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We give some refinements of generalized Aczél’s inequality and Bellman’s inequality proposed by Tian. As applications, some
refinements of integral type of generalized Aczél’s inequality and Bellman’s inequality are given.

1. Introduction

The famous Aczél’s inequality [1] states that if a;, b, (i =
1,2,...,n) are real numbers such that a} — Y7 a’> > 0 and
b} - Y%, b’ > 0, then
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It is well known that Aczél’s inequality plays an important
role in the theory of functional equations in non-Euclidean
geometry. In recent years, various attempts have been made
by many authors to improve and generalize the Aczél’s
inequality (see [2-19] and references therein). We state here
some improvements of Aczél’s inequality.

One of the most important results in the references
mentioned above is an exponential extension of (1), which
is stated in the following theorem.

Theorem A. Let p and q be real numbers such that p, q+0,
and 1/p+1/q = 1 and let a, b, (i = 1,2,...,n) be positive
numbers such that al - Y, af > 0 and bl - Y7, b1 > 0. If
p > 1, then
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If p < 1(p#0), then the reverse inequality in (2) holds.

Remark 1. The case p > 1 of Theorem A was proved by
Popoviciu [8]. The case p < 1 was given in [15] by Vasi¢ and
Pecaric.

Vasi¢ and Pecari¢ [16] presented a further extension of
inequality (1).

2. 2.
j n J —
Theorem B. Leta,; > 0,A; > 0, a,/ - Y/ ,a/ > 0,1 =

L2,...,nj=12,....m, andletzg."zl(l/)tj) > 1. Then
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In a recent paper [18], Wu and Debnath established an
interesting generalization of Aczél’s inequality [1] as follows.

2. 1.
Theorem C. Leta,; > 0, 4; > 0, a,; - Y oal >0,r =
L2,....,n j = 1,2,....,m, and let p = min{Z}il(l/Aj),l}.
Then

m n 1//\j m n m
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1j rj = 1j rj
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In 2012, Tian [10] presented the following reversed ver-
sion of inequality (4).



Theorem D. Let a,; > 0, A;#0, 4; < 0 (j = 2,3,...,m),
A, 1.
al->"_al >0r=12...,

1j r=2"rj
T= max{zz.”zl(l/)tj), 1}. Then
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H(“l; Z% )

j=1

n'” ﬂau oy ©

r=2j=1

Therefore, applying the above inequality, Tian gave the re-
versed version of inequality (3) as follows.

Theorem E. Leta] > 0, A, #0, /X- <0(j=23..m),
Yin(1/4)) <

n N
<1, “1J_Zr2“rf >0,andr = 1,2,.
12 ...,m. Then
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Moreover, in [10], Tian obtained the following integral
form of inequality (5).

TheoremF. LetA; > 0,A; <0 (j=2,3,.. ,m), Y Ai=1,
P»>0(j:12...,m) andletf](x)(] 1,2,.
posztzve Riemann integrable functions on [a, b] such thatP

Ju fj '(x)dx > 0. Then
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m A+ by YA, m b m
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Bellman inequality [20] related with Aczél’s inequality is
stated as follows.

Theorem G. Let a;, b i=1,2,.
such that al — Y7, af > 0 and bq
then

.,n) be positive numbers

Yiabl > 0Ifp=1

n 1/p n 1/p
|:<a‘f—2af> +<bf—Zbip> ]
i=2 i=2

Z(a +b)’.

p

(8)
(a,+b )

If 0 < p < 1, then the reverse inequality in (8) holds.

Remark 2. The case p > 1 of Theorem G was proposed by
Bellman [20]. The case 0 < p < 1 was proved in [15] by Vasi¢
and Pecari¢.

The main purpose of this work is to give refinements of
inequalities (5) and (8). As applications, some refinements of
integral type of inequality (5) and (8) are given.
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2. Refinements of Generalized Aczél’s
Inequality and Bellman’s Inequality

Theorem 3. Leta,; > 0, A, #0, A; < 0(j = 2,3,...,m),
A A
a,] —Z:'Zzar]/ >0,r=12,..

(1//\j), 1}. Then

on, j o= 1,2,...,m, and let

7= max{}},

m n 1/A;
(4 -3e) =r(a)=o Tlo- 3o
j=1 r=2 r=2j=1
)
where
1/A; n o m
T(sa)—(n+1 s TH< a; Zar]) - Zna,j.
j=1 r=s+1j=1
(10)
Proof

Case (I). When Z;il(l/}tj) < 1,then 7 = 1. On the one hand,
we split the left-hand side of inequality (9) as follows:

f(4-5) 1102 24)

j=1

(1)

where

3 s i I/Aj
Ajz(alf_zarjj) s, J=12,...,m (12)
r=2

From this hypothesis, it is immediate to obtain the inequality
A A
Az _Z a. (13)
Thus, by using inequality (6), we have
m 2 n Y I/Aj m n m
H(Aj] _ Zlarjj) > HAj - Z Ha,j. (14)
j= r=s+

On the other hand, by using inequality (6) again, we
obtain the inequality

(o, - [ -3)

Combining inequalities (11), (14), and (15) we can get inequal-
ity (9).

Case (II). When Z;”l(l/}tj) > 1, using Case (I) with
Zm“(l//\ ) = 1, we have

1 1/A 1 1/A 1
m+ AJ n /\] j m+ Aj /\] j n m+
[Maj-2a/) =11ai-24/) - 2 Ilan
j=1 r=2 j=1 r=2 r=s+1 j=1

(16)
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/\ A
where aU - Zfzzar]! > 0,a,; > 0, Ay #0, )‘j <0( =
2,3,...,m+1).
m+ _ /\m+ _ A”H _ _
Hence, taking a1(mi1) =1, aZ(mi—l) = a3(m-1+1) — .=
ai('”r;il) = 1/ninto (16), we obtain
—1/A =1/ = 1/7;
NV T Ay m N,
it ' ;
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that is,
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Therefore, repeating the foregoing arguments, we get

1/A;
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(n+1-3) 1t ||< Zar])

(19)
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Combining inequalities (18) and (19) leads to inequality (9)
immediately. The proof of Theorem 3 is completed. O

If we set 23-11(1 /A 7) <1, then from Theorem 3, we obtain
the following refinement of inequality (6).

Corollary 4. Letarj > 0, A =/:0 A <0(j=23,...,m),
A; .
YL(U/A) € Laj - Y Zar; >0,r =12,

1,2,...,m. Then

H 4 Zarj 2 H 1]
j=1 r=2

.onand j =

(20)

Puttingm =2,A, = p#0,A, =9 < 0,4, =a,,anda,, =
b, (r = 1,2,...,n) in Theorem 3, we obtain the refinement
and generalization of Theorem A for p < 1.

3
Corollary 5. Let a, > 0, b. > 0(r = 1,2,...,n), a‘f -
Yr,al > 0,6 -Y' b1 > 0, p#0,q < 0, and p =
max{l/p +1/q, 1} Then, the following inequality holds:
n 1/p n 1/q
(-5 (e 8
r=2 r=2
s 1/p
>(n+1- 5)1_’3(01{J - Zaf)
= (21)
s 1/q n
x (bf - be) - Y ab,
r=2 r=s+1

n
1_
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Based on the mathematical induction, it is easy to see that
the following generalized Bellman’s inequality is true.

2. )
Theorem 6. Let a,; > 0, a;; —Z:’zar]’ >0,r=1,2,.
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j=12,...,m,andlet0 < p < 1. Then
m /p 4 m p n m p
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j= = =ANIE

(22)

Next, we give a refinement of generalized Bellman’s
inequality (22) as follows.
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Proof. The proof of Theorem 7 is similar to the one of
Theorem 3. Applying generalized Bellman’s inequality (22)
twice, we can deduce the inequality (23). O

3. Application

In this section, we show two applications of the inequalities
newly obtained in Section 2.



Firstly, we give an improvement of inequality (7) by using
Theorem 3.

Theorem 8. Let B; > 0(j = 1,2,...,m), let A, > 0,
A < 0@ =23...,m), Z;":l)tj = 1, and let fi(x) (j =
1,2,...,m) be positive integrable functions defined on [a, b]
with B;\’ - I: f]/\J (x)dx > 0. Then, for any t € [a,b), one has

ﬁ( j i (x) dx)mj

=1
( BY_ Lt fjAf (x) dx>mj - Lb ﬁfj (x) dx
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j Hf] () dx.

.
Il
—

(24)

Proof. We need to prove only the left side of inequality (24).
The proof of the right side of inequality (24) is similar. For any
positive integers n and [, we choose an equidistant partition
of [a, t] and [t, b], respectively, as

c—a c—a

a<a+ <-e<a+ k
n n
c—a
< --<a+ n-1)<cg
b-c -c,
c<c+T<~--<c+ i

(25)
b-c
< ---<c+T(l—1)<b,

—a c—a

c
X =a+ k, Axy= ,
n

Noting that B ~ [/ f}/(x)dx = B} — ([ f'(x)dx +

[/ £7)dx) > 0 (j = 1,2....,m), we have
k(c—a)
{JH%OZf [av K2 )22

+11me [ z(b—c)]

l—»oo
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Consequently, there exists a positive integer N, such that

Aj k(c-a)\c-a
- kflfj (a+ " > "

+Zf< ib- ))bgc]>0

foralln,/>Nand j=1,2,...,m
By using Theorem 3, for any n, [ > N, the following
inequality holds:

(- |2 (o)
z(b—C)> ]}1Mj
l
+M>ﬂ]wj
n n

_i [ﬁf;‘ <C+ i(bl‘c))] (b;c>23-”1<1/aj>'

M=

(27)

(e

i=1

i=1 | j=1
(28)
Since
Yoy (29)
=i
we have
L oy k(c-a)
(- [£0 (-452)
Lo ((b-0)\ b 1/4;
; ib-c -c
+;fj <c+ ] ) ] ”»
ui ow ema ", (30)
i ; c—a)\c—-a
zg[sj S (a v K=2) ]
L i(b-c) b-c
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Noting that fj(x) (j = 1,2,...,m) are positive Riemann
integrable functions on [a, b], we know that HT:I fj(x) and

ffj (x) are also integrable on [a, b]. Lettingn — 00 on both

sides of inequality (30), we get the left side of inequality (24).
The proof of Theorem 8 is completed. 0

We give here a direct consequence from Theorem 8.
Puttingm =2,A, = p,A, =¢,B, =a,,B, =b,, f, = f,and
f, = gin (24), we obtain a special important case as follows.
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Corollary 9. Let p and q be real numbers such that p > 0, q <
0, and (1/p) +(1/q) = 1, let a,, b, > 0, and let f, g be positive

integrable functions defined on [a, b] with al - _[: fP(x)dx >0
and bf - J: gl(x)dx > 0. Then, for any t € [a,b), one has

b p b 1/q
(a‘f - L f?(x) dx) (blq - L g1 (x) dx)

c 1/p c 1/
> <af —J P (x) dx) (bf —J g7 (x) dx) ! (1)

a

b
>ab - J f(x) g (x)dx.

a

Finally, we present a refinement of integral type of
generalized Bellman’s inequality.

Theorem 10. Let B; > 0 (j = 1,2,...,m), let 0 < p < 1,
and let f;(x) (j = 1,2,...,m) be positive integrable functions
defined on [a,b] with B;.\j - J: f}\j(x)dx > 0. Then, for any
t € [a,b), one has

m b 1/p P
Z(Bﬁ.7 - L f]P (x) dx)

j=1

p

(- Lsrenee) "] [ (S0 o
j=1
P b m P
()1 (5re)

Proof. The proof of Theorem 10 is similar to the proof of
Theorem 8. O

vV
M=
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[\
IngE

(32)

A special case to the last theorem is as follows.

Corollary 11. Let 0 < p < 1, let a;,b; > 0, and let f,g
be positive integrable functions defined on [a,b] with af —

J: fP(x)dx > 0 and bf - Lb gl(x)dx > 0. Then, for any
t € [a,b), one has

b 1/p b 1/p
|:(af— L P (x) dx) + (bf— L g7 (x) dx) ]
t 1/p t 1/p7P

> |:<af—j P (x) dx> + <bf—J g7 (x) dx> ]

b
- j (f () + g (x))Pdx

p

b
> (0 +0) - [ (F@+ g @) ax
(33)
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