ( 1>*2 m)’ (29)
o
where x,,x5,...,x,, € % [30].
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Theorem 15. Let (%, f,g) be an (m,n)-semiring and the
relation o be a congruence relation on (R, f, g). Then, the
quotient (R/o,F,G) is an (m,n)-semiring under F((x,)/o,

- (x)/0) = f(x[)]o and G((y))/o,. ... (y,)]0) = g(y))/0,
forall x,,%,5,...,%,, and y\, ¥p, ..., ¥, in K.

Proof. Omitted as obvious. O

Definition 16. We define homomorphism, isomorphism, and
a product of two mappings as follows.

(i) A mapping ¢ : £ — & from (m,n)-semiring
(%, f,g) into (m,n)-semiring (S, f',g') is called a
homomorphism if

p(f () = f 9 (x1),0(x2)--
=g (1), 9(1)>..

9 (%))
¢ (g () 9 ()

forall x,, x5, ..., %, Y1 Vase v s Vy € K.

(ii) The (m,n)-semirings (%, f,g) and (<§’,f',g') are
called isomorphic if there exists one-to-one homo-
morphism from &% onto §. One-to-one homomor-
phism is called isomorphism.

(30)

(iii) If we apply mapping ¢ : £ — Sandtheny:§ —
J on x, we get the mapping (y o ¢)(x) which is equal
to y(@(x)), where x € R. It is called the product of y
and ¢ [28].

We have generalized Definition 16 from Definition 2 of
Allen [31].

We have generalized the following theorem from Theo-
rem 3.3 given by Hebisch and Weinert [28].

Theorem 17. Let (&, f,9), (S, f',g), and (7, f", ") be
(m, n)-semirings. Then, if the following mappings ¢

(%, f,9) — (S, f.g') and
v: (S fg) — (T, f", g") are homomorphisms;
then,
voo: (R, f.9) — (T, f",g")is also a homomor-
phism.

Proof. Let x;,x,,...

(yeo) (f (=)
=y (' (p(x1) . 9(x2)..
=" (@) v (e (x),-.
=" (o) (x1), (weo)(xs),. s

X, and yy, 9,,..., ¥, bein . Then
S ACAVACIRECRINEM))

9 (%))
¥ (9(x)))
(Vo) (%))

(31)
In a similar manner, we can deduce that
(o) (g(n))
=g (Wop)(0),Wo9)(35)s--»(Wo0) (3,).
(32)
Thus, it is evident that y o ¢ is a homomorphism from
R - T. O
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This proofis similar to that of Theorem 6.5 given by Burris
and Sankappanavar [30].

Definition 18. Let (&, f,g) and (oS’,f’,g') be (m,n)-
semirings and ¢ : & — & a homomorphism. Then, the
kernel of @, written as ker ¢, is defined as follows:

ker ¢ = {(a,b) e Zx R | ¢ (a) = ¢ (b)}. (33)

Generalization of Burris and Sankappanavar [30].

Theorem 19. Let (2, f, g) and (S, f’, g') be (m, n)-semirings
and ¢ : R — & a homomorphism. Then, ker ¢ is a con-
gruence relation on R, and there exists a unique one-to-one
homomorphism y from R/ ker ¢ into S.

Proof. Omitted as obvious. O

Corollary 20. Let (%, f, g) be an (m, n)-semiring and p and
o congruence relations on R, with p < o. Then, o/p =
{p(x), p(») | (x,y) € o} is a congruence relation on R/p,
and (R/p)/(a/p) = R/o.

Lemma 21. Let X1, Xy, ...sXp V1> Vo> Y € R. Then,
(i) f(f( f(f(x1,0,...,0),x,,0,...,0),...),
m— m—2
X, 0 f(xl,xz,...,x ),
m—2
(ii) g(g(...g(gy,L,...,1), 9,,1,...,1),...),
n n—1 n-2
yn’ pJ 1)_ (yl’yZ""’yn)'
n—2
Proof. (i)
f(f( S(f(x1,0,...,0),%,,0,...,0),...),%,0,...,0).
m-1 m=2 m-2
(34)

By associativity (Definition 2 (i)), (34) is equal to

f(f f( (00 0) X1,%5,0,...,0),...),x,,0,...,0)
m-3 m-2
_f(f( f(f(o x1>x2) > .,0),X3,0,...,0),-..),
m-3 m-2
X,,0,...,0)
m—2

(f( f(f

O) xl,x2,x3,0, ’O))"'))

m—4
X,,0,...,0)
m—2
f(f( f( f(0,x,%5,%5,0,...,0),x,,0,...,0),...),
m—4 m-2
X 0,...,0)

m-2

5
=f(f(x1$x2)-~- m— 1,0) Xm ,0)
m—2
= f(f(xl,xz,...,xm_l,xm),u)
m—1
= (x5 %0 0sXp) -
(35)
(ii) Similar to part (i). O

4. Partial Ordering on Fault Tolerance

In this sections we use x;, y;, and so forth, where i € Z,
to denote individual system components that are assumed
to be atomic at the level of discussion; that is, they have no
components or subsystems of their own. We use component
to refer to such an atomic part of a system, and subsystem to
refer to a part of a system that is not necessarily atomic. We
assume that components and subsystems are disjoint, in the
sense that if they fail, they fail independently and do not affect
the functioning of other components.

Let 2% be a universal set of all systems in the domain of
discourse as given by Rao [15], and let f be a mapping f :
U™ — U, thatis, f isan m-ary operation. Likewise, let g be
an n-ary operation.

Definition 22. We define f and g operations for systems as
follows.

(i) f is an m-ary operation which applies on systems
made up of m components or subsystems, where if
any one of the components or subsystems fails, then
the whole system fails.

If a system made up of m components x,, X,, ..., X,
then, the system over operation f is represented
as f(xy,%,,...,x,,) for all x;,x,,...,x, € %.
The system f(x;,x,,...,x,,) fails when any of the
components x,, X, ..., X,, fails.

(ii) g is an n-ary operation which applies on a system
consisting of n components or subsystems, which fails
if all the components or subsystems fail; otherwise
it continues working even if a single component or
subsystem is working properly.

Let a system consist of n components Xy, X,, ..., X,,
then, the system over operation g is represented
as g(x;,x5,...,x,) for all x,x,,...,x, € %. The
system g(xy, X,, . . ., x,,) fails when all the components
X1, Xy, ..., X, fail.

Consider a partial ordering relation < on %, such that
(%,<) is a partially ordered set (poset). This is a fault-
tolerance partial ordering where f(x]") < f(y;") means
that f(x]") has a lower measure of some fault metric than
f(1") and f(x7") has a better fault tolerance than f(y;"), for
all f(x7"), f(»") € % (see Rao [32] for more details) and

X1>Xgs o> Xyps V1s Voo - - -» ¥y, are disjoint components.



Assume that 0 represents the atomic system “which is
always up” and 1 represents the system “which is always
down” (see Rao [32]).

Observation 23. We observe the following for all disjoint
COMPONENtS X1, Xps « -+ Xy Vi Var - - - » Vyp» Which are in .
(i) g(y{_l,O, y;‘H) =0foralll <j<n

This is so since 0 represents the component or system
which never fails, and as per the definition of g,
the system as a whole fails if all the components
fail, and otherwise it continues working even if a
smgle component is working properly. In a system
g( 50,y ), even if all other components y! "and
Y '.+1 fail even then 0 is up and the system is always up.

(ii)fx1 ,Lxlt))=1foralll <i<m.

This is so since 1 represents the component or system
which is always down, and as per the definition of
f if either of the component fails, then the whole
system fails. Thus, even though all other components
are working properly but due to the component 1 the
system is always down.

Definition 24. It (%, f, g) is an (m, n)-semiring and (%, <) is
aposet, then (%, f, g,<) is a partially ordered (m, n)-semiring
if the following conditions are satisfied for all x;, x,, ..., x,,,
Vi VpeosYpdbeandl <i<m,1<j<n.

(i) Ifa<b, thenf(xl 20, X4 ) < f(x’1 Lb, X))

(ii) If a < b, then g(y1 ,a,yj+1) < g(}/1 'b, Via)-

Remark 25. As it is assumed that 0 is the system which is
always up, it is more fault tolerant than any of the other
systems or components. Therefore 0 < a, for alla € %.
Similarly, a < 1 because 1 is the system that always fails, and
therefore, it is the least fault tolerant; every other system is
more fault tolerant than it.

Observation 26. The following are obtained for all disjoint
components, s, x;, ¥, @, bj, which are in %, where 1 <i <m,
I<j<n

(i) 0= f(x1 S5 Xy ) <

(i) 0 < g(y] \rs,¥}y) < 1
(i) 0 < g(y] ', (@), y7y) < 1
(iv) 0 < f(x, g, %)) < 1

From the above description of 0 and 1, the observa-
tion is quite obvious. Case (i) shows that 0 is less faulty

than f(x"l_l,r, x;7,), and f(x"l_l, r,x1:,) is less faulty than 1.
Similarly, case (ii) shows that 0 is more fault tolerant than
g(yf_l, S, ¥js1) and g(y{_l, S, ¥jy1) is more fault tolerant than
1. Likewise, case (iii) shows the operation g over y{_l, Vin
and f of ai" to be less faulty than 1 and more faulty than 0,
and a similar interpretation is made for (iv).
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Lemma 27. If < is a fault-tolerance partial order and
X1>Xgse e Xy V> Vasevos Vi 215 %5« w5 2y Uy Uys ., Uy, aTE
disjoint components, which are in %, where m,n € Z, then
foralll <i<mand]1 < j < nthe following holds true:

(0) if x; <y, then f(xY) < ("),
(i) if z; < u;, then g(z) < g(uy).
Proof. (i) Since x; < y; forall 1 <i < m, we have
X, 2y, (36)
which is represented as follows:

f(O 0, x1)<f(0

m—1 m—1

£00,...,0,x,) < f(0,...,0

m—1 m—1

50, y1), (37)

50,9, (38)

By f operation on both sides of (37) with y,, we get

f(f(0,...,0,x,), ¥,,0,...,0)
m—1 m—2
(39)
<f(f(0 0)’1) )’2, b) 0)
m—1 m—2
By f operation on both sides of (38) with x,
f(f(O 0x2) x,,0,...,0)
- m-2
(40)
<_f(_f(o b) >y2) xla b) 30)'
—-1 m-=2
From (39) and (40), we get
f(f(o Oxl) }/2, b) 30)
m—1 m-=2
(41)
< f(f(o 0 }/1) )’2, > ’0)
m—1 m—2
Similarly, we find for m terms
f (f(f(o oxl) xZ) ] )0):--~):xm>0:--->0)
-1 m—2 m—2
f (f(f(0 Oyl) 92,0,...,0),...), ¥, 0,...,0).
m=2 m—2
(42)
From Lemma 21, (42) may be represented as
Fxpxp X)) < f (V1200 V) (43)
so
ACORNACIE (44)
(ii) Since z; < yj, forall 1 < j<n
gL..,Lz)=<gQ,...,1,u)
n—1 n-1
(45)

g(l ,1,2,) < g(l ,1,u,).

n—l n-1
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After following similar steps as seen in part (i), we use the g
operation for » terms,

g(.. (g(g(l

,1,21),2,,L,...,1),...),2,,1,..., 1)
n-1 n-2 n-2

g(.. (g(g(l

SLu)uy,l. . 1),000),u,1. ., 1),
—1 n-2 n-2

(46)
which is represented as

g(z1,25..0,2,) < g(up,uy, ..oy, (47)

and so

9(z) < g(uy). (48)
O

Theorem 28. If < is a fault-tolerance partial order and given
disjoint components a;, c;, b, d; in %, where 1 <i <m, 1 <
j<nandl <k<m, thefollowing obtain.

(i) If a; < b, then

g @) yi) <a(l L F @) yi)
(49)
VY5 Voeoor Yy €U.
(ii) Ifcj < dj, then
Fhg(@)axinn) < f (g (d) ity
(50)
VX1, Xgs e os X,y € U.

Proof. (i) Sincea; < b, forall1 <i <m.
Therefore, from Lemma 27 (i)

fa") < f@"), Va,ay....a,,b,b,....b, €.

(51)

From Definition 24 of a partially ordered (m, n)-semiring, we
deduce that

g F @), i) <a (v

forall1 <j<n.
(ii) Since ¢ <
we find that

g(d) = g(d)),

IO ), 62
dj, forall 1 < j < n, from Lemma 27 (ii),

Ve 6o s Cpdysdy, .. d, € U.
(53)

From Definition 24 of a partially ordered (m, n)-semiring, we
deduce that

FET g o) < F(A g «,), (54

foralll <k <m. O

Lemma 29. If < is a fault-tolerance partial order and x;, y;
are disjoint components which are in %, where 1 < i < m and
1 < j < n, one gets the following:

(1) x; < flxp, %9005 %),
(i) g(y1> ya -5 ¥) < Y
Proof. (i) As
0 < x,, (55)

by f operation on both sides of (55) with x;, we get

f(0,x;,0,...,0) < f(x,%;,0,...,0). (56)

m-2 m—2
Therefore,

X; < f(xl, x,-,o,-- . )0)

m—2

(57)
Similarly, we obtain

x; % flx,%,0,...,0) < v % f (%, x90 Xp o5 X1, 0)

Tl
< (X X005 X,,) .
(58)
Hence,
X % f (X0 %p)s (59)
forall 1 <i<m.
(ii) As
n<1 (60)
by g operation on both sides of (60) with y;, we get
901 Yp L) < ;. (61)
Similarly, we obtain
(D> Yoo s Y) < g(ypyz»yj,~--,yn_p 1)
<gynypl. L)< (©2
n-2
Hence,
IOy yn) 2y (63)
foralll < j<mn. O

Corollary 30. If < is a fault-tolerance partial order, then the
Jollowing hold for all disjoint components x;, y; which are
elements of %, where1 <i<m,1< j<nandk,t € Z,:

(1) flx, %505 %,0,...,0) < f(x"), where k < m,

m—k

(i) g < gy 2 e Lol

n—t

., 1), wheret < n.



Proof. (i) From (58), we deduce that

s 0eees0) < (e X1 0o 0)
m—k m-k=1 (64)
< (XX X))
Therefore,
e X00,.,0) < f (2], (65)

m—k

(ii) As in part (i), we deduce from (62) that

g) <9y yp b L), (66)
n—t
O
(m)
f(f(a")) represents the system which is obtained after

applying the f operation on m repeated f(a;") systems or

(n)
subsystems. Similarly, g(g(b")) represents the system which
is obtained after applying the g operation on n repeated g(b}')
systems or subsystems.

Theorem 31. If < is a fault-tolerance partial order, and com-
DONENts Xy, Xys ...y Xy Vi» Vas - - -» ¥y are disjoint components
and are in %, then

(m)
() f (x’”) SNAVICD))
(ii) g(g(yl)) aiyh.

Corollary 32. The following hold for all disjoint components
Xiseo oKy ZioevesZps Visewos Yy Ups--.s Uy, which are ele-
ments of U, where m,n € Z.,.

(m)
@) If F(FEM) < fF), then
FE) = FO)- (67)

(n)
(i) If g(z7) < g(g(u})), then
g9(2)) < g(uy). (68)

(m)
Proof. (i) f(f(x]")

(m)
Ff(xT). Therefore, f(x]") < f()).
(ii) The proof is very similar to that of part (i). O

< f(»]") and from Theorem 31, f(x]") <

Corollary 33. Let k and t be positive integers and k < m,
t < n. Given disjoint components xy,..., X, V1> Yar--+» Y
Z15Zys s Zp Uy, Uy, . .., U, that are in U, the following hold:

®) If £(0.....0 0 f(xi”)) < fO), then f(x1') < fF(y1):

m—

(ii) If g(z)) < g(L,..., 1

n—t

, ,g(u ), then g(z7) < g(u}).

Proof. Similar to Corollary 32. O
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Theorem 34. Let < be a fault-tolerance partial order and x; <
yiand z; < u; for all x;, y;,zj,u; € U, where 1 < i < mand
1 < j < n. Then, the following obtain:

(i) f(f(x1 ) < f(f()ﬁ )
(n) ()
(ii) g(g (ZT))< (g()),
(m)
(iii) f(g(Z”)) < f(g(u )}

(iv) g(f(xl ) < g(f(yl )
Proof. (i) As
X<y, l1<i<m, (69)
from Lemma 27 (i), we get
FG) < £01). (70)
This is written as

f(o 0 FM) <f(0 0 FOU. 71)

So by f operation on both sides of (71) with f(x]"), we get
f(f(O 0f(x1)) f(x1,0,...,0)

- —2

<f(f(O Of(xl)) f61,0....,0).

m2

(72)

So by f operation on both sides of (71) with f(y"), we get
f(f(0 0 F&), FGI,0,...,0)

- m—2

<f(f(0 Of(yl )0, 0f(y1 ))-

m—

(73)

From (72) and (73), we get
f(0 0 f(xl )= f(0 0 f(;Vl ) - (74)

Similarly, we get for m terms

(m) (m)
f &M= fF M) . (75)
(ii) We know that
zZ;<u 1<j<n (76)

From Lemma 27 (ii), we get

g(Zf) < g(uf). (77)

Which is represented as follows

9., 1,g9(z)) < g(L...,1

n-1 n—l

> ’g(u ). (78)
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Now by g operation on both sides of (78) with g(z}), we get

(2

g(9(z),L....1) < g(g(z]), gw)), L,....D.  (79)

n—2 n—2

So by g operation on both sides of (78) with g(u}), we get

9(L...,1,g9(z), g)) < g(L,..., L, g(u ). (80)

n-2 n-2

So now from (79) and (80), we get

@)
9., 1, g(z))=< g(L,...,1

n-2 n—

1 ! (u ). (81)
Similarly, we find for n terms

() (n)
g(g(Z)=<gg). (82)

(iii) From Lemma 27 (ii)
g(21) = g (). (83)
Similar to part (i), we find f operation of m terms and get

flg(z)), gz, ...

m

,9(2}))

< flg), g(uy), ..., guy)), (84)
(M)n (m)n
fg(Z= f(gW)) .
(iv) We know that
X<y, 1<i<m, (85)

so from Lemma 27 (i), we get

FG0) < FO7)- (86)

As proved in part (ii), we find g operations of n terms and get

g(f G, fG), - f()
; (87)
g f O FOs s F).
Thus, we get
o o (88)
g(f(N=g (fFOT)- )

Corollary 35. If < isa fault-tolerance partial order and k <
m,t < nwherek,t € Z,, if x; <y, z; < u; for all disjoint
components X;, 2j, y;, uj, which are in ‘“Zl wherel <i <mand
1< j<mn, then

(k) (k)
i) f(0,..., Of(xl ) < f 0 f(y1 R
m—k m—
® ®
(ii) g(L,..., 1 g(z})) < g(L...., 1, g(u})).

n—t n—t

Proof. (i) Proof is similar to that of Theorem 34 (i). We find
the f operation of k terms where Vk € Z, and k < m.

(ii) Proof is similar to that of Theorem 34 (ii). We find the
g operation of t terms where V¢t € Z_,and t < n. O

We propose the following theorem for very complex
systems.

Theorem 36. If < is a fault-tolerance partial order, disjoint
components a;, b, ¢;, dj, Xj» Vi 2y Uy are in % and a; < b,
¢ <djpx < yeandz, < u, wherel <i<m1<j<mn,
1<k<mandl <t <n,then

M) fG f@M %) < FOR FO), yiiy), for all
1<k<m
(i) FGE g(e) X)) < FON gD, vy, for all 1 <
k <m;
(iii) g(zifl,f(a?“),z:ﬂrl) < g(utfl,f(blm),u:’ﬂ),for all1 <
t < n; and
(iv) gzt g, 2l ) < g™, g(d),ul,), forall 1 <
I <n
Proof. (i) From Lemma 27 (i), if g; < b;, then f(a]") < f(b")

foralll1 <i<m.
We prove in a similar manner as Lemma 27 (i) that

f(f(a;"),xl,o, f(f(bm) }’1> > 0) (89)

m—2

Similarly, we get

FOF@,xyhxpm) < F(FEN. 7 ). (90)
Thus,

FES @) ) < FOL F ), 00,). O

Similar to the above, we can prove (ii), (iii), and (iv). O
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