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By using a fixed point theorem in a cone and the nonlocal third-order BVP’s Green function, the existence of at least one positive
solution for the third-order boundary-value problem with the integral boundary conditions x"'(t) + f(t, x(t), x'(t)) = 0, € ],

x(0) = 0, x"(0) = 0, and x(1) = jol g(t)x(t)dt is considered, where f is a nonnegative continuous function, / = [0, 1], and

g € L[0, 1]. The empbhasis here is that f depends on the first-order derivatives.

1. Introduction

Third-order boundary-value problems for differential equa-
tion play a very important role in a variety of different areas
of applied mathematics and physics. Recently, third-order
boundary-value problems have been many scholars’ research
object. For example, heat conduction, chemical engineer-
ing, underground water flow, thermoelasticity, and plasma
physics can produce boundary-value problems with integral
boundary conditions [1-3]. For more information about the
general theory of integral equations and their relation with
boundary-value problems, we refer readers to the books of
Corduneanu [4] and Agarwal and O’Regan [5].

Moreover, boundary-value problems with integral boun-
dary conditions constitute a very interesting and important
class of problems. They include two, three, multipoint, and
nonlocal boundary-value problems as special cases. Such
kind of BVPs in Banach space has been studied by some
researchers [6-8].

By the fixed point index theory in cones [9], Zhang
et al. [10] investigated the multiplicity of positive solutions
for a class of nonlinear boundary-value problems of fourth-
order differential equations with integral boundary condi-
tions in ordered Banach spaces. Feng et al. [11] investigated
the existence and multiplicity of positive solutions for a
class of nonlinear boundary-value problems of second-order

differential equations with integral boundary conditions in
ordered Banach spaces. Guo et al. [12] investigated the exis-
tence of positive solutions for the third-order boundary-value
problems with integral boundary conditions and dependence
on the second derivatives. In [13], by using the fixed point
theorem of cone expansion and compression of norm type,
Zhang and Ge proved the existence and multiplicity of
symmetric positive solutions for the fourth-order boundary-
value problems with integral boundary conditions. By using
Krasnoselskii’s fixed point theorem, Wang et al. [14] investi-
gated the existence and nonexistence of positive solutions for
a class of fourth-order nonlinear differential equation with
integral boundary conditions

=00 f(Lxw,x"®), 0<t<l,

1

x(0) = L hy (s) x (s)ds,
1
x(1) = L ky (s) x (s)ds, )
! ! "
X (0) = L Iy (s) x" (s) ds,
" ! "
x (1) = L ky (s)x" (s)ds,



where the arguments are based on Krasnoselskii’s fixed point
theorem for operators on a cone.

However, Zhao et al. [15] investigated the following
third-order boundary-value problem with integral boundary
conditions:

M)+ fx() =0, te],

x(0) =6, X" (0) =6,

@
1
()= [ g@xe

0
under the assumptions

(1) J = [0, 1], and @ is the zero element of E,
(2) f:C([0,1] x P,P),and g € L[0, 1] is nonnegative,

where P is a cone in the real Banach E.

All the above works were done under the assumption that
the first-order derivative x' is not involved explicitly in the
nonlinear term f. In this paper, we are concerned with the
existence of positive solutions for the third-order boundary-
value problem with the integral boundary conditions

MW+ f(bx®),x (1) =0, te],

x(0) =0, x"(0) =0, 3)

1
x(1) = I g x () dr.
0
Throughout, we assume

(H)) ] = [0,1], f: [0,1] x R* — R is continuous, g €
L[0,1], g(t) = 0,and 0 € [0, 1), where o = jol sg(s)ds.

To show the existence of positive solutions for (3), we
define two positive continuous convex functionals. Then, by
using the fixed point theorem [16] in a cone and the nonlocal
third-order BVP’s Green function, we give some new criteria
for the existence of positive solutions for (3).

2. Preliminaries

LetY = C[0, 1] be the Banach space equipped with the norm
lxlly = max;efo ) lx()].

Lemma 1 (see [15]). Suppose (H,) holds. Then for any y(t) €
C[0, 1], the problem

"

x H+yt)=0, te],

x(0) =0, %" (0) =0,

(4)
1
x(1) = J gt)x(t)dt

0

has a unique solution

1
x(t) = J H (t,s) y (s)ds, (5)

0
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where

H(t,s)=G(ts) +

1
- L G(t,s) g (1)dT,

%t(l—s)z—%(t—s)z, 0<s<t<1, (6
G(t,s) =

Et(l—s)z, 0<t<s<l.

Lemma 2 (see [15]). For t,s € [0,1], one has 0 < G(t,s) <
maxg., 1 G(t,5) < 1/8.

Remark 3. Whent, s € (0, 1), it is easy to check that G(¢, s) >
0.

In addition, for 0 < s < t < 1, the maximum of G(t, s)
occursatt = (1 + s%)/2.

Lemma 4 (see [15]). Choose § € (0,1/2) and J5 = [5,1 - J];
then for allt € Js, v, s € [0, 1], one has

G(t,s) =2 pG(v,s), (7)
where p = 48%(1 - 9).

Remark 5. For 0 < s <t < 1, denote G(t, s) = G, (¢, s). Notice
that G, (¢, s) is concave with respect to t; we have

min G, (t,s) = min {G, (8,s),G, (1 -6,s)}

te]s,0<s<t

1, (8)
=E5 (1-9).

Lemma 6 (see [15]). Assume that (H,) holds; then

(i) H(t,s) < (1/2)y, t € [0,1],
(ii) H(t,s) = pH(v,s), t € J5, v,s € [0, 1],

wherey = (1+ [ (1~ 5)g(s)ds)/(1 — o).

Lemma 7. If y € C[0,1], y(t) > 0, then the unique solution
x(t) of problem (4) satisfies

rtr;}?x(t) = plixllo- 9)

Proof. By Lemmas 4 and 6 and (5), we get

1
min x (f) = min J H(t,s) y(s)ds
te]s

tels 0
ZpEmeywﬁ 10
> px (v).
For v € [0, 1], we have
rtré}?x () = px(v). a1

So,

min x (t) > pmaxx (v) = pmax |x (v)| = pllx|-
nir ) pmax ) pmax | I = plixllo-  (12)

The proof is completed. O
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Let X be a Banach space and K ¢ X a cone. Suppose«, f3 :
X — R" are two continuous convex functionals satisfying
a(Ax) = |AMa(x), B(Ax) = [A|B(x), for x € X, A € R, |x]| <
M max{a(x), B(x)}, for x € X, and ae(x) < a(y) for x, y € K,
x < y, where M > 0 is a constant.

Theorem 8 (see [16]). Letr, > r, > 0, L > 0 be constants and

Q={xeX:ax)<rBx) <L}, i=12, (13)
two bounded open sets in X. Set
D;={xeX:a(x)=r}, i=12. (14)

Assume T : K — K is a completely continuous operator
satisfying

(A) a(Tx) <1, x € D;NK; a(Tx) > 1y, x € D, NK;
(A,) B(Tx) < L, x € K;

(Aj) thereisa p € (Q, N K) \ {0} such that a(p) +0 and
alx + Ap) > a(x), forallx € K and A > 0.

Then T has at least one fixed point in (Q, \ Q;) N K.

3. Main Results

Let X = C'[0, 1] be the Banach space equipped with the norm
lxll = max;ejo ()] + max,e[o,l]lx'(t)l, and K = {x € X :
x(t) =0, mint%x(t) > pllxlly} is a cone in X.

Define two continuous convex functionals a(x) =
max;o1;|x(¢)| and B(x) = maxt€[0’1]|x'(t)|, for each x € X;
then [lx|| < 2 max{a(x), B(x)} and a(Ax) = [A|a(x), B(Ax) =
[AlB(x), for x € X, A € Rya(x) < a(y) for x, y € K, x < .

In the following, we denote

1o !
w5 ), [ [ omasmaa

1-8
#; = max J H (v,s)ds, (15)
ve[0,1]

2 ('r 1!
1, = §+J0 [EL G(T,s)g(r)dr] ds

We will suppose that there are L > b > pb > ¢ > 0 such
that f(¢, x, y) satisfies the following growth conditions:

(H,) f(t,x,y) < c/ny for (t,x, y) € [0,1] x[0,¢c] x [-L, L],

(H3) f(t,x,y) = b/pn,, for (¢, x, y) € [5,1 - 8] x [pb,b] x
[_L) L];

[0, b] x

(Hy) f(t,x,y) < L/n,, for (t,x, y) € [0,1] x [-L,L].

Let

fr(txy)

| ftxy),(tx, ¥) € [0,1] x [0,b] X (00, 00),
| f (b, y),(tx y) € [0,1] x (b, 00) X (~00,00),

fi(txy)

fr(txy), (txy) €[0,1] x [0,00) x [-L, L],
=1 f"(t,x,-L),(t x, y)€[0,1] x [0,00) X (—c0,-L],
f*(t,xL),(t,x, y) €[0,1] x [0,00) x [L,00).
(16)

We denote

1
(Tx) (¢t) = Jo H(t,s) f; (s, X, x') ds,

(17)
oH (t s)

(T )(t)—j £ (sxx) ds.

Lemma 9. Suppose (H,) holds. Then T : K — K is comple-
tely continuous.

Proof. For x € K, by Lemmas 2 and 4, it is obviously that
Tx > 0.
By Lemma 7, we have

min Tx (t) = plTxllo- a18)

So, we can get T(K) ¢ K.

In the following, we will show that T :
completely continuous.

At first we show that T : K — K is continuous.

Let x,,, x* € K, it satisfies [|lx, - x*| — 0, (n — ©0),
and then there is a constant M, > 0, such that max;.(

(2,0 1" (O, 1O, [x* (£)]} < My then

|(Txn) (t) -

Jl H(t,s) f (s, xn,x;) ds
0

K — Kis

(Tx") )]

_ Ll H(t,s) f, (s,x*,x*,) ds

< Ll H(t,s) |f1 (s, xn,x;) - fi (s,x*,x*,)| ds,

|(7x,) (6) = (Tx")' (8)]

_ JO OH (t, S)f1(5> ,x) s
_ JOI aHa(tt ) fi (s,x*,x*’)ds




OH (t,s)
ot

< Jl
0
Ll [%(1 _9P+(1 —s)]
X lfl (s,x, x;) - fi (s,x*,x*,>| ds

+ Jl [ﬁ JIG(T,S)g(T)dT]

0 0

|f1 (s,x,x;) - f (S,x*,x*,)|ds

AN

x lfl (s, x,x;) - fi (s,x*,x*,)| ds.
19)

By f which is uniformly continuous on [0,1] x [-M,,
M) x [-M, M,], we get

|Tx, - Tx"|| — 0, (n— 00). (20)
Next we show that T : K — K is compact.
Let B ¢ K be bounded; then there is M > 0, such that
x|l £ M. For x € B, we have

1
I(Tx) ()] = Jo H(ts) fy (s, x,x") ds
1 .
< L Eyf1 (s, X, X )ds (21)
1 11+Iol(1—s)g(s)ds .
=35 L 1o dsx C",
where C* = max{| f,(t, x,x")|;t € [0,1],x € B}.
Consider
()" (1)
' 0H (t,5) '
= L o s h (s,x,x)ds
' [9G(,9) 1 1
L [T + - JO G(T,s)g(‘r)dr]
x fi (s, X, x')ds (22)
1 1 )
< L [z(l—s) +(1—s)]ds
1 1 1 .
+ L [m L G(T,s)g(r)dr] ds| xC
2 ('r 1 ! i
= Ig + L [m J.O G(T,s)g(r)dr] ds| xC”".

It is clear that T'(B) is a bounded set in K, because H(t, s)
is uniformly continuous on [0, 1] x [0, 1], for € > 0, there
exists § € (0, ¢), such that |H(¢;,s) — H(t,, s)| < &, and for t,,
t, € [0,1], |t; —t,| < &.
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For x € B, we have
(Tx) (£,) = (Tx) (1,)]

Ll H(t,,s) fi (s, x,x') ds

- JOI H(t,s) f1 (s, X, x’) ds

1
< J |H (t,,5) — H (t;,5)|ds x C* < eC",
0

()" (1) = (Tx)' (1))

) Ll % t:t1f1 (S, X, x')d5

_ JOI oH a(tt s) t:tzfl (o) o
i Jo1 T L i) ds

- .[01 % t:tzfl (S, X, x’) ds

Ltl (s-t) fi (s, X, x') ds

+ J:Z (t,-9) fi (s, X, x’) ds

<—|(f —t,) (1 +1,)| xC* < eC”.

N | =

Therefore T(B) is equicontinuous. Using the Arzela-
Ascoli theorem, a standard proof yields T': K — K which is
completely continuous. O

Theorem 10. Suppose (H,)-(H,) hold. Then BVP (3) has at
least one positive solution x(t) satisfying

c<a(x)<b, B(x) < L. (24)

Proof. Take

Q, = {xeX:|x(®) <c|x®)] < L},
(25)
O, ={xeX:|x@®)| <b, |x(t)" <L},

two bounded open sets in X, and

D ={xeX:a(x)=c}, D, ={xeX:a(x)="b}.

(26)

By Lemma 9, T : K — K is completely continuous, and
thereisa p € (Q,NK)\ {0} such that a(p) # 0 and a(x+Ap) >
a(x) forallu € Kand A > 0.



Journal of Applied Mathematics
By (H,), for x € D; N K and «(x) = ¢, we get

Jl H(t,s) f, (s,x, x')ds

0

Jl [G(t,s)+ 1 !

0

o (Tx) = max
te[0,1]

= max
te[0,1]

1
J G(1,5) g (1) dr]
0

X f (s, X, x') ds

< Jl [maxG(t,s) + 1; Jl G(1,8) g (1) d‘r]

o Ltelo,1] -0 Jo

X fi (s, X, x') ds

11 1 t 1
< “0 §d5+L <EJ0 G(T,S)g(T)dT)ds]

c
X_
o
1 (Yt (!
:|:§+JO<ELG(T,S)g(T)dT)d5:|
c
X —=c
o

(27)

By Lemma 7, for x € D, N K and a(x) = b, there is x(t) >
pa(x) = pb,t € 5.
So, by (Hj), we get

Jl H(t,s) f, (s, X, x’) ds

« (Tx) = max
te[0,1] [Jo

> J:_a H(t,s) f, (s, X, x') ds (28)

1-8 b
>pJ H(v,s)dsx —.
5 P

For v € [0, 1], we have
1-6 b
a(Tx)>p J H(v,s)ds x —. (29)
g P
So,
1-8 b
a(Tx)>pmaxJ Hv,s)dsx — =b.  (30)
vel0,1] Js P
By (H,), for x € K, we have
B (Tx) = max

te[0,1]

1T9G (¢, s) 1 (!
< L [T+EJOG(T,S)g(T)dT]

Jl OH(t.5) h (s, x,x')ds

0 ot

x f (s, X, x’) ds

5
- J:(%(l —s)2 —(1‘—s)>f1 (s,x,x')ds
"1 2 /
+ L 5(1_5) h (s,x,x )ds
[ [ Lowasand
X fi (s, X, x') ds
< “01 (%(1 —)*+(1 —s)>ds
+ Jol (ﬁ JOIG(T,s)g(T) dT) ds] X %
= [% + Ll (ﬁ JOIG(T,s)g(T)d‘r)ds]
X £ = L.
M
31

Theorem 8 implies there is x € (Q, \ 51) N K such that
x = Tx. So, x(t) is a positive solution for BVP (3) satisfying
c<a(x)<b, B(x) < L. (32)

Thus, Theorem 10 is completed. O

4. Example

Example 1. Consider the following boundary-value problem
MO+ fx@®),x ®)=0, 0<t<l,

x(0)=0, x"(0)=0, (33)

x(1) = Jlx(t)dt,

0

where
ftxy)
' §x+2x+ |cosy|,
(t,x, y) € [0,1] x [0,0.5] x [-3667,3667],
) %(x—0.5)+25742(x—0.5)+é+1+ |cosy|,

(t,x, y) € [0,1] x [0.5,0.6] x [-3667,3667],
t
i (11— x) +222(x + 11) + |cosy|,

| (t:x,y) € [0,1] x [0.6, 11] x [-3667, 3667] .
(34)

In this problem, we know that g(¢) = 1; then we can get
o= jol sg(s)ds = 1/2. Choose 6 = 1/8 € (0,1/2); then p =
48%(1 - 8) = 7/128.



Furthermore, we obtain

5 35 3
-2 =2 =z 35
2w P P (3)

4
If we take ¢ = 0.5, b = 11, and L = 3667, then we get
pb = 0.601 > 0.6:

o

f(t.xy) = gx +2x + |cos y| £2.17 < £ s 24,  (36)
o

for (t, x, y) € [0,1] x [0,0.5] x [-3667, 3667],

ftxy)= g(n —x) +222(x +11)

b (37)
+|cos y| > 2575.2 > — = 25741,
P
for (t, x, y) € [5,1 - 8] x [8b, 11] x [-3667, 3667],
L
f(t x,y) <4888.8 < — =~ 4889.3, (38)

2

for (t,x, y) € [0,1] x [0,11] x [-3667, 3667].

Then all the conditions of Theorem 10 are satisfied. There-
fore, by Theorem 10 we know that boundary-value problem
(33) has at least one positive solution x(t) satisfying

0.5 <a(x) <11, B (x) < 3667. (39)
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