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This paper studies sufficient conditions for the existence of solutions to the problem of sequential derivatives of nonlinear g-
difference equations with three-point g-integral boundary conditions. Our results are concerned with several quantum numbers of
derivatives and integrals. By using Banach’s contraction mapping, Krasnoselskii’s fixed-point theorem, and Leray-Schauder degree

theory, some new existence results are obtained. Two examples illustrate our results.

1. Introduction

The study of g-calculus or quantum calculus was initiated by
the pioneer works of Jackson [1], Carmichael [2], Mason [3],
Adams [4], Trjitzinsky [5], and so forth. Since then, in the last
few decades, this subject has evolved into a multidisciplinary
research area with many applications; for example, see [6-14].
For some recent works, we refer the reader to [15-21] and
references therein. However, the theory of boundary value
problems for nonlinear g-difference equations is still in the
beginning stages and it needs to be explored further.

In [22], Ahmad investigated the existence of solutions
for a nonlinear boundary value problem of third-order g-
difference equation:

Diu(t) = f(tu(t), 0<t<l, o
u(0) =0,

un(O) =0, u(l)=0.

Using Leray-Schauder degree theory and standard fixed-
point theorems, some existence results were obtained. More-
over, he showed thatif g — 1, then his results corresponded
to the classical results. Ahmad et al. [23] studied a boundary

value problem of a nonlinear second-order g-difference
equation with nonseparated boundary conditions

Diu(t) = f (Lu@®), tel0T],
2)

u(0) =nu(T), Du(0) = nDu(T).
They proved the existence and uniqueness theorems of the
problem (2) using the Leray-Schauder nonlinear alternative
and some standard fixed-point theorems. For some very
recent results on nonlocal boundary value problems of
nonlinear g-difference equations and inclusions, see [24-26].

In this paper, we discuss the existence of solutions for the
following nonlinear g-difference equation with three-point
integral boundary condition:

D, (D, +A)x(t) = f(t,x(1), te[0,T],

n 3)
x(0) =0, ﬁj x(s)d,s = x (T),

0
where 0 < p,q, 7 < 1, f € C([0,T] x R, R), B#T(1 +1)/1",
n € (0,T) is a fixed point, and A is a given constant.

The aim of this paper is to prove some existence and
uniqueness results for the boundary value problem (3). Our
results are based on Banach’s contraction mapping, Kras-
noselskii’s fixed-point theorem, and Leray-Schauder degree



theory. Since the problem (3) has different values of the
quantum numbers of the g-derivative and the g-integral, the
existence results of such problem are also new.

2. Preliminaries

Let us recall some basic concepts of quantum calculus [15].
For 0 < g < 1, we define the g-derivative of a real-valued
function f as

D,f (t) = fO-Ja) ((t i - g )(tqt),

The higher-order g-derivatives are given by

Dyf (0) = limD,f (1) (4)

Dif(t)=f(t), Dif(®)=D,Dy'f(t), neN. (5

The g-integral of a function f defined on the interval [0, T is
given by

(o]

J f(©)dgs=) (1-q)q"
a o (6)
x [tf (tq") - af (q"a)], tel0,T],

and for a = 0, we denote
Lf @)= L f&)ds=Yt(1-9)q"f(tq"), ()
n=0

provided the series converges. If a € [0,T] and f is defined
on the interval [0, T'], then

be(S) dgs = be(s) dgs - rf(s) dgs. (8)

a 0 0

Similarly, we have

Lf)=f@,

Observe that

Lf@6)=LL"f@©), neN. (9

D, f () = £ (®), (10)
and if f is continuous at t = 0, then
I,D,f () = f () - f(0). 1)

In g-calculus, the product rule and integration by parts
formula are

D, (gh) (t) = (D,g (6)) h (t) + g (qt) Db (£) ,

t t
| FOD,00ds=1F©a @, | Dof 9 (as)dys.
(12)
Inthelimitq — 1, the g-calculus corresponds to the classical

calculus. The above results are also true for quantum numbers
p,rsuchthat0 < p<land0<r< 1.
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Lemma 1. Let T(1 + r)#B#, 0 < p, g r < 1, and let A
be a constant. Then for any h € C[0,T], the boundary value
problem

D,(D,+A)x(t)=h(t), te[0,T], (13)

x(0) =0, ﬁj:x(s)drs:x(T), 0<ny<T, (14

is equivalent to the integral equation

t s t
x(t) = L L h(u) dqudps -A L x (s) dps

B+r)t
T(1+7)- pBn?

y J-Ofv Jv (Ls h(u)dyu — Ax (s)) d,sd,v (15)

0

T
A(l+7r)t J x(s)dps

+T(1+r)—ﬁf12

0

(4Nt s
T(1+7) - pr? Jo Jo h(u) dgud ps.

Proof. Fort € [0, T], g-integrating (13) from 0 to ¢, we obtain
t
(Dp+ 1)@ = [ B dys+a. (16)
Equation (16) can be written as
t
Dyx (t) = J h(s)dys — Ax (t) + ;. 17)
0

Fort € [0,T], p-integrating (17) from O to ¢, we have

x0= | | ndgudys .

t
—/\j x(s)dys+at+c.
0

From the first condition of (14), it follows that ¢, = 0. For
t € [0, T1], r-integrating equation (18) from 0 to ¢, we get

Jot x(v)d,v= Lt LV Ls h(u) dqudpsdrv
(19)

t v t2
_AJO JO x(s)dPSdrV+C11+r
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The second boundary condition (14) implies that

1
B L x(v)d,v

g L" J L () dud sd, v

0
2

" P
—/SAJO J x(s)dpsdrv+c11+r

0

(0, pr’
=ﬁLJ' (Lh(u)dqu_Ax(S)>dp5drv+Cll+1’

0

T s T
[ [ hwdud —/\J ds+oT.
L L (u) qH4d s . x($) pSta

(20)
Therefore,
o = % L" JOV < L () d it — Ax (s)) dysd,v
; T(l)‘+;—r)ﬁ112 LTx (),
- T(1+1+)r-ﬁ;12 LT L h () dud s
(21)

Substituting the values of ¢; and ¢, in (18), we obtain (15). This
completes the proof. O

For the forthcoming analysis, let € = C([0, T], R) denote
the Banach space of all continuous functions from [0, T] to
R endowed with the norm defined by |x|| = sup{|x(¢)|,t €
[0, T7}.

In the following, for the sake of convenience, we set

Q= 1
1+p
2 |B| T’ (1+7)
X(T " T +7)-Br?|(1+7+712) (22)
. T°(1+7) >
IT(+r)-pP|)’
|B| 1A Tr? IA|T? (1 +7)
®=|\T . (23
Al - p] T en - B 23)
3. Main Results

Now, we are in the position to establish the main results. We
transform the boundary value problem (3) into a fixed-point

problem. In view of Lemma 1, for ¢ € [0,T], x € &, we define
the operator A: € — @ as

(Ax) (1)

= jt rf (u, x (u)) dgud s — A Lt x(s)dps

0 Jo

B(l+r)t
T(+r)-Br?

X Lﬂ JOV (Ls f (u,x (u)) dqu - Ax (s)> dpsd,v

Al+7r)t T
+mj

(1+7r)t JT
T(1+7)- By?

(24)

d
. x(s) S

_ L f(u,x (w) dgud,s.

0

Note that the problem (3) has solutions if and only if the
operator equation Ax = x has fixed points.
Our first result is based on Banach’s fixed-point theorem.

Theorem 2. Assume that f : [0,T] x R — R is a jointly
continuous function satisfying the conditions

(Hy) | f(t, x)=f(t, v)| < Lix—yl, forallt € [0,T],x, y € R;
(Hy) A= (®+LQ) <1,

where L is a Lipschitz constant, Q and @ are defined by (22)
and (23), respectively.

Then, the boundary value problem (3) has a unique
solution.

Proof. Assume that sup,c(orj|f(t,0)] = My we choose a
constant

R> i”"i . (25)

Now, we will show that ABy C By, where By = {x € € :
lx|l < R}. For any x € By, we have

[[CAx)]|
) teS[lg,I;] Jo Jo S x ) dqudps -A L x(s) dPS
B +r)t
Vs
X L Jo <L f (s x (W) dgu — Ax (s)) d,sd,v
A(l+7r)t T
+ m J-o X(S) dpS
(1+7)t T (s
Ty g |, Jy £ ) ddys




< sup {L LS(|f(u,x(u))—f(u,0)|+|f(u,0)|)dqudps

t€[0,T]
t
| 15 ©1dys

|ﬁ|(1 +7)t
IT(1+7) - pr]

* (J': .[ov .[os (If (wx ) = f ,0)] +|f (,0)])

x dgud,sd,v

n v
+]A| L JO Ix(s)ldpsd,v>
L Ma+nt
T (1+7) - B
N (1+r)t
IT(1+7) - prp|

T
d
J, 1x@1dys

- LT Ls(lf(%x(“)) - f @0
+|f (u, 0)|)dqudps}

< sup {L L (Llx @)+ |f 0)|)dqudps

te[0,T]

1Bl (1+7)t

+ |A| JO |X (S)| dpS + m

x <J'0f1 LV LS (LIx @] +|f w0))dyud,sd,v

norv
+ A Jo L |x(s)|dpsdrv>
Al (1+7)t
+ _—
T (1+7) - B

. (1+7r)t
T (1+7)- B

T
|, 1x©1dys

x J'OT JOS (Llx @) +|f (u, 0)|)dqudps}

t s
< sup {(L x|l + M) L L dgud s

te[0,T]

|ﬁ|(1+r)t

t
A jd —_—
* Wl | dys+ e

nov s
X ((L x| +M0)J J J dgud,sd,v
0 Jo Jo

n v
+ AL [l J J dpsd,v>
0 Jo
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Mlxl (L+7) ¢t (T
IT(1+7) - B L 4

(1+7r)t

T s
+m (L "X" +M0) J J-O dqudps}

0

2

t
= sup {(L lIxll + M) + ALl ¢

te[0,T] l+p

Bl (1 +7)¢
+—
T (1+7) - Brp]

(1—1’);13 2 )

X ((L [l +M,) mﬂkl (B9 %

Al llxll (1 +7)¢t
IT(1+7)- B

Q+7)t T?
s 7] B0 g

BN T+ )
- At
y (Ll + Mo)
1+p
. B+ 't
X(t e -pR[(Lrr+r)

T (1+7)t )}
+—
T (1+7) - Br]

|BI 1M T T+ )
SR(|A|T+ [T +r)=p| T +r) = prr|
o LR+ My)
1+p
2 BT (A +r)
X<T " IT(1+7) = B[ (L +7+12)

. T° (1+7) )
lT(1+r)—ﬂ172|

=RD + (LR+M)Q < R.
(26)

Next, we will show that A is a contraction. For any x, y €
@ and for each t € [0, T], we have
(ax) - (Ay)]
= sup |(4x) (1) - (4y) (1)
te[0,T]

= sup
te(0,T]

t s
L L (f wx () = f (u, y (w)) dyud,,s
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t
-2 JO (x(s) =y (s) ds

BA+r)t
T (1+7)- Br?

« L" LV (L (f (ax 0)) = f (s y () dyu

“Ax(s)-y (s))> dysd,v
Al +71)t
T(+r)—Br?

B 1+t
T (1+7) - B

j (x(9) - y(5))d,

T s
X L L (f wx ) = f (u, y (w))) dyud,,s

t s
< sup {L”x -9 L L dgud s

te[0,T]

t
+[Al[|x = ¥ L dys

1Bl (1+1)¢
T (1+7) - B

<L||x yllj j Jdud sd,v
ey [ ] dysd )

M”x_ ||
T(1+7)- Bn? Y

T (1+r)t
XJ dS+ |T(1+r) [311|

XL |x - y| J.o J.O dqudps]»

2

t
e

- sup {1l
te[0,T]

|ﬁ|(1 +7)t
IT (1 +r>—ﬁn2|

(Ll s

k)

1+7r

(1+r)t
+ Al ||x—y||m

5
L a+nt o Lix-y]| — (5 },
|T(1+r) B 1+p
Bl 1A T
S""‘y”('}”“|T(1+r>—ﬁnz|
A T? (1 +7) )
I+ - Bl
L|x-y| (.- |Bl7’T (1 +7)
* 1+p T+|T(1+r)—ﬁ112|(l+r+r2)
T>(1+7) )
|T(1+r) B
- @+ 10) |x -]
<Alx-yl.
(27)

Since A < 1, A is a contraction. Thus, the conclusion of the
theorem follows by Banach’s contraction mapping principle.
This completes the proof.

Our second result is based on the following Krasnosel-
skif’s fixed-point theorem [27].

Theorem 3. Let K be a bounded closed convex and nonempty
subset of a Banach space X. Let A, B be operators such that

(i) Ax + By € K whenever x, y € K;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.

Then, there exists z € K such that z = Az + Bz.

Theorem 4. Assume that (H,) and (H,) hold with
(H3) | f(t, %) < u(t), forall (t,x) € [0,T] xR, with u €
L'([0, T], RY).
If
BIMT7 T (1+7)
TQ+r)-pp?| |T(+1)- B

3
1 ( |B| 7T (1 +7) (28)
1+p \|[TQ+7r)-B|(L+7+712)

T° (1+7) )
t————— | <1
T (1+7) = pr|

then the boundary value problem (3) has at least one solution
on [0,T].

Proof. Setting max, (o y|¢4(t)| = ||ul| and choosing a constant
"/"" (29)
1 -0’

where Q) and O are given by (22) and (23), respectively, we
consider that By = {x € € : ||x|| < R}.



In view of Lemma 1, we define the operators F; and F, on
the set By as

t

(Fix) () = J Jo f(ux (w)dyud,s — A .[o x(s)d,s,

0

B+r)t
T+r)-Br?

X J: JV (JOS f (u,x (u)) dqu - Ax (s)> dpsdrv

0

(EByx) () =

A +7r)t JT

+ m x(s) dPS

0
(1+7r)t

T s

(30)

for x, y € By. By computing directly, we have
I(Fx) + (Exp)

t s t
< ||y|| L L dgud s + Al |Ix] J d,s

0

|[5| 1+r)t
T (1+7)- B

v n v
><<||[4|| L L L dud sd,v+ ] L L dpsdrv>

Al (1 +7)t jT
* T (1+7)- B I 0 dps

1+7r)t T s
“fasn g ], |4

<RO+ |u| Q<R
(1)

Therefore, (F,x) + (F,y) € Bp. The condition (28) implies
that F, is a contraction mapping. Next, we will show that
F, is compact and continuous. Continuity of f coupled
with the assumption (H;) implies that the operator F,
is continuous and uniformly bounded on Bg. We define
SUP (¢ ) e(0,71xB, | f (6 X)| = finax < 00. For ty,1, € [0,T] with
t, < t; and x € By, we have

|Fix (t,) = Fx (t,)]

rl Js f (u, x (1)) dqudps -A Ltl x (s) dps

0 Jo

< sup
(t,x)€[0,T]xBg

- r || f o ) dyuys

0 Jo

ty
A J d
. x(8) »S
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= sup
(t,x)€[0,T]xBg

£ -4

< fmaxm + I/\| (tl - tZ)R'

J: JOS f(u,x (u))dqudps -A J-: x (s) dps

(32)

Actually, as t; — t, — 0, the right-hand side of the above
inequality tends to zero. So F, is relatively compact on By.
Hence, by the Arzela-Ascoli theorem, F, is compact on Bg.
Therefore, all the assumptions of Theorem 5 are satisfied and
the conclusion of Theorem 5 implies that the three-point
integral boundary value problem (3) has at least one solution
on [0, T]. This completes the proof. O

As the third result, we prove the existence of solutions of
(3) by using Leray-Schauder degree theory.

Theorem 5. Let f: [0,T] x R — R. Assume that there exist
constants 0 < x < (1-P)Q ", where Q and © are given by (22)
and (23), respectively, and M > 0 such that | f (t, x)| < x|x|+M
forallt € [0,T], x € €. Then, the boundary value problem (3)
has at least one solution.

Proof. Let us define an operator A : € — € asin (24). We
will prove that there exists at least one solution x € & of the
fixed-point equation

x = Ax. (33)
We define a ball By ¢ @, with a constant radius R > 0, given
by

BR:{xE%: max |x(t)|<R]». (34)
t€[0,T]

Then, it is sufficient to show that A : B, — % satisfies

x+0Ax, Vx € 0By, VO ¢€([0,1]. (35)

Now, we set

H (0, x) = 0Ax, xee, 0e[0,1]. (36)

Then, by the Arzeld-Ascoli theorem, we get that hy(x) =
x—H(0, x) = x—0Ax is completely continuous. If (35) holds,
then the following Leray-Schauder degrees are well defined.
From the homotopy invariance of topological degree, it
follows that

deg (hg, B, 0) = deg (I — A, Bg,0)
= deg (h, Bg,0)
= deg (hg, By, 0)
=deg(I,Bg,0)=1#0, 0 € By,

where I denotes the unit operator. By the nonzero property
of Leray-Schauder degree, h, (x) = x — Ax = 0 for at least one
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x € Bg. Letus assume that x = 0Ax for some 0 € [0, 1]. Then,
forall t € [0, T], we obtain

lx (£)] = 16 (Ax) (£)]

< Lt JOS |f (u, x ()] dgud s

t
| x©1dys

_Ipla+ne
|T(1 +r) - ‘3,72|
nrv s
8 Jo JO (Jo |f (u’x(u))|dq”+ [Ax (5)|>dpsd,v
_Maxnt
|T(1+7)- B
! (1+n)t
L

T s
X L L |f (u,x(u))| dqudps

< (kx| + M) L

s t
L dqudps + A x| L dps
|B| (1+1)t
T (1+7)- B

nov s
X ((lel +M)J J J dgud,sd,v
0 0

0

n 14
+]A| |x|J J dpsdrv)
0 Jo

[Al x| (1 +7)t
T (1+7) - B
T (1+7r)t
><JA0 dps+m(K|xl+M)
T (s
X Jo L dqudps
2
< (x|x| + M) 1+p+|/\||x|T
IBla+nT
[T (1+7) - B
(1—1’)173 r]2
X ((K|x| +M) —(1 v ) (1-7) + AL x| m)
IAllx] (1 +7)T?
T (1+7)- B
3
T (x| + M) Chdokl

T (1 +7) = B[ (1+ p)

|B| [N T IAIT2(1+7) )

“ (|MT+ [T (e - ppl " [T =]

, (x| + M) (Tz . BT (1+7)
1+p |T(Q+7)-Br?|(L+71+72)

. T>(1+7) )
T (1+7)- B

= x| ® + (x |x]| + M) Q.

(38)
Taking norm sup,.(o|%(t)| = |lx|| and solving for ||x[, this
yields
MQ
< —
1< 1= (39)
LetR = MQ/(1-(D+x€))+1, then (35) holds. This completes
the proof. O
4. Examples

In this section, we give two examples to illustrate our results.

Example 6. Consider the following nonlinear g-difference
equation with boundary value problem:

2 1 | x|
D <D ——>xt = — N >
v \Pus =7 )X O = 05

tel0,1],

2 3/4
x(0) =0, x(1)+—J x(s)dy;s =0.
3Jo
(40)

Setq=1/2,p=1/3,r=1/4,T=1,A=-2/7,1=3/4,
B = -2/3,and f(t,x) = (1/(t + 2)(lx]I/(1 + Ix])). Since
[f(t,x) = f(t, )] < (1/4)|lx — yll, then, (H,) and (H,) are
satisfied with T(1 + 7) — B* = 13/8 %0,

-2 (T2+
1+p
. T (1+7) 132
TA+r)-p|)  91°

|B| T’ (1+71)
T (1 +7)-Br?|(1+7+72)

(41)
|B|IAI T
O=|\NT+ 17T
Al +|T(1+r)—ﬂ;72|

AMT>(L+r) 4

Taen-pp "7

>

L = 1/4. Hence, A =: ® + LQ = 85/91 < 1. Therefore, by
Theorem 2, the boundary value problem (40) has a unique
solution on [0, 1].



Example 7. Consider the following nonlinear g-difference
equation with boundary value problem:

1 sin (571x) | x| 3
D2/3<D4/5+§>x(t)= RY x| +1° [O’E]’
3 1!
x(0) =0, x<5>=ZJ'0x(s)d1/zs.
(42)

Setq =2/3,p=4/5r=1/2,T =3/2,A=1/9,n =1,
and 3 = 1/4. Here, | f (¢, x)| = | sin(57x)/25m+|x|/(1+|x])| <
(Ix1/5) + 1.S0, M = 1, T(1 + r) — B> = 2#0, and

o !
1+p
2 |B| T’ (1+71)
X(T +|T(1+r)—,8;72|(1+r+r2)
. T°(1+7) )_615
TA+r)-B2) 224
T (1+7) - B )
Bl IAI Tr?
O= MT+—1t "1 _
M T — B

A T?(1 +7) 3

IT(+r-pp?| 8

1 42
K=—<(1—(D)Ql=—8.
5 123

>

Hence, by Theorem 5, the boundary value problem (42) has
at least one solution on [0, 3/2].
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