Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2013, Article ID 596218, 10 pages
http://dx.doi.org/10.1155/2013/596218

Research Article

Hindawi

Comparison Study on the Performances of Finite Volume
Method and Finite Difference Method

Renwei Liu,' Dongjie Wang,' Xinyu Zhang,' Wang Li,"* and Bo Yu'

! National Engineering Laboratory for Pipeline Safety and Beijing Key Laboratory of Urban Oil and Gas Distribution Technology,

China University of Petroleum, Beijing 102249, China

? PetroChina Southwest Pipeline Company, Chengdu 610041, China

Correspondence should be addressed to Bo Yu; yubobox@vip.163.com

Received 26 March 2013; Revised 9 June 2013; Accepted 9 June 2013
Academic Editor: Shuyu Sun

Copyright © 2013 Renwei Liu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Vorticity-stream function method and MAC algorithm are adopted to systemically compare the finite volume method (FVM)
and finite difference method (FDM) in this paper. Two typical problems—lid-driven flow and natural convection flow in a square
cavity—are taken as examples to compare and analyze the calculation performances of FVM and FDM with variant mesh densities,
discrete forms, and treatments of boundary condition. It is indicated that FVM is superior to FDM from the perspective of accuracy,
stability of convection term, robustness, and calculation efficiency. Particularly ,when the mesh is coarse and taken as 20 x 20, the

results of FDM suffer severe oscillation and even lose physical meaning.

1. Introduction

In the numerical solution of flow and heat transfer problems,
the concepts of conservative and nonconservative equations
were firstly proposed in [1, 2] in the 1980s. It is noteworthy
that, from the perspective of differential unit, the conservative
and nonconservative equations are equivalent, which are
both the mathematical expression of physical conservation
law. Nevertheless, the numerical calculation is implemented
on the calculation unit of finite size, for which the two
forms of equations are of different characteristics. Practical
calculation process shows that the influence of differences
between conservative and nonconservative forms on accu-
racy, stability, and efficiency of numerical calculation is
significant.

Conservative governing equation and the corresponding
discrete form show some advantages; for example, in the con-
trol volume with finite size, only the conservative equation
can guarantee that the conservation law of the problem stud-
ied is satisfied [3-5]. The result obtained by the conservative
equation is of higher accuracy generally. In the calculation of
flow problem involving shock wave, the obtained flow field is
usually smooth and stable employing the conservation form
of governing equation, while using the non-conservation

equation might lead to unsatisfactory spatial oscillations in
the upstream and downstream regions of the shock wave
[6-8]. Moreover, when the conservation equation is used
to a body-fitted coordinate system, the conservativeness of
governing equation can still be satisfied [9, 10]. More related
researches and applications are presented in the literature
[11-15]. Hence, the conservation property of discretized
equations is desirable in engineering calculation. Based on
this, it is of great significance to investigate the influence
from conservation property on the calculation performances
and provide guidance for the better implementation of it.
The present paper compares the calculation performances by
analyzing the finite volume method which is conservative and
finite difference method which is nonconservative.

Some researchers made comparisons of the two methods.
Patankar [16] and West and Fuller [17] pointed out that
the results obtained in the situation that grids numbers
decrease and mass conservation is rigorously controlled lose
its physical meaning. Leonard [18] made a comparison of
the accuracy of truncation error of the convection term in
FVM and FDM. By theoretical derivation, he indicated that
the truncation error of FVM is smaller than that of FDM
in second-order central difference and second-order upwind
difference. Botte et al. [19] made comparison of the accuracy,



mass conservation, and computation time. It was validated by
examples that FDM cannot ensure mass conservation while
FVM can. Meanwhile, the influence of boundary conditions
on the accuracy of algorithm was taken into consideration.

Previous researchers mainly focused on the comparison
of accuracy. There are few systemic studies on the stability,
robustness, and computation efficiency. This paper compared
the calculation performances of FVM and FDM based on
previous research. Comprehensive comparison of accuracy,
stability of convection term, robustness, and calculation
efficiency was performed. The results obtained may enrich
the study on the calculation performances of conservative
and nonconservative methods, which are expected to provide
some reference for the practical calculation.

2. Physical Problem

To make the study possess general significance, it is necessary
to analyze the calculation performances of the two methods
based on variant problems. Lid-driven flow and natural
convection flow in a square cavity which are both typical
problems in computational fluid mechanics and numerical
heat transfer are solved in this paper to make a systemic
analysis on the subject.

As Figure 1(a) shows, in the lid-driven flow the lid moves
horizontally at a constant velocity u,, while the other three
boundaries keep still. The Reynolds number, Re (Reynolds
number) adopted in this paper, is 1000.

Figure 1(b) shows the schematic of natural convection
flow in a square cavity. The left and right boundaries are the
first boundary conditions, between which the temperature
on the left boundary is higher. The other two boundaries are
adiabatic ones. In calculation, Pr (Prandtl number) is taken
as 0.71 and Ra (Rayleigh number) is taken as 10°.

3. Numerical Method

Considering that the calculation approach is influential to
the calculation, in order to compare the difference of cal-
culation performances between FVM and FDM, this paper
adopts both primitive variable method and nonprimitive
variable method to solve the governing equations. For prim-
itive variable method, MAC algorithm is adopted, and for
nonprimitive variable method, the generally used vorticity-
stream function algorithm is adopted. The conservation
property generally refers to the convection term, and thus
only the difference of convective term between conservative
and nonconservative forms is compared. MAC method is
characterized by the direct solving of velocity and pressure.
The key point of this method is to obtain a nondivergent
velocity field in every time step or iteration step. That is, the
velocity field of every time layer or iteration layer should
satisfy the continuity equation and pressure, and the velocity
is decoupled by solving Poisson equation which is relevant to
pressure.

3.1. Governing Equation. In primitive variable method, pres-
sure and velocity are directly used as variables to solve the
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TABLE 1: Parameters of equations for MAC of lid-driven flow.

Name of variables [} Ly S¢
X direction U N —a—P
Re 0X
1 opP
Y direction \% — 9
Re Y

TABLE 2: Parameters of equations for MAC of natural convection
flow.

Name of variables [} L S¢
P
X direction U 1 - a—
0X
P
Y direction \% 1 Ra® _ a—
Pr Y
1
Temperature (C] — 0
Pr

equations. As to the incompressible fluid, the dimensionless
unsteady-state conservative and nonconservative equations
can be written as respectively,

o0 o(U®D) o(VD) (D D
o T ax | oY ‘r¢(ax2+aw S @

oD oD oD 2’0 D
+U_+V_:F¢<W+ﬁ)+s¢’ (2)

or 0X oy

where the values of @, Iy, and Sy for lid-driven flow and
natural convection flow are shown in Table1 and Table 2,
respectively. From (1) and (2) we can see that the convec-
tion term of conservative equation is given in the form of
divergence while that in nonconservative equation is not,
where the nondimensional excessive temperature can be
described as ® = (T — T;)/(T}, — T;) and U, V are defined as
nondimensional velocities in separate directions (X direction
or Y direction). Governing equations of conservative and
nonconservative equations of primitive variable method are
given before. In the calculation process, MAC algorithm
is adopted to obtain the result in steady state by unsteady
calculation over enough time. The result of steady state is
analyzed as follows from the angle of primitive variable
method. Taking the vorticity-stream function method as
example, the governing equations of conservative form and
nonconservative form can be written as respectively,

as (8 (UD)

+a(vcp))_r om0 B )
0X ay ) ¢

5 o)t O

oD 0D I’ O

As to the vorticity-stream function method, only the lid-
driven flow is studied in this paper. Values of , a4, I;, and S¢

are shown in Table 3. where “w” stands for vorticity and “y
stands for stream function.
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FIGURE 1: Schematic of different physical problem in a square cavity.

TABLE 3: Parameters of equations for vorticity-stream function
algorithm of lid-driven flow.

Name of variables 0] ay Ly S¢
1
Vorticity equation w 1 — 0
Yy €q Re
Stream function equation 14 0 1 -

where “w” stands for vorticity, and “y” stands for stream function.

3.2. Discretization of Equations. Uniform mesh is adopted in
this paper. In order to compare the calculation performances
of FVM and FDM with variant discretized schemes, central
difference and second-order upwind scheme are adopted. As
to FVM, taking e interface on X direction as example, the
expressions can be written as,

- Dp+Dp

! = @, — &)
O = 1.50, - 0.50y,, U, >0 (6a)
O, = 1.50, - 050, U, <0, (6b)

« »

where “e” stands for the east interface between two nodes; “E
stands for east node and “W” means west node; and “EE” can
be defined as the east node of “E” node.

Asto FDM, taking node P as example, the expressions can
be written as

22}

0" 0T Dp-20,+ Dy )
oX|p oXl|p 2AX ’
T30, - 40, + O
00" _30p 40w + ww ;L (ga)
X |p 20X
0P :—3<1>P+4c1>E—c1>EE’ Up<0.  (8b)
X |p 20X

(i,3)

(i) 2)
AY . (i, 1)

.

FIGURE 2: Schematic of the treatment for boundary conditions of
vorticity-stream function method.

3.3. Treatment of the Boundary Condition of Vorticity. Since
the influence from boundary condition of vorticity on the
solution of equations is significant, in this section, the calcula-
tion performances of FVM and FDM with variant treatments
of the boundary condition for vorticity are studied.

Three boundary conditions of vorticity are compared
and studied. In the boundary as shown in Figure 2, their
expressions, Thom equations [20], Woods equation [21], and
Jenson equation [22], as well as corresponding accuracy are
shown in (9)-(11);

Thom equation:

2 (yi2 — i)
W = =S+ 0AY), ()
Woods equation:
3(via—vi) 1 2
w,»)l = T — Ewi,z + O (AY ), (10)
Jenson equation:
7Y+ 8Vip — Vi >
W, = N +0(AY?). (1)



3.4. Deferred Correction. When MAC is adopted, momen-
tum and energy equations are both solved in explicit scheme
while in vorticity-stream function method, the convection
term is treated in implicit scheme by deferred correction,
which can guarantee the main-diagonal domination of the
solving matrix and thus guarantee the calculation stability. As
to FVM, taking @, as example, the expressions of deferred
correction are as follows:

when U, >0 @, = ®p + (OF - d},)",
. (12)
when U, <0 @, = Oy + (D, - Op)

«x»

where
step.

As to FDM, similarly to the treatment of @, in FVM, the
deferred correction for node P can be written as the sum of
first-order upwind gradient and correction gradient which is
shown as follows:

in these equations stands for the former calculation

oo | O,- O
WhenUPZO UPﬁP:UP<%)
oDt Dp- Dy \1°
+[Up<a_xp' AX )]
(13)
when U, < 0 Uaﬁ_—U <w>
P Paxlp ™ P\ AXx
oD | @E—qnp>]*
Up —=| - 22| .
+[ P<aXp AX

(14)

The first terms in the right side of (12)-(14) are all first-order
upwind term. The second terms are incorporated into the
source term as the form of correction term. The discretized
equation is solved by G-S solver with underrelaxation, of
which the discrete expression is shown as (15) and the
discretized equations of FVM and FDM are shown in (16a),
(16b), (17a), and (17b), respectively:

ap®@p = agOp + ay, Oy + ayPp + agPg + b, (15)

~ max(-U,,0) L1

BT TTAX Re AX2
max (U,,0) 1
a = 5
w AX Re AX2
L. _ max (-v,,0) L !
N AY Re AY?’

(16a)
max (V,,0) 1

+ bl
AY Re AY?
max (U,, 0) , max (-U,,0) , max (V,,0)
AX AX AY
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where ay;, ap, ag, ayy, and ag are coeflicients in discretized
equations and b is the source term in discretized equations.

4. Results Comparison and Analysis

In this section, the accuracy, stability of convection term,
robustness and calculation efficiency of variant algorithms,
schemes, and treatments of boundary condition which have
been discussed previously are systemically compared and
analyzed based on the calculation results of lid-driven flow
and natural convection flow in a square cavity.

4.1. Accuracy. Firstly, the accuracy of FVM and FDM is
evaluated by comparing bench mark solution with the results
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TABLE 4: Truncation error of FVM and FDM governing equations for vorticity-stream function algorithm of lid driven flow in a square cavity.

Convection item

Diffusion item

D O)

FVM (format) A)E( - ﬁ
2 4
FVM (TE) _%@g’ _ %Qg) .
FDM (format) g%
P

FDM (TE) -

6 ¥ 120 7%

AX® i AX e

100 1 00
AX 0x|, AX ox

4
_ 13&@(5) _
5760 *
2o
x|,
AX L AXY e
P P
12 360

w

2
_AX oW
24 P

obtained from variant mesh density, discrete schemes, and
boundary conditions. Through precision analysis, FVM and
FDM are, respectively, adopted with the Taylor expansion
commenced at midpoint (P node), and their respective
truncation error (TE) is just as shown Table 4 [19]. The
truncation errors of FVM are obviously less than the FDM’s.

4.11. Influence of Mesh Density. In [4], it is indicated that
the conservative property can affect the accuracy while the
nonconservative FDM loses its conservative property in the
situation when the grid is too small. To make further analysis,
the calculation results obtained by FVM and FDM with
variant mesh densities are compared. The results of the
velocity along the horizontal central axis V and velocity along
the vertical central axis U obtained by FDM and FVM with
central difference scheme of MAC algorithm are compared
and illustrated in Figure 3.

From Figure 3 we can see that, when the mesh density
is taken as 80 x 80, the results obtained by FVM and FDM
both agree well with the benchmark solution. When the mesh
density is reduced to 40 x 40, the results obtained by FVM
are closer to the benchmark solution and if the mesh density
is further reduced to 20 x 20, the results obtained by FDM
differ from the benchmark solution greatly, in which FVM
shows its advantage in accuracy. This phenomenon is in good
agreement with the theoretical analysis in [18]; that is, the
conservative property of FVM better ensures the accuracy
of calculation. Therefore, whether the conservative property
can be realized is of much significance to the accuracy of the
obtained result.

4.1.2. Influence of Boundary Condition. In the following
section, FVM and FDM with variant boundary conditions
are compared from the perspective of accuracy by vorticity-
stream function method. The results of the velocity along
the horizontal central axis V and velocity along the vertical
central axis U obtained by FDM and FVM with central
difference scheme are compared and illustrated in Figure 4,
and the influence of boundary condition of vorticity is also
given. From Figure4 we can see that no matter which
treatment of boundary condition is adopted the accuracy of
FVM is higher than that of FDM in vorticity-stream function
method.

4.1.3. Influence of Discrete Scheme. The selection of discrete
forms is also influential to the accuracy. Thus the results
obtained with variant discrete forms are studied. Taking the
vorticity-stream function with boundary condition treated
by first-order Thom equation as example, the results of the
velocity along the horizontal central axis V and velocity
along the vertical central axis U obtained by FDM and FVM
with variant discrete schemes are compared and illustrated
in Figure 5, from which we can see that, whether second-
order central difference or second-order upwind scheme is
adopted, the accuracy of FVM is higher than that of FDM, the
comparison between (a) and (b) indicates that second-order
upwind difference possesses higher accuracy than second-
order central difference.

4.1.4. Influence of Physical Problem. Finally, two methods in
variant physical problems are compared from the perspective
of accuracy based on the convection flow in a square cavity.
Taking the result obtained by MAC algorithm as example,
Figure 6 shows the comparison of results of the velocity along
the horizontal central axis V and velocity along the vertical
central axis U obtained by FDM and FVM. Temperature fields
obtained by FVM and FDM are compared with the grid-
independent solution (obtained with grid of 256 x 256) as
Figure 7 shows.

From the comparison in Figure 6 and Figure 7 we can
see that, based on the results obtained by MAC of natural
convection flow in a square cavity, the accuracy of FVM is
generally superior to that of FDM. Thus, it is indicated by
comparison that, no matter which mesh density, scheme, and
treatment of boundary condition is adopted, FVM shows
better accuracy than FDM.

4.2. Stability of Convection Term. Stability of mathematical
meaning can only ensure that the oscillation of solution is
controlled within a range but cannot eliminate the absence
of oscillation. The amplification of oscillation may result in
divergence. Stability of convection term originates from var-
ied difference schemes for convective item and is independent
of the introducing of rounding error in the calculation. This
stability is the key point to obtain a solution with physical
meaning. It is concluded that all the unstable schemes will
result in the oscillation of solution. Stability condition of



6 Journal of Applied Mathematics

1.2 0.6 1.2 0.6
0.8 40.3 08 103
> 04f lo » Do4f 1o »
o1 1-03 or {1-03

—04F -04
1 1 1 1 1 1 _0.6 1 1 1 1 1 1 _0.6
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X(Y) X(Y)
(a) 80 x 80 (b) 40 x 40
1.2 0.6
0.8 103
S 04f lo =
or {-03
_04 L
1 1 1 1 1 1 706
0 0.2 0.4 0.6 0.8 1
X(Y)
— FVM m (U) benchmark solution
--- FDM A (V) benchmark solution
(c) 20 x 20
FIGURE 3: Velocity on the central axis of lid-driven flow obtained by MAC with variant mesh densities.
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FIGURE 4: Velocity along the central axis obtained by second-order central difference scheme with two treatments of boundary condition
when the mesh density is 40 x 40.
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FIGURE 5: Velocity along the central axis obtained by vorticity-stream function method for lid-driven flow with different schemes when the
mesh density is 40 x 40.
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FIGURE 6: Velocity along the central axis of convection flow in a square cavity with variant gird densities.
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FIGURE 7: Comparison of temperature contours of natural convection flow in a square cavity with variant mesh densities (FVM in the left
column and FDM in the right column).
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FIGURE 8: Comparison of stream lines in lid-driven flow with variant mesh densities (FVM in the left column and FDM in the right column).
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(c) Jenson

FIGURE 9: Stream functions of lid-driven flow under variant boundary treatments with the grid of 20 x 20 (FVM in the left column and FDM

in the right column).

the convection item (Mesh Peclet number) is affected by
the following factors such as mesh density and boundary
condition. Taking lid-driven flow as example, the stability
of convection term of FVM and FDM with variant mesh
densities treatments of boundary condition is compared.

4.2.1. Influence of Mesh Density. Figure 8 shows the compar-
ison of stream lines between FVM and FDM with variant
mesh densities. With the grid of 40 x 40, the two methods
both can capture the structure of primary vortex and sec-
ondary vortex as Figure 8(a) shows. It is seen in Figure 8(b)
that, when the mesh of 20 x 20 is adopted, concussion
phenomenon appears, which is more serious in FDM, and the
location of the vortex center obviously moves upward.

4.2.2. Influence of Boundary Condition. Similarly to the accu-
racy analysis, the results obtained by variant treatments for

vorticity of wall boundary are compared as Figure 9 shows.
Three treatments, Thom, Woods, and Jenson, are analyzed.
From Figure 9 we can see that, only when Jenson equation
is adopted, the results obtained by FVM and FDM are
relatively close, while when Thom and Woods are adopted,
FVM shows better results than FDM. The results obtained
by FDM suffer severe oscillation and even lack physical
meaning. It is clear that, based on the lid-driven flow, stability
of convection term of FVM is superior to that of FDM.
The influence from the same boundary error (truncation
error and rounding error) on difference solving methods
is illustrated in Figure 9. With the treatment of boundary
condition with the same truncation error or rounding error,
the stability of FVM is better than that of FDM, especially
in the situation with boundary treatment of (a) and (b)
with relatively low precision truncation error; FDM is very
unstable and very easy to slip into oscillation.
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FIGURE 10: Comparison of the robustness of lid-driven flow with variant schemes.

4.3. Robustness. Robustness is a very critical index to evaluate
the numerical approaches. In this section, the robustness of
FVM and FDM is compared based on the lid-driven flow
problem, which is solved by vorticity-stream function. Grids
of 20 x 20, 40 x 40, and 80 x 80 are adopted, respectively, in
the calculation. Relaxation factor is tentatively taken up from
0.2 to the maximum which can ensure the convergence of
calculation. Iterations are correspondingly recorded as well.

It is shown in Figure10 when the whether the cen-
tral difference scheme or second-order upwind scheme is
adopted, with the refining of calculation grids, the maximum
relaxation factor («) increases in both FVM and FDM, the
robustness is enhanced, and the iterations (Niter) corre-
spondingly decrease as well.

As Figure 10(a) shows, in the situation that central differ-
ence scheme is adopted, with the grid of 20 x 20 and 40 x 40,
the maximum relaxation factor of FVM is bigger than that
of FVM while with the grid of 80 x 80, the relaxation factor
can be taken as 1.0 in both methods. Similarly, as Figure 10(b)
shows, generally speaking, when second-order upwind dif-
ference scheme is adopted, the maximum relaxation factor is
bigger than that of FDM. Based on the result of lid-driven
flow, the conservative FVM is superior to the nonconservative
FDM from the perspective of numerical robustness.

In the numerical simulation of complex flow field, cal-
culation efficiency is another critical index, on which this
paper makes analysis. From Figure 10 we can see that, with the
increasing of relaxation factor, the iterations of two methods
both decrease generally. What needs to be notified is that the
iterations of FVM are smaller than those of FDM.

4.4. Efficiency. In the numerical simulation of complex flow
field, calculation efficiency is another critical index, on which
this paper makes analysis.

As is shown in Table 5, although the calculation time
required by every iteration step in FVM and FDM is almost
the same, with the increasing of mesh numbers, calculation
time required by FVM slightly decreases. Thus, total calcula-
tion time of FVM is much smaller than that of FDM. That is,
FVM is much more efficient that FDM. Thus, it is validated
that the efficiency of FVM is better than that of FDM in the
same calculation condition.

5. Conclusions

Based on vorticity-stream function and MAC algorithm,
lid-driven flow and natural convection in a square cavity
are calculated. The accuracy, stability of convective term,
robustness of FVM and FDM with variant mesh densities,
discrete forms, and treatments of boundary condition are
compared. The following conclusions are drawn.

(1) No matter which algorithm, discrete form, or treat-
ment of boundary condition is adopted, the results
obtained by conservative FVM are closer to bench-
mark solution than those obtained by FDM. The
accuracy of FVM is higher than FDM, especially
when the mesh density is relatively small.

(2) The results of lid-driven flow indicate that the results
obtained by FDM show more serious oscillation and
the results obtained even lose physical meaning. Thus,
the stability of convection term of FVM is superior
than that of FDM.

(3) As to the lid-driven flow, it is indicated that, when
vorticity-stream function method is adopted, the
relaxation factor of conservative method is bigger
than that of the nonconservative one while the
iterations are less, which shows that the robustness
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TABLE 5: Computation iterations and time of FVM and FDM in second-order central difference scheme for vorticity-stream function

algorithm of lid driven flow.

Mesh o FVM FDM
Iterations Time(s) Time of each iteration Iterations Time(s) Time of each iteration

20 0.2 4950 73.8 0.015 2100 30.7 0.015
20 0.1 10500 154.4 0.015 4300 61.6 0.014
40 0.6 3250 151.9 0.047 4350 199.3 0.046
40 0.5 4450 203.5 0.046 5800 262.9 0.045
40 0.4 6300 296.3 0.047 7950 369.3 0.046
80 0.8 4950 822.3 0.166 5050 858.4 0.170
80 0.6 8500 1413.4 0.166 9000 1539.5 0.171
80 0.4 17250 2969.4 0.172 17750 3242.0 0.183

and calculation efficiency of conservative method are
better than those of the nonconservative method.

(4) In the lid-driven flow, with vorticity-stream function
method, the calculation time required by every itera-
tion step of FVM is slightly smaller than that of FDM.
Together with the smaller total iteration steps, FVM
is more efficient than FDM.
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