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We introduce the concept of IVF approximating spaces and obtain decision conditions that every IVF topological space is an IVF

approximating space.

1. Introduction

Rough set theory was proposed by Pawlak [1] as a mathe-
matical tool to handle imprecision and uncertainty in data
analysis. It has been successfully applied to machine learning,
intelligent systems, inductive reasoning, pattern recognition,
mereology, image processing, signal analysis, knowledge
discovery, decision analysis, expert systems, and many other
fields [2-5].

The basic structure of rough set theory is an approxima-
tion space. Based on it, lower and upper approximations can
be induced. Using these approximations, knowledge hidden
in information systems may be revealed and expressed in the
form of decision rules (see [2]).

As a generalization of Zadeh’s fuzzy set, interval-valued
fuzzy (IVE for short) sets were introduced by Gorzatczany [6]
and Tirksen [7]. Mondal and Samanta [8] defined topology
of IVF sets and studied their properties.

By replacing crisp relations with IVF relations, Sun et al.
[9] introduced IVF rough sets based on an IVF approxima-
tion space, defined IVF information systems, and discussed
their attribute reduction. Gong et al. [10] presented IVF
rough sets based on approximation spaces and studied the
knowledge discovery in IVF information systems.

Topological structure is an important base for knowledge
extraction and processing. Therefore, an interesting and
natural research topic in rough set theory is to study the
relationship between rough sets and topologies.

The purpose of this paper is to investigate IVF approx-
imating space, that is, a particular type of IVF topological
spaces where the given IVF topology coincides with the IVF
topology induced by some reflexive IVF relation.

2. Preliminaries

>

Throughout this paper, “interval-valued fuzzy” is denoted
briefly by “IVE” U denotes a nonempty set called the universe.
I denotes [0, 1], and [I] denotes {[a,b] : a,b € I and a < b}.
F(U) denotes the family of all IVF sets in U. a denotes [a, a]
for each a € [0, 1].

For any [aj,bj] € [I] (j = 1,2), we define

[a;,b] = [ay, b,] & a, = a,,

[a;,b] < [ay,b,] = a,<a,, b <b,

[a,b,] <[ay,b,] & [a;,b]<[a,,b,], (1)
[a1,b,] # [a5,b,],
1-[anb] or [a,b] =[1-b,1-a].

Obviously, ([a,b]°) = [a,b] for each [a,b] € [I].



Definition 1 (see [6, 7]). For each {[aj,bj] 1 j €]} < [I],one
define

\/ [“j’bj] = \/“"\/bj

jei €] e

_ - )
/\ Py,bJ = /\a»,/\bj ,
j€l | jeT g€l

where \/,;a; = sup{a; : j € J} and )\ ;;a; = inffa; : j € J}.

Definition 2 (see [6, 7]). An IVF set A in U is defined by a
mapping A : U — [I].
Denote

Ax)=[A"(x),A"(x)] (xeU). (3)

Then A™(x) (resp., A*(x)) is called the lower (resp., upper)
degree at which x belongs to A. A™ (resp., A" ) is called the
lower (resp., upper) IVF set of A.

The set of all IVF sets in U is denoted by F D).

———

Let a,b € I. [a,b] represents the IVF set which satisfies

[a,b](x) = [a, b] for each x € U. We denoted [a, a] by a.

We recall some basic operations on FO(U) as follows [6,
7]: for any A, B € F(U) and [a,b] € [I],

(1) A= B < A(x) = B(x) foreach x € U,

(2) A < B A(x) < B(x) for each x € U,

(3) A = B & A(x) = B(x)" foreach x € U,

(4) (AN B)(x) = A(x) A B(x) for each x € U,

(5) (AU B)(x) = A(x) V B(x) for each x € U.

Moreover,
<UA> (x) = /A, <ﬂA> )=/ \Ax, @
i€l i€l il i€l

where {A; : j € J} < FO(U).
(6) ([a,b]A)(x) = [a,b] A[A™(x), A" (x)] for each x € U.
Obviously,

A=B< A =B, A" =BT,

e — ()
([a,8]) =1[a,b]° (lab] € [1]).

Definition 3 (see [8]). A € F(i)(U) is called an IVF pointin U,

if there exist [a, b] € [I] - {0} and x € U such that

Ay) = {%“ o ix, ©)

We denote A by x4
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If [a,b] = 1, then

I oy-x
xl(y)={5, " )

Remark 4. A =, .y(A(x)x7)(A € FQ(U)).

Definition 5 (see [8]). T € FD(U) is called an IVF topology
on U, if
(i) 0,Ter,

(ii) AABetr=>ANBeT,

(iii) {A;: jeJlcT= UjE]Aj €.

The pair (U, 1) is called an IVF topological space. Every
member of 7 is called an IVF open set in U. Its complement
is called an IVF closed set in U.

An IVF topology 7 is called Alexandrov, if (ii) in
Definition 5 is replaced by

(i)’ {Ajijellct=jgA et

We denote 7° = {A: A° € 7}. '
The interior and closure of A € F®U) denoted,
respectively, by int(A) and cl(A), are defined as follows:

int(A) or int,(A)=|J{BeT:BcA},
(8)
c(A) or d, (A)=[){Ber‘:B2A}.

Proposition 6 (see [8]). Let T be an IVF topology on U. Then,
for any A, B € F(U),

(1) int(T) = T, cl(0) = 0,

(2) int(A) € A c cl(A),

(3) A € B= int(A) C int(B), cl(A) < cl(B),

(4) int(A°) = (cl(A))S, cl(A%) = (int(A))",

(5) int(ANB) = int(A) Nint(B), cl(AUB) = cl(A) Ucl(B),

(6) int(int(A)) = int(A), cl(cl(A)) = cl(A).

3. IVF Approximation Spaces
and IVF Rough Sets

Recall that R is called an IVF relationon U if R € F (i)(U xU).

Definition 7 (see [9]). Let R be an IVF relation on U. Then, R
is called

(1) reflexive, if R(x, x) = 1 for each x € U,
(2) symmetric, if R(x, ¥) = R(y, x) for any x, y € U,

(3) transitive, if R(x,z) >
x, ¥,z € U.

R(x,y) N R(y,z) for any

Let R be an IVF relation on U. R is called preorder if R is
reflexive and transitive (see [11]).
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Definition 8 (see [9]). Let R be an IVF relation on U. The pair
(U, R) is called an IVF approximation space. For each A €
FO(U), the IVF lower and the IVF upper approximations of
A with respect to (U, R), denoted by R(A) and R(A), are two
IVEF sets and are, respectively, defined as follows:

RA) ) =N\ (AQ)V(I-R(xy))) (xeU),

yeUu

RA)(x)=\/ (AP)AR(x,y)) (xeU).
yeU

€)

The pair (R(A), R(A)) is called the IVF rough set of A with
respect to (U, R).
Remark 9. Let (U, R) be an IVF approximation space. Then,
(1) foreach x, y € U,

R(x) (7)) =R(»x),  R((x))(y) =T-R(5:%);

(10)

(2) for each [a,b] € [I], R([a, b]) 2 [a, b] 2 R([a, b)).

Proposition 10 (see [9]). Let (U, R) be an IVF approximation
space. Then, for each A € F(U),

(R(4) =R'(A),  (R(4)" =R (A7),
- L ()

(R(A)) =R (A7), (R(A)) =R*(A").
Proposition 11. Let (U, R) be an IVF approximation space.

Then, for any A,B € FOw), {Aj cjeJt ¢ FOU), and
[a,b] € [I],

(1) R(1) = T, R(0) =

(2) A< B = R(A) < R(B), R(A)  R(B),

(3) R(AY) = (R(A))", R(A%) = (R(A))",

4) B(ﬂjel J) - mJEI R(A R(UJEJ J UJ'EI E(AJ‘)’
(5) R({a,b] U A) = [a,b] UR(A), R([a, b] A) = [a, b]R(A).

Proof. (1) and (2) are obvious.
(3) For each x € U, by Proposition 10,

R(A%) (x)

=| A=A () V(1 -R (x.9),

yeU

AN (-4 (G)v(I-R (% y)))}

yeUu

{/\(I—A (») AR (x,9)),

yeU

N\ (1-A" () AR (x, y))]

yeU

1=\ (A" () AR (%)),

yeU

1=\ (4" (») AR (x,5))

yeUu

R(4) (0, (R4)

)]

=1-R(A) (x) = (R (A))C (x).

Then, R(A) = (R(A))".
Pick A = B. Since R(B°) = (R(B))",

R(A)=RB) = ((RB)) = R(B)) = (R(A)".

(4) For each x € U, by

R <ﬂA j> (x)
j€J

yeUu <

J’GU < j€l

yeU ]EI

j€J \yeU

jer jeJ

we have B(m]E/ A]) = ﬂje] B(A])

()

= \R(A) (x) = <ﬂ3 (4;)

+{())-+()

j€l j€l

Then, R(U;e; A ;) = Ujes R(A)).

R(4) (x),1-(R(4)) )]

( | >(y)v I—R(xy))>

(/\A (y> l-R(xy))>
A;()V(I-R (x»y)))>
-/\(/\( v (iR )

Jo

By (3) and B(ﬂjej(Aj)C) = ﬂje} B((Aj)c), we have

(12)

(13)

(14)

(15)



(5) For each x € U, by Proposition 10,
R([a,b] A) (x)

= \/ (([a:b] A) (y) AR (x, »))

- \/U(([a,b] NA(Y)) AR(x, 7))

=\/ ([ab] A (A(y) AR(x,9))) 1)
= [a,b]/\<\/U(A(y)/\R(x,y))>

= [a,b] AR(A) (x) = ([a,b] R(A)) (x).

Then, R([a, b]A) = [a, b]R(A).

Similarly, we can prove that B(m UA) = m UR(A).
O

Theorem 12. Let R be an IVF relation on U, and let T be an
IVF topology onU. If one of the following conditions is satisfied,
then R is preorder.

(1) R is the interior operator of T.
(2) R is the closure operator of T.
Proof. By Propositions 6(4) and 11(3), (1) and (2) are equiva-

lent. We only need to prove that (2) implies the reflexivity and
transitivity of R.

By Remark 9(1), ﬁ(xT)(y) = R(y,x) for any x,y € U.
Note that R is the closure operator of 7. Then, for each x € U,

R(x,x) = R(x7) (%) = cl, (x7) (x) 2 x7 (x) = 1. (17)

Thus, R is reflexive.
For any x, y,z € U, denote cl (z7)(y) = [a,b], and by
Remark 4, Remark 9(1) and, Proposition 11(5),

R(x,y) AR(y,2) = R(y1) (x) AR (z1) ()

= R(yp) () Acl, (z7) (v)

= R(yp) (x) A [a,b]
[a,b] R (y7) (x) = R([a,b] yy) (x)
cl, ([a,b] yp) (x)

= cl, (cl; (27) (¥) yp) ()
(U (cl, (z1) () 5 > (x)
teu
= Cl‘l’ (Cl‘r (ZT)) (x) = Cl‘r (ZT) (%)
=R(x,z).
(18)
Then, R is transitive. O
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Theorem 13. Let (U, R) be an IVF approximation space. Then,

(1) R is reflexive = (ILR) VYA € F (U),

R(A)C A
(19)

& (IUR) VA eF?@U),

A CR(A),

(2) R is symmetric & (ILS) V(x,y) € UxU,

R((x1)) () = R((3)")

& (IUS) V(x,y)eUxU,

R(x7) (y) = R (1) (%),
(20)

(3) R is transitive &= (ILT) VA € FV (U),

R(A) S R(R(4))
, (21)
e« (IUT) VA eF? ),

R(R(A)) SR(A).

Proof. (1) By Proposition 11(3), (ILR) and (IUR) are equiv-
alent. We only need to prove that the reflexivity of R is
equivalent to (IUR).

Assume that R is reflexive. Forany A € FYU)andx € U,
by the reflexivity of R, R(x, x) = 1. Then,

(R) @) =\ (A AR(xy))
yev (22)
>A(xX)AR(x,x)=A(x).
Thus, A € R(A).

Conversely, assume that (IUR) holds. For each x € U,
pick A = x7. By (IUR), we have x7 € ﬁ(xT). By Remark 9(1),

1=2x7(x) <R(x7) (x) =R(x,x) < 1. (23)

Then, R(x, x) = 1. Thus, R is reflexive.

(2) By Proposition 11(3), (ILS) and (IUS) are equivalent.
We only need to prove that the symmetry of R is equivalent
to (IUS).

For any x, y € U, by Remark 9(1),?(}7)(96) = R(x, y) and
ﬁ(xT)( y) = R(y,x). So, the symmetry of R is equivalent to
(IUS).

(3) By Proposition 11(3), (ILT) and (IUT) are equivalent.
We only need to prove that the transitivity of R is equivalent
to (IUT).
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Assume that R is transitive. Then, R(x,z) > \/yGU(R(x,
Y)AR(y, z)) foranyx, y,z € U.Denotea,, = \/ .y (R(x, y)A
R(y,z)). Then, for any A € F(i)(U) and x € U,

R(R(4)) (x) = y\e/U(i (4) () AR (x,7))
- M((M(A(z)/\R(y,z)))/\R(xs)’)>
y€U<Z€U<<A @ ARG, ))AR(x,y»)
yeU<zeU(A AR 2) AR y»))
< A (A(2) A axz)> = Z\E{J(A (z)Aa,,)

< \/ (A(2) AR (x,2)) = R(A) (x).
zeU

(24)

So, R(R(A)) € R(A).
Conversely, assume that (IUT) holds. For any x, y,z € U,
by (IUT),

E (E (ZT)) - E (ZT) . (25)
By Remark 9(1),

R(x,y) AR(y,2) < \/(R(x,t)/\R(t,z))

teu
=\/ (R(x,t) AR (z7) ()
t\e{]( x ( 1) ) (26)
=R (F (ZT)) (x) < R(z7) (x)
=R(x,z).
Hence, R is transitive. O

Corollary 14. Let (U, R) be an IVF approximation space. If R
is preorder, then

R(R(4) = R(4),
R(R(A)=R(4), (27)

(AeFW)).

Proof. This holds by Theorem 13. O

5
4. Relationships between IVF
Relations and IVF Topologies
Let R be an IVF relation on U. We denote
1 ={A e F?(U):R(A) = A},
(28)

Or = {R(A): A e F U)}.

4.1. IVF Topologies Induced by IVF Relations

Theorem 15. Let R be an IVF relation on U. If R is reflexive,
then Ty is an IVF topology on U.

Proof. (i) By Proposition 11(1), R(T) = 1. Then, 1 € 3.

By Theorem 13(1), R(0) € 0. Then, R(0) = 0. So, 0 € 7.
(ii) Let A, B € 1. By Proposition 11(4),
R(ANB) =R(A)NR(B). (29)

Then, RCAN B) = AN B. Thus, AN B € 1.
(iii) Let {Aj 1 j € J} € 1. Then, B(Aj) =A; for each
j € J. By Proposition 11(2),

B(jLeJIAj> JEU,R( i) =UA, (30)

jel

By Theorem 13(1), R(Uje} Aj) < qu A
Then, R(U]e] )=UjesAjandsoJ;; A € g
Thus, 1y is an IVF topology on U. O

Definition 16. Let R be an IVF relation on U. If R is reflexive,
then 7y, is called the IVF topology induced by R on U.

Theorem 17. Let R be a reflexive IVF relation on U, and let
Ty be the IVF topology induced by R on U. Then, the following
properties hold:

(1) TR - GR)
(2) for each A € FY(U),

int, (A)SR(A)SAcR(A)cd, (4), ()

(3) for each [a,b] € [I], [a,b] € T N Tg.

Proof. (1) This is obvious.
(2) For each A € FO(U), by Proposition 11(2), we have

int, (A)= | J{B:B €1y BcA}
(32)
= [JIR(B) : Be 7y, B< A} C R(A).
By Propositions 6(4) and 11(3),
ol (4) = (int, (A9)) 2 (R(A)) =R(4). (33

By Theorem 13(1),

int, (A)CR(A)CAC R(A) cl, . (A). (34)



(3) For each [a,b] € [I], by Remark 9(2) and Theorem
13(1), B(fm) = m. Then, fm € Tg. By Proposition

6(4)
d,, ({aH) = (int, (@@ 81)))
- (int,, (a0 )) (35)
= (@bl) = a0l.
So, [a,b] € . -

Theorem 18. Let R be a reflexive IVF relation on U, and let T,
be the IVF topology induced by R on U. If R is transitive, then

(1) TR = eRr
(2) R is the interior operator of Tg,

(3) Ris the closure operator of Ty.
Proof. (1) Obviously,
< {R(A): A e FP U} (36)

By Corollary 14, 7, 2 {R(A) : A € FY(U)}. Then, 75 =
{R(A) : A e FOU)} = 6,

(2) It suffices to show that for each A € F(U),
R(A) =int, (A), (37)

where int, (A) = U{B €tz : BC A}.

Since R(A) € Oy, by (1), R(A) € .

By Theorem 13(1), R(A) € A. Then, R(A) ¢ int, (A).

By (1), int (A) € R(A). Then, R(A) = int, (A)

(3) This holds by (2), Proposition 6(4), and Proposition
11(3). O

Example 19. Let U = {x, y,z}, and let R be a reflexive IVF
relation on U. R is defined as follows:

R(x,y) =R(x,2) =R(z,x) =0,
R(y,x)=1[0.2,0.7], (38)
R(y,z) =1, R(z,y)=103,0.8].
Pick
o0, 10405 g1, [0.5,0.6] 0 (39)
x y z x y z
(1) We have
R(z,y) AR(y,x) =[0.2,0.7] £0 = R(z,x). (40)
Then, R is not transitive.
(2) Since
R(4) = 0, [03,05] [04 0.7],
x y z
3 (41)
R(R(A)) = 0, (03,05 [03 0.7])
x y z

Journal of Applied Mathematics

we have R(R(A)) # R(A). Then, R(A) ¢ 1. Thus,

#{R(A):AcFP W)},  int, (A) #R(A). (42)

Obviously, B° = A. By Proposition 11(3),
(R(B)) = R(B) = R(A) ¢ 7. (43)

Then, R(B) ¢ 74. Thus, cl, (B) +R(B).

4.2. IVF Relations Induced by IVF Topologies

Definition 20. Let T be an IVF topology on U. Define an IVF
relation R, on U by

R, (x,y) = L. (y1) (x) (44)

for each (x, y) € U x U. Then, R, is called the IVF relation
induced by T on U.
An IVF topology 7 on U is said to satisfy the following:
(C,) axiom: cl . ([a,b]A) = l[a,b]cl,(A) for any [a,b] €
[I] and A € F‘”(U)
(Cy) axiom: cl.(Uje; Aj) = Ujeycli(A)) for any {A; -
jenc FO).

Theorem 21. Let T be an IVF topology on U, and let R, be the
IVF relation induced by T on U. Then, the following properties
hold.

(1) R, is reflexive.

(2) If 7 satisfies (C,) axiom and {[a, b] : [a,
then

bl e (I} cr,
R, (A) cint, (A) CAcd, (A) <R (A) (AeFU)).
(45)

Proof. (1) For each x € U,

R, (x,x) = cl, (x7) (%) = (x7) (x) = 1. (46)

Then, R, is reflexive.

(2) Since {[a,b] : [a,b] € [I]} < 7, we have {[a,b] :
[a,b] € [I]} € 7°. For each A € F(U), by Remark 4, (C,)
axiom, and Proposition 11,

d, (A) = dl, < U@y Jﬁ))

yeU

= J (A(») 1)

yeUu

= (aG)ny) (47)

yeU

c U (clT (A_G/)) N, ()T))

yeU

=U @G nd, ().

yeU
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Then, for each x € U,
e (4) (0 = \/ (A0) @) AL, (37) ()

yeUu
(48)

= \/ (A(») AR, (x,y)) = R, (A) (x).

yeU
Hence, cl (A) € R_T(A).
By Propositions 6(4) and 11(3),
int, (4) = (d, (A))° 2 (R, (A9)) =R, (4),  (49)
SO
R (A)cint, (A)c Accl (A) SR (A).  (50)
O
Proposition 22. Let T be an IVF topology on U. If T satisfies
(C,) and (C,) axioms, then

(1) R, is the closure operator of T,

(2) R, is the interior operator of T,

(3) for each [a,b] € [I], [a,b] € 1,

(4) T is Alexandrov.

Proof. (1) Foreach A € FOwU), by Remark 4, (C, ) axiom, and
(C,) axiom,

cl, (A) = dl, < U@ J’T))

yeUu

(51)
= Jele (A 1) = | (AG) el (37)) -
yeU yeU
Then, for each x € U,
o (A) (%) = \/ (A(y) (®) Adl, (1) (%))
cU
’ B (52)
=\ (A AR (x,9) = R, (4) ().
yeUu

Hence, R_T(A) = cl,(A). Thus, R_T is the closure operator of 7.
(2) This holds by (1), Proposition 6(4) and, Proposition
11(3).
(3) For each [a,b] €
Proposition 6(2),

@b 2 int, ([@hl) - R (@H) 2 @Bl (9

[I], by (2), Remark 9(2), and

Then int,([a, b]) = [a,b], and so [a, ] € T.
(4) Let {Aj :jeJhc1.By(2),foreachje ],

Aj=int, (A;)=R(4)). (54)

By (2) and Proposition 11(4),

(4;=R(4;) = B(ﬂf‘;) = int, <ﬂAJ~>. (55)

jel j€l j€l j€l
So()j;Aj €T
Hence, T is Alexandrov. O

Proposition 23. Let R be a preorder IVF relation on U. Then,
Ty satisfies (C,) and (C,) axioms.

Proof. Forany [a,b] € [I] and A € FOw), by Theorem 18(3)
and Proposition 11(5),

cL,, ([a.b] A) = R([a,b] A) = [a,b] R(A) = [a,b] L, (A).
(56)

Thus, Ty satisfies (C,) axiom.
For any {Aj jeJic FOW), by Proposition 11(4) and
Theorem 18,

CITR (UAJ> = CleR <UAJ>
j€l j€l

A(Us)-Ur) @

j€J j€J
= Uels, (4) = el (4,)-
jel i€l
Thus, 1 satisfies (C,) axiom. O

5. IVF Approximating Spaces

As can be seen from Section 4, a reflexive IVF relation yields
an IVF topology. In this section, we consider the reverse
problem; that is, under which conditions can an IVF topology
be associated with an IVF relation which produces the given
IVF topology?

Definition 24. Let (U, 7) be an IVF topological space. If there
exists a reflexive IVF relation on U such that 7, = 7, then
(U, 1) is called an IVF approximating space.

Theorem 25. Let T be an IVF topology on U. Let R, be the
IVF relation induced by (U, 7), and let Tp_be the IVF topology
induced by R, on U. If T satisfies (C,) and (C,) axioms, then

TRT:T'

Proof. By Theorem 21(1), R, is reflexive. For any x, y,z € U,
put cl(z7)(y) = [a, b]. By Remark 4 and Proposition 11(2),

[a,b] cl, (y7) = cl, ([a,b] yy)

=cl, (cl; (27) () 1)

(58)
cd, <U (cl, (27) (1) f1)>

teU

= Cl‘r (Cl-r (ZT)) = d-r (ZT) :



Then,
R, (x,y) AR, (y,2) = el (1) (x) A el (27) (¥)
= dl. (1) () A [a, b]
= [ab] Adl, (y) (x) (59)

= ([a,b] cl; (7)) (%)
<cl, (z7) (x) =R, (x,2).

So, R is transitive. '
So, R, is preorder. For each A € F D), by Theorem 18,

cly, (A) =cl, (A) = R, (A). (60)

Since 7 satisfies (C,) and (C,) axioms, by Proposition 22(1),
R,(A) = cl,(A). So, cl,, (A) = cl,(A).
Thus, 7p_= 7. O

Theorem 26. Let T be an IVF topology on U. Then, the follow-
ing are equivalent.
(1) 7 satisfies (C,) and (C,) axioms.
(2) For any [a,b] € [I], A € FO(U) and {A; : j € J} €
o),

int, ([;,\l;] u A) = [;,\l;] Uint, (A),

int, <ﬂA j> = mintT (4;). o

i€l

(3) There exists a preorder IVF relation p on U such that p
is the closure operator of T.

(4) There exists a preorder IVF relation p on U such that p
is the interior operator of T.

(5) R, is the closure operator of T.

(6) R, is the interior operator of .

Proof. (1) < (2) is obvious.

(1) = (3). Suppose that 7 satisfies (C,) and (C,) axioms.
Pick p = R,. By Proposition 22(1), p is the closure operator of
7. By Theorem 12(2), p is preorder.

(3) = (4). Let p be the closure operator of 7 for some

preorder IVF relation p on U. For each A ¢ FOwW), by
Propositions 6(4) and 11(3),

p(A) = (p(A)) = (d (A)) =int, (4).  (62)

Thus, p is the interior operator of 7.
(4) = (6). Let p be the interior operator of 7 for some
preorder IVF relation p on U. For each (x,y) € U x U, by

Remark 9(1),
p(xy)=T-p((3)) ) =T~int. ((3)) )

=cl, (yp) (%) = R, (x, y).

(63)
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Then, p = R,. Note that p is the interior operator of 7. Then,

R, is the interior operator of 7.

" (6) & (5). This holds by Propositions 6(4) and 11(3).
(5) = (). For any [a,b] € [I] and A € F(i)(U), by

Proposition 11(5),

cl, ([a,b] A) = R, ([a,b] A) = [a,b] R, (A) = [a,b] cl, (A).
(64)

Thus, 7 satisfies (C,) axiom.
For any {Aj rjejic FOW), by Proposition 11(4),

a(Un )7 (Us ) - URa) - U o).

il i i il
(65)

Thus, 7 satisfies (C,) axiom. O

Theorem 27. Let (U, 1) be an IVF topological space. If one
of the following conditions is satisfied, then (U, 1) is an IVF
approximating space.

(1) 7 satisfies (Cy) and (C,) axioms.
(2) For any [a,b] € [I) and A € FO(U),

int ({a,6] U A) = [a,b] Uint (A). (66)

(3) There exists a preorder IVF relation R on U such that R
is the closure operator of T.

(4) There exists a preorder IVF relation R on U such that R
is the interior operator of T.

(5) R, is the closure operator of T.

(6) R is the interior operator of T.

Proof. These hold by Theorems 25 and 26. O
Example 28. {m : [a,b] € [I]} is an IVF approximating
space.
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