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We introduce composite implicit and explicit iterative algorithms for solving a general system of variational inequalities and
a common fixed point problem of an infinite family of nonexpansive mappings in a real smooth and uniformly convex Banach
space. These composite iterative algorithms are based on Korpelevich’s extragradient method and viscosity approximation method.
We first consider and analyze a composite implicit iterative algorithm in the setting of uniformly convex and 2-uniformly smooth
Banach space and then another composite explicit iterative algorithm in a uniformly convex Banach space with a uniformly Géteaux
differentiable norm. Under suitable assumptions, we derive some strong convergence theorems. The results presented in this paper
improve, extend, supplement, and develop the corresponding results announced in the earlier and very recent literatures.

1. Introduction

Let X be a real Banach space whose dual space is denoted by

X*. The normalized duality mapping ] : X — 2% is defined
by

J(x) = {x* € X" (x,x") = |x|* = ||x*||2}, Vx € X,
€]

where (-,-) denotes the generalized duality pairing. It is an
immediate consequence of the Hahn-Banach theorem that
J(x) is nonempty for each x € X.Let C be a nonempty, closed,
and convex subset of X. A mapping T : C — C is called
nonexpansive if [|[Tx — Ty| < [x — y| for every x,y € C.
The set of fixed points of T is denoted by Fix(T'). We use the
notation — to indicate the weak convergence and the one —
to indicate the strong convergence. A mapping A : C — Xis
said to be accretive if for each x, y € C, there exists j(x—y) €
J(x — y) such that

(Ax - Ay, j(x-y)) =0 2)

It is said to be a-strongly accretive if for each x, y € C, there
exists j(x — y) € J(x — y) such that

(Ax - Ay, j(x— ) = a|x -y, (3)

for some « € (0, 1). The mapping is called -inverse strongly-
accretive if for each x, y € C, there exists j(x — y) € J(x — y)
such that

(Ax - Ay, j(x - y)) = BlAx - Ay[*, (4)

for some 8 > 0 and is said to be A-strictly pseudocontractive
if for each x, y € C, there exists j(x — y) € J(x — y) such that

(Ax = Ay, j(x-p)) < |x = y|* = Mx - y - (Ax - 4p)|’
(5)

for some A € (0, 1).



LetU = {x € X :|| x |= 1} denote the unite sphere of X.
A Banach space X is said to be uniformly convex if for each
€ € (0,2], there exists § > 0 such that forall x, y € U,

lx-y]2e= <1-6. (6)

<+ ]
2

It is known that a uniformly convex Banach space is reflexive

and strict convex. A Banach space X is said to be smooth if

the limit

X+t -l x
N EEUA B
t—0 t

7)

exists for all x, y € Us; in this case, X is also said to have a
Gateaux differentiable norm. X is said to have a uniformly
Gateaux differentiable norm if for each y € U, the limit
is attained uniformly for x € U. Moreover, it is said to be
uniformly smooth if this limit is attained uniformly for x, y €
U. The norm of X is said to be the Fréchet differential if for
each x € U, this limit is attained uniformly for y € U. In
addition, we define a function p : [0,00) — [0,00) called
the modulus of smoothness of X as follows:

1
p(@) = sup {3 (b + ] +x =)
(8)
-l:x,yeX|xl=1L|y| =T}.

It is known that X is uniformly smooth if and only if
lim, _, ,p(7)/7 = 0. Let g be a fixed real number with 1 < g <
2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(7) < cr? forall 7 > 0.
As pointed out in [1], no Banach space is g-uniformly smooth
for g > 2. In addition, it is also known that J is single-valued
ifand only if X is smooth, whereas if X is uniformly smooth,
then the mapping J is norm-to-norm uniformly continuous
on bounded subsets of X. If X has a uniformly Gateaux
differentiable norm, then the duality mapping J is norm-to-
weak” uniformly continuous on bounded subsets of X.

Very recently, Cai and Bu [2] considered the following
general system of variational inequalities (GSVI) in a real
smooth Banach space X, which involves finding (x*, y*) €
C x C such that

<P‘131J’* +x" —y*,](x— x*)> >0, VxeC,
)
(Byx" +y" =x",J(x=y")) 20, VxeC,
where C is a nonempty, closed, and convex subset of X, B,
and B, : C — X are two nonlinear mappings, and y, and y,
are two positive constants. Here the set of solutions of GSVI
(9) is denoted by GSVI(C, B;, B,). In particular, if X = H,
a real Hilbert space, then GSVI (9) reduces to the following
GSVI of finding (x*, y*) € C x C such that
By +x" —y",x-x") >0, VxeC,
(10)
(Byx" +y" —=x",x-y") >0, VxeC,
which y; and u, are two positive constants. The set of
solutions of problem (10) is still denoted by GSVI(C, B, B,).
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It is clear that the problem (10) covers as special case the
classical variational inequality problem (VIP) of finding x* €
C such that
(Ax",x-x") >0, VxeC. (11)
The solution set of the VIP (11) is denoted by VI(C, A).
Recently, Ceng et al. [3] transformed problem (10) into a
fixed point problem in the following way.

Lemma 1 (see [3]). For given x,y € C,(X,) is a solution of
problem (10) if and only if X is a fixed point of the mapping
G : C — Cdefined by

G (x) = Pc [Pc (x - pyByx) -y B, P 12)
X (x—wB,yx)], VxeC,

wherey = Po(x—u,B,x) and P is the the projection of H onto

C.

In particular, if the mappings B; : C — H is f;-inverse
strongly monotone for i = 1, 2, then the mapping G is nonex-
pansive provided y; € (0,2p;) fori = 1,2.

Let C be a nonempty, closed, and convex subset of a real
smooth Banach space X. Let Il be a sunny nonexpansive
retraction from X onto C, and let f : C — C bea
contraction with coefficient p € (0,1). In this paper we
introduce composite implicit and explicit iterative algorithms
for solving GSVI (9) and the common fixed point problem
of an infinite family {S,} of nonexpansive mappings of C
into itself. These composite iterative algorithms are based
on Korpelevich’s extragradient method [4] and viscosity
approximation method [5]. Let the mapping G be defined by

G(x)=Hc(I-wB) (I -u,B,)x, VxeC. (13)
We first propose a composite implicit iterative algorithm in
the setting of uniformly convex and 2-uniformly smooth
Banach space X:

Yn = (an (yn) + (1 - ‘Xn) SnG ('xn)’
Vn >0,

(14)
Xn+1 = ﬁn'xn + YHyn + SHSHG (yn) 4

where B; : C — X is o;-inverse-strongly accretive with
0 < < ocl-/K2 fori = 1,2 and {«,}, {8,}, {7,}, and {5,}
are the sequences in (0, 1) such that 8, + y,, + 6,, = 1 for all
n > 0. It is proven that under appropriate conditions, {x,}
converges strongly to g € F = (25, Fix(§;) N Q, which solves
the following VIP:

(g-f(q).J(a-p)) <0,

On the other hand, we also propose another composite
explicit iterative algorithm in a uniformly convex Banach
space X with a uniformly Gateaux differentiable norm:

VpeF. (15)

Yn = (an (xn) + (1 - (Xn) SnG (xn) >

Xp+1 = ﬁnf (xn) + Ynyn + anSnG (yn) >

(16)
Vn >0,
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where B; : C — X is A;-strictly pseudocontractive and o;-
strongly accretive with o; + A; > 1 fori = 1,2 and {«,)}, {3},
{y,}, and {3,,} are the sequences in (0, 1) such that 3, + y, +
0, = 1 forall n > 0. It is proven that under mild conditions,
{x,} also converges strongly to g € F = ()5, Fix(S;) N Q,
which solves the VIP (15). The results presented in this paper
improve, extend, supplement, and develop the corresponding
results announced in the earlier and very recent literatures.

2. Preliminaries

We list some lemmas that will be used in the sequel. Lemma 2
can be found in [6]. Lemma 3 is an immediate consequence
of the subdifferential inequality of the function (1/2)]| - 12

Lemma 2. Let {s,} be a sequence of nonnegative real numbers
satisfying
Spe1 S (l - (xn) Snt “nﬁn T VY Vn =0, (17)
where {a,}, {B,,}, and {y,} satisfy the conditions:
() {a,} € [0,1] and ¥ &, = 00,
(i) limsup, , B, <0,

(iii) , > 0, Vn > 0, and 3,2, y,, < oo.

Then limsup,, _, s, = 0.

Lemma 3. In a smooth Banach space X, there holds the
inequality

I+ y” < x> +2 (T (x+y)), VxyeX. (18)

Lemma 4 (see [7]). Let {x,} and {z,} be bounded sequences
in a Banach space X, and let {«,,} be a sequence in [0, 1] which
satisfies the following condition:

0< linn’_l)iOI;l)f a, < lirfrisolip a, < 1. 19)
Suppose that x,,, = o,x, + (1 — «,)z,, Vn > 0, and
limsup, , Ul 21 =2, | = I x50 —x, ) < 0. Then

lim, , o Iz, —x, |=0.

Let D be a subset of C, and let IT be a mapping of C into
D. Then IT is said to be sunny if

I (x) + ¢ (x - I (x))] =TI (x), (20)
whenever I1(x) + t(x — II(x)) € Cforx € Candt > 0. A
mapping IT of C into itself is called a retraction if IT* = IL. If
a mapping IT of C into itself is a retraction, then Il(z) = z for

every z € R(IT) where R(IT) is the range of II. A subset D of
C is called a sunny nonexpansive retract of C if there exists a
sunny nonexpansive retraction from C onto D. The following
lemma concerns the sunny nonexpansive retraction.

Lemma 5 (see [8]). Let C be a nonempty, closed, and convex
subset of a real smooth Banach space X. Let D be a nonempty
subset of C. Let II be a retraction of C onto D. Then the
following are equivalent:

(i) IT is sunny and nonexpansive;

(ii) | TI(x) - TI()I1* < (= p, J(II(x) ~TI(p))), Vx, y € C;
(iii) (x —II(x), J(y - II(x))) <0,Vx € C, y € D.

It is well known that if X = H a Hilbert space, then
a sunny nonexpansive retraction Il is coincident with the
metric projection from X onto C; that is, [Io = P.. If C is
a nonempty, closed, and convex subset of a strictly convex
and uniformly smooth Banach space X andif T: C — Cis
a nonexpansive mapping with the fixed point set Fix(T') # 0,
then the set Fix(T') is a sunny nonexpansive retract of C.

Lemma 6 (see [9]). Given a number r > 0. A real Banach
space X is uniformly convex if and only if there exists a
continuous strictly increasing function g : [0,00) — [0, 00),
g(0) = 0, such that
||)tx +(1-27) y||2
< M+ =D P = A0 = D g (- )

forallA € [0,1] and x, y € X such that || x |[< rand | y < r.

(21)

Lemma 7 (see [10]). Let C be a nonempty, closed, and convex
subset of a Banach space X. Let S, S;, ..., be a sequence of
mappings of C into itself. Suppose that Y >, sup{||S,x—S,,_, x| :
x € C} < oo. Then for each y € C, {S, y} converges strongly
to some point of C. Moreover, let S be a mapping of C into
itself defined by Sy = lim,_, .S,y for all y € C. Then
lim,,_,  sup{| Sx - S,x [|: x € C} = 0.

Let C be a nonempty, closed, and convex subset of a
Banach space X, andlet T : C — C be a nonexpansive map-
ping with Fix(T) #0. As previous, let Z- be the set of all
contractionson C. Fort € (0,1) and f € E, let x, € Cbe the
unique fixed point of the contraction x — tf(x) + (1 — )Tx
on C; that is,

x, = tf (%) + (1 - ) Tx,. (22)

Lemma 8 (see [11, 12]). Let X be a uniformly smooth Banach
space or a reflexive and strictly convex Banach space with a
uniformly Gateaux differentiable norm. Let C be a nonempty,
closed, and convex subset of X, let T : C — C be a nonex-
pansive mapping with Fix(T) # 0, and f € E.. Then the net
{x,} defined by x, = tf(x,) + (1 — t)Tx, converges strongly to a
point in Fix(T). If we define a mapping Q : B — Fix(T) by
Q(f) :=s-lim, , x, Vf € Eg, then Q(f) solves the VIP:

(T-9e(f).7@(f)-p» =0,
VfeEq peFix(T).

(23)

Lemma 9 (see [13]). Let C be a nonempty, closed, and convex
subset of a strictly convex Banach space X. Let {T,}>> be
a sequence of nonexpansive mappings on C. Suppose that
Mieo Fix(T,) is nonempty. Let {A,,} be a sequence of positive
numbers with Y 72, A, = 1. Then a mapping S on C defined by
Sx = Y020 A T,x for x € C is defined well, nonexpansive, and
Fix(S) = (2, Fix(T,,) holds.



3. Implicit Iterative Schemes

In this section, we introduce our implicit iterative schemes
and show the strong convergence theorems. We will use the
following useful lemmas in the sequel.

Lemma 10 (see [2, Lemma 2.8]). Let C be a nonempty, closed,
and convex subset of a real 2-uniformly smooth Banach space
X. Let the mapping B; : C — X be o;-inverse-strongly
accretive. Then, one has

I(T - w:B;) x = (I - ;B;) }’"2
< Jlx = yl* + 20 (ur - ) (24)
x|Bx- By, vx.yeC,

fori = 1,2, where y; > 0. In particular, if 0 < p; < a;/x*, then
I — w;B; is nonexpansive fori = 1,2.

Lemma 11 (see [2, Lemma 2.9]). Let C be a nonempty, closed,
and convex subset of a real 2-uniformly smooth Banach space
X. Let I1 be a sunny nonexpansive retraction from X onto C.
Let the mapping B; : C — X be w;-inverse-strongly accretive
fori=1,2.Let G: C — C be the mapping defined by

G (x) = I¢ [ (x - 4, Byx)

- Byl (x - ptszx)] >

If 0 < y; < o;/” fori = 1,2, thenG : C — C is nonexpensive.

(25)
Vx € C.

Lemma12 (see [2, Lemma 2.10]). Let C be a nonempty, closed,
and convex subset of a real 2-uniformly smooth Banach space
X. Let I1, be a sunny nonexpansive retraction from X onto C.
Let B|,B, : C — X be two nonlinear mappings. For given
x*,y" € C,(x*,y") is a solution of GSVI (9) if and only if
x* =T(y" — wB,y") where y* = Tlo(x* — u, B,x™).

Remark 13. By Lemma 12, we observe that

x" = Te [T (x" = By x") =y BTl (x7 - M232X*)]() )
26

which implies that x” is a fixed point of the mapping G.

We now state and prove our first result on the implicit
iterative scheme.

Theorem 14. Let C be a nonempty, closed, and convex subset
of a uniformly convex and 2-uniformly smooth Banach space
X. Let I1 be a sunny nonexpansive retraction from X onto C.
Let the mapping B; : C — X be w-inverse-strongly accretive
fori=1,2.Let f : C — C be a contraction with coefficient
p € (0,1). Let {S,}72 be an infinite family of nonexpansive
mappings of C into itself such that F = ()2, Fix(S,,) N Q#0,
where Q is the fixed point set of the mapping G = TI-(I —
i B)OII(I — w,B,). For arbitrarily given x, € C, let {x,} be
the sequence generated by
In = (xnf (yn) + (1 - ocn)SnG (xn) 4
(27)

Xpe1 = ﬁnxn + YnVn + SnSnG (yn) 5 Vn > O,
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where 0 < y; < o;/«” fori = 1,2 and {a,}, {B,}, {y,,}, and {8,,}
are the sequences in (0, 1) such that B, + vy, + 6, = 1, Vn > 0.
Suppose that the following conditions hold:

(i) lim,, _, o, = 0 and Y2 «, = 00,

(ii) 0 < liminf, , B, < limsup, _, (B, +7,) < 1and
liminf, |y, >0,

(111) hmn—>oo|yn/(1 - ﬁn) - Yn—l/(l - ﬁn—1)| =0.

Assumethat Y, sup..p | S,x=S,_;x < co for any bounded
subset D of C, and let S be a mapping of C into itself defined
by Sx = lim,_, S, x for all x € C. Suppose that Fix(S) =
Mico Fix(S,). Then {x,} converges strongly to q € F, which
solves the following VIP:

(q-f().J(a-p)) <0,

Proof. Take a fixed p € F arbitrarily. Then by Lemma 12, we
know that p = G(p) and p = S,,p for all n > 0. Moreover, by
Lemma 11, we have

Vp € F. (28)

Iy, - £l
= Jlov, (f () = p) + (1 = ) (S,G (x,,) = p)
<o, |f () = F(P) + | £ (p) - p
+(1-a,) [S,G (x,) - pl

(29)
< (anuyn _p" T &y, ”f(p) _p"
+(1-a) |G (x,) - pl
< &p [y = pll + e[ f (p) -
+ (1= a,) |, = ]
which hence implies that
Iy -l
1-
: (1 T1- ocpp“"> . =
1 (30)
e () -l
“l’l
<l =pl+ =31 (P) = £l

Thus, from (27), we have

e1 =
= 1B, (xu = 2) + ¥ (7 = P) + 8, (.G () - P
< Bullx = 2l + v Iy = 2l + 8, 1G () - 2
< Bullxn = Pl + vu v = Pl + 8 1y - £l
= Bullxn =l + (1= B) [y - £l
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Sﬁn“xn_p" +(1 _ﬁn)
l-p
x {(1 - %P%) I, -

1
+ ol ()=l

1= SO -
L =B)-p) [7(p)-rl
1-a,p % 1-p
< max<l||xo—p||, ”f(lp_)‘;p” }

(31)

It immediately follows that {x,} is bounded, and so are the
sequences {y,}, {G(x,)}, and {G(y,)} due to (30) and the
nonexpansivity of G.

Let us show that [|x, ., —x,| — Oasn — 00. Asa matter
of fact, from (27), we have

Yn = (an (yn) + (1 - ‘xn) SnG (xn) >

Yn-1 = (Xn—lf (yn—l) + (1 - “n—l) Sn—lG(xn—l) » Vnx=1

(32)
Simple calculations show that

Yn = Yn-1 = &y (f (yn) - f(ynfl))
+ ((Xn - (xn—l) (f (yn—l) - Sn—lG (xn—l)) (33)
+ (1 - an) (SnG (xn) - Sn—lG (xn—l)) .

It follows that

17 = Yl
<y |f ) = F Q)| + ety = 0,4
X f (et) = 841G ()|
+ (1= at,) [8,G (%) = S1G (x,,0) |
< ¥ = Yol + oty — o
X Jf Det) = $uaG ()| + (1~ a1) (34)
% (4G () = $,G (x50
+ 184G (x,-1) = 851G (x,0-0)])
< 0P Y = Yt |+ |ty = s
X f Wae1) = 80t G ()| + (1 = )
% (126 = 2y 1+ 184G (x01) = $41G ()]

5
which hence yields
"yn — Vu1 "
l1-a,
< 1- a,p (”xn - xn—l"
+ "SnG (xn—l) - Sn—lG ('xn—l)")
| (35)

n — K
+ 1— (xnpll "f (ynfl) - Sn—lG(xn—l)"

< "xn - xn—l“ + ”SnG (xn—l) - Sn—lG (xn—l)"

«, — 0,
* ﬁ 1f (nt) = S5t G (o)

Now, we write x,, = f8,_;x,_; + (1 = B,_1)z,_;, Vn > 1, where
Z,q = (%, = B1%,-1)/(1 = B,_). It follows that for all n > 1,

Xn — ﬁn—lxn—l

1- Bn—l

_z — Xn+1 ﬁn Xn

n—-1 1-— ﬁn

_ V¥ +0:5,G ()
1- ﬂn

_ Yn-1Vn-1 + 8n—lsn—1G(yn—l)
1- ﬁn—l

Yn (yn B yn—l) + an (SnG (yn) B
1_ﬁn

Yo Vo1 )
+ T 5 n—
(1_/371 ﬁn 1 et

6n 6n—1 )
+ -l s G(y,,).
( 1— ﬁn 1= ﬁn_l 1 (y 1)

zZ

n

Sn—lG (yn—l))

(36)
This together with (35) implies that

2. =zl

||Yr1 (yn yn l) +8 (S G(yn)
1_[371

G ()’n—1))“

. ‘#
+ ‘ O
1-B, ﬁn-

< V- ynflll
+ 8, ([15,G (3)

_ Yn-1
= [

15,60 )l

- SnG (yn—l)“
+ "SnG (yn—l) - Sn—lG (yn—l)"))



6
x (1 - ﬂn)_l
y" Yn—l ‘
| - Ly,
2 - 2
Yn Yn—l
| - LS, G (e
2 - I,
< Yn "yﬂ _ yﬂ—l" + 811 ”yn B yn—l”
B Yot Oy
511
+ Vo + an "SnG (yn—l) - Sn—lG(yn—l)”
Yn Yn—l
= = L (i |+ 19020G (D
e (L L T
< "yn - yn—l" + "SnG (yn—l) - Sn—lG(yn—l)"
Yn Yn—l
| = L (s |+ 19020G (D
e B 415G OnD)
< "xn - xn—l" + "SnG (xn—l) - Sn—lG (xn—l)”
o, — o,
+ ﬁ ”f (yn—l) - Sn—lG ('xn—l)”

+ "SnG (yn—l) - Sn—lG (yn—l)"

yn Ynfl
o . E— S . P Y eI e
2 - 2| (bl B8 G O
< "xn - xn—l" + "SnG ('xn—l) - Sn—lG (xn—l)“
a, — A,
Pty 1560, -5,16 040
Yn Yn-1
+ — e —
‘ I- ﬁn 1- ﬁnfl
= "xn - xn—1"
1 Y V-1
+M< o, — o, +| “ ——)
1_“nP| 1| 1_/3n 1_ﬁnfl
+ "SnG (xn—l) - Sn—IG ('xn—l)"
+ "SnG (ynfl) - SrhlG (ynfl)" ’
(37)

where sup,.o{ll f (¥ )l + IS, G ) + 1y, Il + 1S,G(y )} < M
for some M > 0. So, from «, — 0, condition (iii), and the
assumption on {S,}, it immediately follows that

limsup (||z,, - 2,1 || = |x, = x,_1]) < 0. (38)
n—00
In terms of condition (ii) and Lemma 4, we get

nlLIlgo “zn - xn" =0. (39)
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Hence we obtain
nlglgo ”xnﬂ - xn" = lim (1 - ﬁn) "Zn - xn” =0. (40)

n— 00

Next we show that || x, — G(x,,) | > 0Oasn — oo.

For simplicity, put g = IIo(p — u,B,p), u,, = Ix(x, —
U, B,x,), and v, = I1-(u,, — 4, Byu,,). Then v, = G(x,,). From
Lemma 10, we have

””n - 61||2 = ||HC (%, = paByx,,) =T (p - yszp)”z
= “xn - p -t (Byx, - BzP)HZ

S ||xn - P”2 =2, (0‘2 - Kz//‘z) "Bzxn - BzPHZ’
(41)

"Vn - P"2 = “HC (un - nulBlun) - 1_[C (q - [’llqu)"2
< |, — g -, (Byu, - Bl‘i)”Z

s ””n - Q||2 =2 (“1 - K2P‘1) "Blun - quuz-
(42)

Substituting (41) into (42), we obtain

v = pI* < I, = I = 2082 (e, = 1) | By, = Bop|”

-2 (oc1 - sztl) ||Blun - qunz.
(43)

According to Lemma 3, we have from (27)

Iy, - oI’
= [, (f () = £ () + (1 =) (S,v, = P)
v, (f(p)-p)I

< oo (f () = £ () + (1= @) (S = DI

+2a, (f (p) = P, T (9. = P)) (44)
<a,llf ) = £ (O + (1 =) [S,v - Pl

+20, (f (p) = -] (yu— P))
< auplly, - ol + (1= a,) v, - I

+2a, £ (P) = Pl Iy - Pl

which hence yields
T
<(1- 7= ) bl )
1 ()=l - .

1-«,
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This together with (43) and the convexity of | - I, we have

B
=B, (xu = ) + ¥, (5 = P) + 8, (S,G (1) - DI
< Bullx = pI* + vallyn - 2 + 8,08,G (5,) - oI’
< Bullx = plI” + vallyn = 2I” + 8lly - 2l
= Bullxw = o + (1= B) Iy — 2l
< Bullxa = ol +(1-5,)

N IEEEINT

211 (5) - pl1y - ol

1_(xnp

< ﬁn"xn - P“z + (1 - Bn)

+

1-
(1T Il + ey

1- (46)

< /3n||xn - P“z + (1 - :Bn) <1 - 1_—()5)“11)
x[llx, = pI" = 262 (e, = °11,) | Byx,, = Byp
- 2m (“1 - Kz#l) ||Blun - 31‘1“2] +a, M,

= <1_%(x(lp_man)”xn_p”2_2(l_ﬁn)

n

1-
><<1— ‘D(xn>
1_“np

X [.”2 (0‘2 - Kz#z) "BZ'xn - BzP||2

+ (o =) | By, - Bogl’] + o, M,

1 —
s "xn _pllz - 2(1 _Bn) (1 - 1 _()fp“n)
X [.”2 (“2 - Kz#z) "Ban - BzPHZ
T (“1 - ’Czﬂl) ”Blun - qullzl +a, My,

where sup, .o {2(1-8,)/(1-a,p) | f(P)-p Il y,—p I} < M,
for some M, > 0. So, it follows that

20-5)(1- 1L,

(04
1_“np !

x [//‘2 (0‘2 - KZP‘Z) 1B, - sz”z

+ (“1 - Kz!"l) "Blun - qul’z]

< ey = I = s = I + 0,

< ("xn - p” + ”'xn+1 - p") "xn - xn+1“ + (ngl'
(47)

Since 0 < y; < (xi/Kz for i = 1, 2, from conditions (i), (ii), and
(40), we obtain

dim B, = Bopl| =0, lim ||B,u, — Byg] = 0.

(48)
Utilizing [14, Proposition 1] and Lemma 5, we have
2
=l

= |Te (%, = 2 Byx,) — T (p - P‘szP)||2

< (%, =y Byx, = (P~ taBop) > T (1, — 9))

= (%0 = p.J (1, = 9))

+ ¢ (Byp = Byx,,, ] (1, — 9))

< 2 [ 21 + ot~ al =01 (%, ~ 16, (- )]

+ 2 [Bop = By | s, — g
(49)

which implies that
"un - ‘1“2 S ”xn - P"2 9 ("xn — Uy~ (p - q)“)

+ 2[”2 “BZP - Bzxn" "un - q” :

In the same way, we derive

50)

v, ol
= ||HC (u, — 1 Byu,) = T (q — P‘1qu)"2
< <un - n"ilBlun - (q - :ulqu) ’](vn - p)>
= <un - q’] (Vn - p)) + <qu - Bu,,J (Vn - P)> (51)
1
< 5 [y =all* + v, - oI

-9 (“un —Vp t (p - q)")]

+ i [|Bag = By | v = 2l
which implies that

"Vn - P"2 = ||un - q"2 ~ 9 ("un Vv, t (P - q)")

(52)
+ 2#1 ”qu - Blun" "Vn - P" .
Substituting (50) into (52), we get
v, = pl* < % = 2lI* = 9 (% =, - (2 - D)
- u,—v,+(p-
Al (r-al) -

+ 24 | Bop = By, |, — al

+ 2“1 "qu - Blun” ”vn - P” '



From (46) and (53), we have
“xn+1 - p"2 < (ngl + ﬁn”xn - p"2

-0 (1- L)

1_“np

X [”xn - P"2 ) ("xn Uy~ (P - q)”)
~ 9 ("un —Vp t (P - q)")
+ 2/42 "BZP - Bzxn“ “un - q"

+ 24y |B1q = By [|v, - pll ]
caty+ (1- L0 Y

1_‘an
1-p
—(1- 1-
(- (1- 1)

x (g (I =1, = (P = q)])

+ 92 (It = v+ (P = 9]
+ 2 | By p = By, | Ju, - dl
+ 24 |Biq = By | |, - p

< “an + ”xn - P"2 - (1 - ﬂn)

x (1 - 11—_0c:)pan>
x (g1 (s =t = (P = a)])

+ g2 (Jun = v + (P - a)|)]
+ 24, | Byp = By [, — 4]

+ 2#1 "qu - Blun" "Vn - P" >

(54)
which implies that
- (1- 52 a)
Loy (b=, (o)
+ 0 (|t = v + (P = 9)I))]
< a, M, + %, = plI* = %01 - Pl
(55

+ 245 |Byp = By, | |, - a
+ 244y |Byq = By | v, - p

< oMy + ([l = pll + s = 2l %0 = % |
+ 24, | Bop = Byx,| |l — 4]

+ 24 |Biq = By | v, - pll-
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Utilizing conditions (i), (ii), from (40) and (48), we have

lim g, (|, - u, - (p=4q)|) =0,

n— o0

(56)
Jim g, (Jlu, — v, + (p—q)]) = 0.
Utilizing the properties of g, and g,, we deduce that
nh—>n(§o "xn — Uy~ (p - q)“ =0,
(57)

nhj%o ”un “Vpt (P - q)“ =0.
From (57), we obtain
"xn - Vn” = "xn Uy~ (P - q)”

+u, = v, + (p—q)| — 0 asn — co.
(58)
That is,
lim_ [}, = G (x,)] = . (59)

n— 00

On the other hand, since {y,} and {S,G(y,)} are bounded,
by Lemma 6, there exists a continuous strictly increasing
function gj : [0,00) — [0,00), g5(0) = 0 such thatfor p € F

s = 2l

= "ﬁn (xn_p) +Yn(yn_p)+6n (SnG(yn)_p)llz

- Yn -
|08 | s ()

2

(5,600 =)+ B (5, 1)

n n

2

n 671
<+ 0) | s 0nm P+ 25 (5.6 () - p)
+ ﬂn"xn - P”Z

Yn _1? 871 1?2
< e | s b= o+ B0

_ ()})/_’:_—8(;)2‘@3 ("yn - SnG (yn)||):|

+ ﬁn"xn - P”z

< vy =2l + 8,3 - oI

n‘Sn
- —Y:Jr 593 (1 = $.G O)lD + Aol - oI’
O
= (=B Iy plf -

Yat 0,

X 93 (“yn - SnG (yn)”) + ﬁn”xn - pllz’
(60)
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which together with (30) implies that

||xn+l - p"2
2
< (=) (I -l + 2217 () ol

n8n
- YY 5 93 ("yn - SnG (yn)“) + ﬁnnxn - P"2 (61)
< (Il + 1 -ol)

S,

- yy+ 5% Iy = $.G )l -

It immediately follows that

Ynang?a ("yn - SnG (yn)")
Va0 B
< Va +5 93 ”yn snG (yn)")
2
< (Il + T2 1 ()= 1)

~ %1 - I (62)

< (1= ol b= ol

(o=l + T2 1 () 1)

According to condition (ii), we get

lim inf3,, = lim inf (1 - B, - ,)

(63)
=1-limsup (B, +y,) > 0.
Sincea, — 0, | x,,; —x, | = 0,and liminf, |y, > 0, we
conclude that
Jim g5 (|3, = S,G (y)]]) = 0. (64)
Utilizing the property of g5, we have
Jim ||y, = S,G (v, = (65)
We note that
Xpp1l =Xy T Xy =V = Xps1 =
= ﬁn (xn - yn) + 871 (SnG (yn) - yn) .
(66)

9
So,
(1= B % = 3l
=18, (8,5 (3) = ) = (%1 = %,
<0, (8,6 (3) = yull + %01 = .| (67)
< [$,G () = 7l
+||%p1 — x| — 0 asn— oo.
That is,
Jim fx, - y,[ =o0. (68)
We observe that
|G (x,) = $,G (x,)]
<G (%) = 2l + s = 2l + 30 = S.G ()]
+[8.,G () = $,G (x,)]
<G (%) = 2]l + 2, = il + 1y = S, G (-
(69)
Thus, from (59)-(68), we obtain that
Jim |G (x,) - S,G (x,)] = 0. (70)
By (70) and Lemma 7, we have
156 (x,) - G (5,
< 56 (%) - 5,6 () @
#18,G(x) -G (x,)] — 0 a5 n— co.
In terms of (59) and (71), we have
[, = 55,0 < - G ()] + 6 (x0) - G (x,)]
+1SG (x,) = $x,|
< 2|x, - G(x,)|
#16 () ~SG ()] — 0 a5 1 — .
(72)

Define a mapping Wx = (1-0)Sx +0G(x), where 0 € (0, 1) is
a constant. Then by Lemma 9, we have that Fix(W) = Fix(S)n

Fix(G) = F. We observe that
b= Wl =110 (= 5,) 16 (5, -Gl
< (1-6) |x, — Sx, | + 6 |x, - G (x,)] -
From (59) and (72), we obtain
lim |x, - Wx,| = (74)

n— oo

Now, we claim that

limsup (f (q) = 4. (x, = 9)) <0, (75)
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where g = s — lim, _, x, with x, being the fixed point of the

contraction
x — tf (x) + (1 —t) Wx. (76)

Then x, solves the fixed point equation x, = tf(x,) + (1 -
t)Wx,. Thus we have

e = xall = (1 =) (W, = x,) + £ (f (%) = )] (77)
By Lemma 3, we conclude that
I, = x|
= (1= W, - x,) + H(f(x) - x|
< (1=t |Wx, - x|
+ 2t (f (x,) = x0T (x, - x,))
< (1= (W, = Wi, | + Wi, - x,[)°
+2t (f (%) = % T (%, = x,))

< (1= 12 (x, = %) + [ W, = x,])°

+26(f (%) = % ] (%, = %)) (78)

= (L= [ =%+ 2 = x|
x [Wa, = x| + | Wx, = x,I]

+26(f (%) = 2] (3, = x,.))

+2t (x, — %, ] (%, — x,,))
= (1=2t+8) o, =, + £, ()

w2t (f (3%,) = % J (50 = 5,)) + 2t x, — x, >

where

fu®) = (=07 @]x = x| + %, ~ Wi, ) o)

X Hxn - Wxn" — 0, asn-— oo.

It follows from (78) that

1
(5= £ (22T (5= 5,)) = Sl =l + 5, £, 0. 80)

Lettingn — oo in (80) and noticing (79), we derive
. t
limsup (x; — f (x,), ] (x, = x,)) < EMz’ (81

where M, > 0 is a constant such that || x, — xnll2 < M, for all
t € (0,1) and n > 0. Taking ¢t — 0 in (81), we have

lim sup lim sup (x, - f (x,),J (x, — x,)) < 0. (82)

t—0 n—oo

Journal of Applied Mathematics

On the other hand, we have

(f(@)-aJ(x,—q))

=(f@)-aJ(x,-q)) - (f(@) -] (x,—x))
+{f (@) = a.T (x, = %)) = (f (@) = x0T (x, = x4))
+(f (@) = x0T (= %)) = (f (5) = x0T (3, = x,))
+(f (%) = %0 T (%, = X,))

=(f@)-aJ(x,—q) - T (x, - x,))
+{xp =g ] (%, = x,)) + (f (@) = £ (%), T (%, = x,))
+(f () = x0T (3, = %)) -

(83)
It follows that
lim sup (f (q) = 4. ] (s ~ 4))
<limsup (f (q) = q.J (x, = @) = J (x, = x,))
+ % = qlltim sup [, - x| (84)

+p|lg = x||lim sup |x,, — x|
n— 00
+limsup (f (x,) = x;.. ] (x,, — x,)) -

Taking into account that x, — gast — 0, we have from
(82)

limsup (f (q) =4, J (x, - q))
n—o00
= limsup limsup (f (q) - 4.7 (x, — q))
t—0 n— 0o
< limsuplim sup (f (q) - ¢.J (x, = q) = J (x, = x,)) -
t—0 n— 0o
(85)
Since X has a uniformly Fréchet differentiable norm, the
duality mapping J is norm-to-norm uniformly continuous
on bounded subsets of X. Consequently, the two limits are
interchangeable, and hence (75) holds. From (68), we get
(¥, —q) — (x, —q) — 0. Noticing that ] is norm-to-norm

uniformly continuous on bounded subsets of X, we deduce
from (75) that

lim sup (f@-a7J(.—q)
= li’IlILSOL;p (f(@)-aT(x,-q))

+{f(@)-aT(n—a) - T(x,—q)))

= limsup (f () = q.J (x, - q)) < 0.
(86)
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Finally, let us show that x,, — gasn — co. We observe
that
Iy, - al’
= oty (f () = f (@) + (1 — )
X (8,G (x,) - q) + e, (f (@) -9
< e, (f (va) = £ (@)
+ (1-a,) (S,G(x) - ) |’
+ 20, (f (9) =T (¥, —9)) (87)
<a,|f () - £ (@I
+(1-a,) 5,6 (x,) - g’
+ 20, (f (9) =T (¥, - 9))
< auply,—al + (1 - a,) |x, - g

+2a, (f (@) =T (n =)
which implies that

2 1-p 2
-l = (1- =50 ) Il

n

(88)
L -p) 2(f(@)-aT(n-9))

1—a,p l-p

By (27) and the convexity of | - ||*, we get
B
< Bullxa = al* + vy, - al* + 8,08,G (»,) - al’
< Ballx = al* + vally = al + .l - al’

= ﬁn"xn - q"2 + (1 - ﬁn) "yn - ‘1”2’

which together with (88) leads to
"xn+1 - q"2

< Bn”xn - qnz + (1 - :Bn)

S
L am(-p) 2<f(q)—q)1(yn-q)>}

1-a,p 1-p

- [1- B -
L (=B)A-p)  2(f(2)-a] (n-4))
l-op " 1-p '

(90)

1

Applying Lemma 2 to (88), we obtain that x, — gasn —
00. This completes the proof. O

Corollary 15. Let C be a nonempty, closed, and convex subset
of a uniformly convex and 2-uniformly smooth Banach space
X. Let I1 be a sunny nonexpansive retraction from X onto C.
Let the mapping B; : C — X be w;-inverse-strongly accretive
fori=1,2.Let f: C — C be a contraction with coefficient
p € (0,1). Let S be a nonexpansive mapping of C into itself such
that F = Fix(S) N Q # 0, where Q) is the fixed point set of the
mapping G = I1o(I — u, B))II-(I — u,B,). For arbitrarily given
xo € C, let {x,} be the sequence generated by

Yn = (an (yn) + (1 - (Xn) SG (xn) >
Vn >0,

1)
Xn+1 = ﬁnxn + Ynn + (SnSG (yn) >

where 0 < y; < o/x” fori = 1,2 and {a,}, {B,}, {y,}, and {8,,}
are the sequences in (0, 1) such that B, + vy, + 6, = 1, Vn > 0.
Suppose that the following conditions hold:

(i) lim,, , &, = 0and Y2, &, = 00,

(ii) 0 < liminf, _, B, < limsup, _, (B, +7y,) < 1 and
liminf, , y, >0,

(iii) lim,, -, oo (y,/ (1 = B,)) = (Ve /(1 = Bl = O

Then {x,} converges strongly to q € F, which solves the follow-
ing VIP:

(q-f().J(a-p)) <0,

Further, we illustrate Theorem 14 by virtue of an example,
that is, the following corollary.

Vp € F. (92)

Corollary 16. Let C be a nonempty, closed, and convex subset
of a uniformly convex and 2-uniformly smooth Banach space
X. Let I1, be a sunny nonexpansive retraction from X onto C.
Let f: C — C be a contraction with coefficient p € (0, 1). Let
T be an n-strictly pseudocontractive mapping of C into itself,
and let S be a nonexpansive mapping of C into itself such that
F = Fix(S) N Fix(T') # 0. For arbitrarily given x, € C, let {x,}
be the sequence generated by

Yn =0 f (7a) + (1 - ) SU =AU -T)) x,,
Xyl = ﬁnxn TVt 8;18 (I-A(I-T)) V>

(93)
Vn =0,

where0 < A < max{l,n/icz} and {e,}, {B,}, {y,}, and {6,} are
the sequences in (0, 1) such that B, + vy, + 95, = 1, Vn > 0.
Suppose that the following conditions hold:

(i) lim,, _, &, = 0 and Y2 &, = 00,

(ii) 0 < liminf,_, 3,
liminf, |y, >0,
(111) limnaool(’)}n/(l - ﬁn)) - (Ynfl/(l - an*l))l =0.

Then {x,} converges strongly to q € F, which solves the follow-

ing VIP:

< limsup, , (B, +7v,) < 1and

(9-f(q).J(q-p)) <0, VpeF (94)
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Proof. In Corollary 15, put B, = I =T, B, = 0, 4; = A, and
a, = #. Since T is an #-strictly pseudocontractive mapping,
it is clear that B; = I — T is an y-inverse strongly accretive
mapping. Hence, the GSVI (9) is equivalent to the following
VIP of finding x* € C such that

(Bix",J(x—x")) >0, VxeC, (95)
which leads to Q = VI(C, B;). In the meantime, we have
G, =Tc (I = By) N (I = 4, B,) x,,
=Tl (I - By) x,
=M [(1-1) x, + ATx,,]

(96)

=x,-AI-T)x,.

In the same way, we get Gy, = ¥, — A(I - T) y,,. In this case, it
is easy to see that (91) reduces to (93). We claim that Fix(T') =
VI(C, B,). As a matter of fact, we have, for A > 0,

u € VI(C, B))
& (Bju,J(y—u))=0 VyeC
= u-ABju-u,J(u-y)) >0 VyeC
& u =TIl (u-ABu)
= u =1, w-Au+ATu)
= u-M+ATu-u,J(u-y))>0 VyeC
= u-Tu,J(u-y)) <0 VyeC
—u=Tu

— u € Fix(T).
(97)

So, we conclude that F = Fix(S) N Q = Fix(S) n Fix(T).
Therefore, the desired result follows from Corollary 15. [

Remark 17. Theorem 14 improves, extends, supplements, and
develops Cai and Bu [2, Theorem 3.1 and Corollary 3.2] and
Jung [5, Theorem 3.1] in the following aspects.

(i) The problem of finding a point g € (), Fix(S,,) N Q in
Theorem 14 is more general and more subtle than the
problem of finding a point g € Fix(S) N VI(C, A) in
Jung [5, Theorem 3.1].

(ii) The iterative scheme in [2, Theorem 3.1] is extended
to develop the iterative scheme (27) of Theorem 14
by virtue of the iterative scheme of [5, Theorem 3.1].
The iterative scheme (27) of Theorem 14 is more
advantageous and more flexible than the iterative
scheme of [2, Theorem 3.1] because it involves several
parameter sequences {e, }, {8,}, {y,}, and {§,,}.

(iii) The iterative scheme (27) in Theorem 14 is very dif-
ferent from everyone in both [2, Theorem 3.1] and [5,
Theorem 3.1] because the mappings S,, and G in the
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iterative scheme of [2, Theorem 3.1] and the mapping
SP-(I — A,A) in the iterative scheme of [5, Theo-
rem 3.1] are replaced by the same composite mapping
S,,G in the iterative scheme (27) of Theorem 14.

(iv) The proof in [2, Theorem 3.1] depends on the argu-
ment techniques in [3], the inequality in 2-uniformly
smooth Banach spaces ([9]), and the inequality in
smooth and uniform convex Banach spaces ([14,
Proposition 1]). Because the composite mapping S,G
appears in the iterative scheme (27) of Theorem 14,
the proof of Theorem 14 depends on the argument
techniques in [3], the inequality in 2-uniformly
smooth Banach spaces, the inequality in smooth and
uniform convex Banach spaces, and the inequality in
uniform convex Banach spaces (Lemma 6).

(v) The iterative scheme in [2, Corollary 3.2] is extended
to develop the new iterative scheme in Corollary 15
because the mappings S and G are replaced by the
same composite mapping SG in Corollary 15.

4. Explicit Iterative Schemes

In this section, we introduce our explicit iterative schemes
and show the strong convergence theorems. First, we give
several useful lemmas.

Lemma 18. Let C be a nonempty, closed, and convex subset of
a smooth Banach space X, and let the mapping B; : C — X

be A;-strictly pseudocontractive and o;-strongly accretive with
o; +A; > 1 fori=1,2. Then, for y; € (0, 1], we have

"(I —wB;) x — (I - w;B;) )’“

-« 1
5w ol o

Vx,y €C,

fori=1,2.Inparticular, if 1-(A;/(1+A,))(1-/(1 — ;) /A;) <

y; < 1, then I — w;B; is nonexpansive fori = 1,2.

Proof. Taking into account the A;-strict pseudocontractivity
of B;, we derive for every x, y € C

/\i"(I - B;)x~(I-B) )’"2
<(U-B)x-(-B)ynJ(x-y) 9

<|(IT-B)x-(1-B)ylfx -y,

which implies that

1
|(T=B)x~(I-B)y|< - lx=»]- @00)
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Hence,
IB:x - By

<|T-B)x-(-B)y|+ =2

<(1+ 7)1l

Utilizing the «;-strong accretivity and A;-strict pseudocon-
tractivity of B;, we get

/\i”(I ~B;)x~-(I-B) )’"2

<|x =yl = (Bx— By, J (x - y)) (102)
< (-l
So, we have
-B)x--mls ol oo

Therefore, for y; € (0, 1], we have

“(I - w:B;) x = (I - wB)) J’”
< "(I_Bi)x_ (1 _Bi)y” + (1 - ;) "Bix —Bi)’"

e - (1 L)
5 - (i) b

Since 1 — (A,;/(1 + A;))(1 = /(1 —;)/A;) < p; < 1, it follows
immediately that

1_OC"+(1— )<l+i><1
A, AT

This implies that I — y;B; is nonexpansive fori = 1, 2. O

(104)

(105)

Lemma 19. Let C be a nonempty, closed, and convex subset
of a smooth Banach space X. Let I1 be a sunny nonexpansive
retraction from X onto C, and let the mapping B; : C — X
be A;-strictly pseudocontractive and o;-strongly accretive with
a;+A; > 1fori=1,2.LetG: C — C be the mapping defined
by

G(x) =Tl [Hc (x - yszx)
(106)

— B (x — w,B,x)], VxeC.

F1-(\,/(1+A,) (A=A —a)/A) < p; < 1, thenG : C — C

is nonexpansive.
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Proof. According to Lemma 10, we know that I — y;B; is
nonexpansive for i = 1, 2. Hence, for all x, y € C, we have

|G -G ()]
= ||Tc [Te (x — 1, Byx) = gy By (x = By x)
~ ¢ [He (y — #2B,y) = i Byl (v — 12Byy) |
= e (I - 1, B,) e (I - ,B,) x
~ T (I - B) e (I-w,B,) y|
<[(I-mB) (I - w,B,) x
= (I-wB) T (I-wB,) |
<M (I - w,By) x = T (I - 1, B,) ¥
< [|(1 - pBy) x = (I - 1,B,) y|

<|x-y]-
(107)

This shows that G : C — C is nonexpansive. This completes
the proof. O

Lemma 20. Let C be a nonempty, closed, and convex subset
of a smooth Banach space X. Let I1 be a sunny nonexpansive
retraction from X onto C, and let the mapping B; : C — X be
A;-strictly pseudocontractive and o;-strongly accretive for i =
1,2. For given x*, y* € C, (x*, y*) is a solution of GSVI (9)
if and only if x* = Ua(y* — uy B, y") where y* = H(x" -
tyByx™).

Proof. We can rewrite GSVI (9) as

(x" = (y" —wBy*),J(x—x")) 20, VxeC,
x x . . (108)
(y" = (x" —wB,x"), J(x - y")) 20, VxeC,
which is obviously equivalent to
x" =T (y" —wBy"),
. . . (109)
y"=Te(x" = mB,x"),
because of Lemma 5. This completes the proof. O

Remark 21. By Lemma 20, we observe that

x" = e [HC (X* - P‘sz’C*) - Bl (x* - yszx*)(] > )
110

which implies that x* is a fixed point of the mapping G.
Throughout this paper, the set of fixed points of the mapping
G is denoted by Q.

We are now in a position to state and prove our result on
the explicit iterative scheme.

Theorem 22. Let C be a nonempty, closed, and convex subset
of a uniformly convex Banach space X which has a uniformly
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Gdteaux differentiable norm. Let Il be a sunny nonexpansive
retraction from X onto C. Let the mapping B; : C — X be A;-
strictly pseudocontractive and o;-strongly accretive with o; +

A; = 1fori = 1,2. Let f : C — C be a contraction wzth
coefficient p € (0,1). Let {S,},2, be an infinite family of
nonexpansive mappings of C into itself such that F =
MNico Fix(S,) N Q#0, where Q is the fixed point set of the
mapping G = I-(I — u B)IL(I — u,B,). For arbitrarily given
xo € C, let {x,} be the sequence generated by

Yn = “nG (xn) + (1 -
Xpt1 = ﬂnf (xn) + YnIn + SnSnG (yn) 4

a,) $,G (x,) )
Vn =0,

where 1 — (A;/(1+ A))(1 - (1 —a;)/A;) <y < 1 fori=1,2
and {o,}, {B,}, {y,), and {8,,} are the sequences in (0, 1) such
that B, + vy, + 6, = 1, Yn > 0. Suppose that the following
conditions hold:

(i) 0 < lim inf limsup, _, &, <1,

n— o0 ﬂs n

(ii) lim,, _, o8, = 0 and ¥2 B, = 0o,

(i) Y2, lo, — e, 1| < 00 or lim

&y — an—ll/ﬁn =0,

Vl—>00|

V) Zﬁzl |/3n -

ﬁn—ll < oo or limnﬂooﬁn—l/ﬁn =1

) 2o /(= B) = (1,0 /(1
lim,, _, oo (1/ BN/ (1 = B,) = (1 /(1 =

- Bl < oo or

Bu-)l =0,

(vi) 0 < liminf, , .y, <limsup, _, .y, < L.

Assume that Y, sup..p | S,x=S,_;x < co for any bounded
subset D of C, and let S be a mapping of C into itself defined
by Sx = lim,_, S,x for all x € C. Suppose that Fix(S) =
ﬂ o Fix(S,). Then {x,} converges strongly to q € F, which
solves the followzng VIP:

(112)

(q-f(),J(g-p)) <0, VpeF.

Proof. Take a fixed p € F arbitrarily. Then by Lemma 20, we
know that p = G(p) and p = S, p for all n > 0. Moreover, by
Lemma 19, we have

Iy - Pl
sy "G (xn) - p” + (1 - (Xn) "SnG (xn) - p"
(113)
< o [lx, - pll + (1 - o) %, - p

=l =2l
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From (113) we obtain

%1 = 2l
< Bullf () = Pl + vl =
+8,[1S,G (3) - pl
< B (If (xa) = £ () + 1f (p) - 2l)
+ Va7 = 2l + 0. [vn = Pl
< Bup Ixu = Pl + Bl f (P) - Pl

+(1=B) [y, -l
< Bup lxa =2l + B f (p) - 2l (114)
+(1=B,) %, - £l
=(1-B,(1-p))|x. - pl
+ B, |f (p) - pl
=(1-B,(1-p)|x. - Pl
B (1-p)- ||f(1P_);P||

e, 1221
< max{ s, -l L2

which implies that {x,} is bounded. By Lemma 19 we know
from (113) that {y,}, {G(x,,)}, and {G(y,,)} are bounded.

Let us show that || x,,,;, —x, | — Oand || x, -y, |— 0
asn — 00. As a matter of fact, from (113), we have

Yn = (an (xn) + (1 - (xn) SnG (xn) >

)an(nl) Vn> 1.

(115)

Yn-1 = ocn—lG('xn—l) + (1 = Oy

Simple calculations show that

Yn = Yn-1 = &y (G (xn) -G (xnfl))
‘xn—l) (G (xn—l) - Sn—lG (xn—l)) (116)
an) (SnG (xn) - Sn—lG (xn—l)) :

+((xn_

+(1-
It follows that

19 =y
<a, |G (x,) = G (x,.1)|

an—1| ”G (xn—l) - Sn—lG (xn—l)"
(xn) "SnG (xn) - Sn—IG (xn—l)"

+ o, —

+(1-
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<, G (x,) = G (x|
1] [|1G (1) = S0 G (3,
+ (1= a,) (8,6 (x,) = $,G (x,,)
+ 18,6 (x1) = $,2aG (x,0)])
<, |G (x,) = G (x,)|
1) =8 G (%)
=G (%)

+ o, —

+ o, = 0, | |G (x
+(1-a,) (|G (x,)
+ 19,G (x01) = 8,46 (x,0)])
<G (x,) = G (x|
+ o, = 1[G (0-1) = 8,46 (30|
+[[$,G (x5-1) = 851G (x|
< [l = 21 + o, — et
x |G (1) = $,1G (%)

+ "SnG ('xn—l) - Sn—lG (xn—l)“ .
117)

Now, we write x, = f,_; f(x,_1) + (1 = B_1)Vy1> V1 2 1,
where v,_; = (x, — B,_1 f(x,.1))/(1

foralln > 1,

Vi = V1
_ Xn+1 ﬁnf (X ) _ﬂn—lf(xn—l)
1- :Bn 1- 181171
_ P +9,8,G ()
1- /3n
_ yn—lyn—l + an—lsn—lG (yn—l)
= b )
_ Y (yn B ynfl) + 6n (SnG (yn) - SnflG (ynfl))
I- ﬁn

(il )

é 0,1 )
+ - S$m1G (V1) -
<1_ﬁn 1- B, 1G (Y1)

This together with (117) implies that

1V = veal
”Yn (yn Yn— 1) +8 (S G(yn) B n IG(yn—l))“
1_ﬁn
+\%—lf"—ﬁl_|uyn_lu
6
+‘1_nﬁ - ﬁ— l”sn IG(yn 1)"

- B,_1)- It follows that,
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< (Yn ”yn - yn—l“
+ 811 ( ”SnG (yn) - SnG (yn—l)"
+ 184G (V1) = 851G ud)]))
x (1 - ﬁn)_l
Yn n-1
+|1_/3n - 1_ﬁnfl
Yn Yn-1
i

e 15 = Yucill + 8 | = Yol
Y, + 0,

Iyn-1l

“Sn—lG (}’n—l)"

81’1
+ Y, + 8n “SHG (yn—l) - Sn—lG(yn—l)”

Yn Yn-1
+l1_/5n - l_ﬁnfl
< (sl + 1824 G -l

£ ”yn - yn—ln + ”SnG (yn—l) -

Sn—lG (yn—l)”

Yn
+ ———
1_/3n ﬁn 1

Ocn—1| ||G ('xn—l) - Sn—lG ('xn—l)"
+ ”SnG ('xn—l) - Sn—lG (xn—l)"

+ ”SHG (ynfl) - Sn—lG (yn—l)“

Iyl + 1185-1G (-0

< ”xn - xn—l” + |“n -

T2~ 1o | el + 15,006 O
(119)
Furthermore, we note that
Xn1 = ﬁnf (xn) + (1 - ﬁn) Vi
(120)
Xy = ﬁn—lf (xn—l) + (1 - ﬁn—l) V-1 Vn> 1.
Also, simple calculations show that
Xnyl — X = :871 (f (xn) - f ('xn—l)) + (ﬁn - ﬁn—l)
X (f ('xn—l) - Vn—l) + (1 - ﬂn) (Vn - Vn—l) .
(121)

This together with (119) implies that

[se1 = xal
< ﬁn “f (xn) (xn—l)” + |Bn - /*;n—ll
X ”f (xn—l) - Vn—l” + (1 - Bn) "Vn - Vn—l"
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< ﬁnp "xn = Xp-1 ”
+ |ﬁn - ﬁn—ll "f (xn—l) - Vn—l" + (1 - ﬁn)

x ”xn - xn—lll
+ |“n - an—ll ”G (xn—l) - sn—lG (xn—l)"
+ "SnG (‘xn—l) - Sn—lG (xn—l)”

+ "SnG (yn—l) - Sn—IG (yn—l)"

Yn V-1
|t I
1- :Bn 1- /3”,1

(el + 102G 0D |

< (1= B, (1=p)) %, = %
1B = Bucal I (t) = vl
= 0, 1G (1) = $51 G ()|
18,6 (xt) = S0 G (30|
+18,G (V1) = S5 G (V)

Vn yn—l
+ —_— e —
1- ﬁn I- ﬁn—l

< (1 - Bn (1 - P)) ”xn - xn—1"
+ |ﬁn _ﬁn—1|M+ |‘xn _“n—l|M

1yl + 1851 G )

+ ”SnG (xn—l) - Sn—lG (xn—l)”
+ “SnG (yn—l) - Sn—lG (yn—l)“

Yn Ynfl
+ S —
l 1- /‘gn 1- ﬁnfl

= (1 _ﬁn(l _P)) ”xn _xn—lll

+M< |ocn —ocn_ll

_ Vn _ Vn-1
+|ﬁn ﬂn_ll-l—‘l_ﬁn l_ﬁnfl

+ ”SnG ('xn—l) - Sn—lG (xn—l)"

+ HSnG (yn—l) - Sn—lG (Ynfl)H >

)

(122)

where sup, ol £G6,) I+ v, I + 1 GGe,) I + 11 S,GCx,) Il +
Iy, I + 1 S,G(y,) I} £ M for some M > 0. Utilizing
Lemma 2, from conditions (ii)-(v) and the assumption on
{S,.}, we deduce that

lim |x,,, - x,| = 0. (123)

n— 00
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Taking into account the boundedness of {G(x,)} and
{S,,G(x,))}, by Lemma 6, we know that there exists a contin-
uous strictly increasing function g, : [0,00) — [0, 00),
g,(0) = 0 such that for p € F

Iy, - ol
< |G (x,) = pI* + (1 - ) [$,G (x,) - p|”
—a, (1-a,) 9, (|G (x,) = S,G (x,)])
< allx, = pl* + (1 =), - I
—a, (1-a,) g, (|G (x,) = $,G (x,)]))

= ”xn - p"2 -, (1 - an) g1 ("G ('xn) - SnG ('xn)") .
(124)

Since {y,} and {S,G(y,)} are bounded, by Lemma 6, there
exists a continuous strictly increasing function g, : [0,00) —
[0, 00), g,(0) = 0 such that for p € F
2
i1 = £
= "/571 (f (xn) - P) + Vn (yn - P)

+ 8n (SnG (yn) - P)"z

S [N

P ~
<| 5 )

- e (560 p)|

2

+ ﬁn (f (xn) _P)

R

n n

< (1, +6,)

2

9,
+ Y 10 (SnG(yn)_p)

n n

+ Zﬁn <f (xn) - P’] (xn+1 - P))

2 Va AT
e P

é, 2
+ m“SnG (ya) - 2l

. %%(II%—%G )

+ 2ﬂn "f (xn) - P" "xn+1 - P"
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< yn"yn - P“z + an"yn - p”z
- ynsngZ ("yn - SnG (yn)”)

+2B, | f (x,) = Pl %01 = |
= "yn - P“Z - Yn6n£]z ("yn - SnG (yn)n)
+ Zﬁn “f (xn) - p“ “xnﬂ - P" 4

(125)
which together with (124) implies that
%1 = I
< = ol = @, (1= ) 9 (IG (x,) = $,G (x,)])
= ¥u092 (|74 = $:G ()}
+2B, [ () = Pl e — £l

(126)
It immediately follows that
+ YnangZ (”yn - SnG (yn)”)
2 2
<x, =Pl = 1% —
b= o1 = b .

+ 2B, |1 () = pll s =
< (Jxn = Il + e = I 6 = %
+ 2B, |1f () = pll s = -
According to condition (vi), we get
lim inf§, = linnli(gf(l =B, =y =1 -limsup (B, +7y,) > 0.
o (128)

Since 8, — Oand| x,,,
ditions (i) and (vi) that

nh_)néogl (G (xn) - SnG (xn)) =0,

—-x, | — 0, we conclude from con-

(129)
Jim g, (v, = S,G (n)])) = 0.
Utilizing the properties of g, and g,, we have
nango ”G (xn) -S,G (xn)" =
(130)
Jim ||y, - S,G (y,)] =0
Note that
”y no xn“
= "xn+1 —Xp = ﬁn (f (xn) - yn)

- (Sn (SnG (yn) - yn)" (131)
< "xn+1 - xn" + ﬁn ||f (xn) - yn”
+ 671 ”SHG (yn) - yn" .
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Thus, from (123), (130), and 8, — 0, it follows that
Jim |y, - x,[ =o0. (132)
On the other hand, from (130), we get
Jim [y, - G(x,)] = lim (1-a,)
(133)
x "SnG (xn) -G (xn)" =
This together with (132) implies that
Jim_ [x, = G (x,)| = 0. (134)
By (130) and Lemma 7, we have
“SG (xn) -G (xn)"
<SG (x,) - S,G (x,)| (135)
+[S,G (x,) -G (x,)| — 0 asn— oo.
In terms of (134) and (135), we have
[, = Sx, |
< xn = G (x| + |G (x,) = SG ()|
+]1SG (x,,) — Sx,| (136)
<2|x, - G(x,)|
+]|G(x,) = SG(x,)| — 0 asn— oo.

Define a mapping Wx = (1-0)Sx +0G(x), where 0 € (0, 1) is
a constant. Then by Lemma 9, we have that Fix(W) = Fix(S)n

Fix(G) = F. We observe that
6, = Wi, |
=[(1-0) (x, - 8x,) +0(x, -G (x,))]  (137)
< (1=0) [lx, = S| + 60 [, = G ()]
From (134) and (136), we obtain
Jim || x, - Wx,, [I=0. (138)
Now, we claim that
lim sup (f (q) = 4. ] (x, ~)) <0, (139)

where g = s — lim, _, yx, with x, being the fixed point of the
contraction
x — tf (x) + (1 - 1) Wx. (140)

Then x, solves the fixed point equation x, = tf(x,) + (1 —
t)Wx,. Thus we have

e = x,| = |1 = 6) (Wi, = x,) + 2 (f (%) = x,,)]| . (141)
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By Lemma 3, we conclude that

o =,
< (L= 07w, - x,
+ 2t (f (x,) = x0T (%, — x,))
< (1= (W, = Wi, | + W, - x,.])°
+ 26 (f (%) = % T (%, = %))
< (=07 [l = "+ 2 = x| (142)
x W, = x| + [W, = x, ]
+ 2t (f (%) = %0, T (%, = x,,))
+ 2t {x, = %, ] (3, = x,))
= (1=2048) |, - x| + £, )
£ 20 (F (3) = %0 ] (% = %)) + 2t %, = x,

where

f. ) =1-1)°(2 [, = x| + ||, = Wik, ||)

X ||x, = Wx,|| — 0 asn — oo.

(143)

It follows from (142) that

5= £ ()T (=) < 5=l + 5 £, 0.
(144)

Lettingn — o0 in (144) and noticing (143), we derive
. t
limsup (x, — f (x,), ] (%, - x,)) < EMz’ (145)

where M, > 0 is a constant such that || x, - xnll2 < M, forall
t € (0,1) and n > 0. Taking t — 0 in (145), we have

lim sup lim sup (x, - f (x;),J (x; — x,,)) < 0.

t—0 n

(146)

On the other hand, we have

(f(@)-a.J(x,-q))
=(f@)-aJ(x,—q) =] (x,-x,))
+{x, =] (x, = x,)) (147)
+(f (@) = f (%) (%, = x,))
+(f () = x0T (3, = x,)) -
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Hence it follows that

limsup (£ (q) ~4.] (x, —4))
< hr?lso%p (f@-a7(x,—q) T (x,-x))

+ % = qlllim sup |lx, - x| (148)
n— 00

+p g - x||lim sup ||x,, — x|
n— 00

+limsup (f (x,) = 0 ] (x,~ %,)).

Taking into account that x, — gast — 0, we have from
(146)

limsup (f (q) - q.7 (x, —q))

n— 00

= lim sup lim sup (f (9) - 4. (x, — q))
t—>0 n—00

< limsuplim sup (f (q) - ¢ J (x, - q) = J (x, = x,)) -
t—0 n— 00
(149)

Since X has a uniformly Gateaux differentiable norm, the
duality mapping J is norm-to-weak™ uniformly continuous
on bounded subsets of X. Consequently, the two limits are
interchangeable, and hence (139) holds. From (123), we get
(%41 — q@) — (x, —gq) — 0. Noticing the norm-to-weak”
uniform continuity of J on bounded subsets of X, we deduce
from (139) that

limsup (f (q) - ¢, J (%01 — q))

n—00

= lim sup (f(@)-aT (xp1 —9q) — T (x,— q))

+(f(@) - T (%1 —9)))

=limsup (£ (q) =] (x, - q)) < 0.
(150)

Finally, let us show that x, — gasn — 0o0. We observe
that

1y, = all = o, (G (x,) - )
+ (1 - (xn) (SnG (xn) - q)“
(151)
<oy, ||xn - q" + (1 - (Xn) "xn - q”

= llx. -l
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lnr = all” = B (f () = £ (@) + £ (@) = 4T (1 — )
+ (¥ (V= 9)
+ 8, (S,G () = )] (%11 — )
< Bulf () = f (@l %01 4l
+B.(f (@)~ 4T (%1 — )
F1vn n = @) + 8, (S4G (3) = Dl %1 — all
< Bup %0 = al %41 = al
+B.(f (@) =T (%1 — )
+ (ally = al + 0u [ = al) %41 =4l
= Bup % = all %1 —al
+B.(f (@)~ aT (%1 — )
+ (Y +82) [0 = all %01 —al
< Bup %0 = all %1 —al
+B.(f (@) =T (xo1 — )
+ (1= B,) % = dll %1 — 4l
=(1-B,(1=p) |x, — all |1 - 4l
+B.(f (@) =T (x1 — )
< LB (g + )
+Bu{f (@) =T (Xp1 — )
P . T,
+B. (@)~ aT (%1~ ) -
(152)
So, we have
%1 =l
<(1-B,(1-p) x,—4l’
+2B,(f(q) — ] (%11 — ) (153)
=(1-B,(1=p)) |x, -4l
cB(1-p) 2 (f(q) —lef(xnﬂ ~q))
P
Since Y22 B, = coand lim sup,, _, .. (f(q) — ¢, J (X1 — Q) <

0, by Lemma 2, we conclude from (153) that x, — gqasn —
00. This completes the proof. O

Corollary 23. Let C be a nonempty, closed, and convex subset
of a uniformly convex Banach space X which has a uniformly
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Gadteaux differentiable norm. Let I1 be a sunny nonexpansive
retraction from X onto C. Let the mapping B; : C — X be A;-
strictly pseudocontmctive and o;-strongly accretive with o; +

A; = 1fori = 1,2. Let f : C — C be a contraction wzth
coefficient p € (0,1). Let S be a nonexpansive mapping of C
into itself such that F = Fix(S) N Q # 0, where Q is the fixed
point set of the mapping G = I1o(I — y; B))I1-(I — u,B,). For
arbitrarily given x, € C, let {x,,} be the sequence generated by

Yn = anG (xn) + (1 - ‘xn) SG (xn) >
Xnt1 = ﬂnf (xn) +VYuVn t 5nSG (yn) >

where 1 — (A;/(1 + A, ))(1 - VA =a)/A) <y <1fori=1,2.
Suppose that {a,,}, ﬁn {y,}, and {6, }are the sequencesin (0, 1)
satisfying the followzng conditions:

(154)
Vn =0,

(i) 0 < liminf, | &, <limsup, , &, <1,
(11) hmn—>ooﬁn =0and Zn:O ﬁn =00,
(iii) Y2, lot, — v, | < 00 orlim,, _, o lox, — &,,_11/B, = 0,

(iV) ZZZI |Bn - /*;n—ll < oo or hmn—mo:Bn—l/ﬁn =1L

W X2 @/ = B) = (et /(A = Boo))| < 00 or
lim,, -, oo (1/ BN/ (1= B,)) = (Yt /(1 = B = 0,

(vi) 0 < liminf, _, .y, < limsup, _, ¥, < L.

Then {x,} converges strongly to q € F, which solves the
following VIP:

(g-f(),J(a-p)) <0,

Further, we illustrate Theorem 22 by virtue of an example,
that is, the following corollary.

VpeF. (155)

Corollary 24. Let C be a nonempty, closed, and convex subset
of a uniformly convex Banach space X which has a uniformly
Gadteaux differentiable norm. Let I1 be a sunny nonexpansive
retraction from X onto C. Let f : C — C be a contraction with
coefficient p € (0,1). Let T : C — C be a self-mapping on C
such that I — T is {-strictly pseudocontractive and 0-strongly
accretive with { + 0 > 1, and let S be a nonexpansive mapping
of C into itself such that F = Fix(S) NFix(T) # 0. For arbitrarily
given x, € C, let {x,} be the sequence generated by

Vu=0,G(x,)+(1-a,)SUT-AI-T))x,,

xn+1 = ﬁnf (xn) + ynyn + anS (I - /\ (I - T)) yn’ Vi’l 2 0’

(156)

where 1 — ({/(1 +))(1 — /(1 - 6)/C) < A < 1. Suppose that
{1, {B.) v}, and {8,} are the sequences in (0, 1) satisfying
the following conditions:

(i) 0 < liminf, _, (e, <limsup,_ , &, <1,
(11) hmnaooﬁn =0and Zn:O ﬁn =00,
(iil) Y02y lo, — e, 4| < 00 orlim,, _, e, — v, 11/B, =0,

(iV) ZZZI |ﬁn -

/3n—1| < oo or hmn—»ooﬁn—l/ﬁn =1L
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W) 221 /@ = B)) = gt/ = Bl < o0 or
lim,, _, oo (1/ BN/ (1= B,)) = (Yt /(L = B = 0,

(vi) 0 < liminf, _, y, < limsup, _, ¥, < L.

Then {x,} converges strongly to q € F, which solves the follow-
ing VIP:

q-f(@).J(a-p) <o

Proof. Utilizing the arguments similar to those in the proof
of Corollary 16, we can obtain the desired result. O

Vp eF. (157)

Remark 25. As previous, we emphasize that our composite
iterative algorithms (i.e., the iterative schemes (27) and
(111)) are based on Korpelevich’s extragradient method and
viscosity approximation method. It is well known that the
so-called viscosity approximation method must contain a
contraction f on C. In the meantime, it is worth pointing
out that our proof of Theorems 14 and 22 must make use of
Lemma 8 for implicit viscosity approximation method; that
is, Lemma 8 plays a key role in our proof of Theorems 14
and 22. Therefore, there is no doubt that the contraction f
in Theorems 14 and 22 cannot be replaced by a general k-
Lipschitzian mapping with constant k > 0.

Remark 26. Theorem 22 improves, extends, supplements,
and develops [2, Theorem 3.1 and Corollary 3.2] and [5,
Theorems 3.1] in the following aspects.

(i) The problem of finding a point g € (), Fix(S,,) N Q in
Theorem 22 is more general and more subtle than the
problem of finding a point g € Fix(S) N VI(C, A) in
Jung [5, Theorem 3.1].

(ii) The iterative scheme in [2, Theorem 3.1] is extended
to develop the iterative scheme (111) of Theorem 22
by virtue of the iterative scheme of [5, Theorem 3.1].
The iterative scheme (111) in Theorem 22 is more
advantageous and more flexible than the iterative
scheme in [2, Theorem 3.1] because it involves several
parameter sequences {e, }, {3,.}, 1v,.}, and {6, }.

(iii) The iterative scheme (111) in Theorem 22 is very
different from everyone in both [2, Theorem 3.1]
and [5, Theorem 3.1] because the mappings S, and
G in the iterative scheme of [2, Theorem 3.1] and
the mapping SP-(I — A,A) in the iterative scheme
of [5, Theorem 3.1] are replaced by the same com-
posite mapping S,G in the iterative scheme (111) of
Theorem 22.

(iv) The proof in [2, Theorem 3.1] depends on the argu-
ment techniques in [3], the inequality in 2-uniformly
smooth Banach spaces, and the inequality in smooth
and uniform convex Banach spaces. However, the
proof of Theorem 22 does not depend on the argu-
ment techniques in [3], the inequality in 2-uniformly
smooth Banach spaces, and the inequality in smooth
and uniform convex Banach spaces. It depends on
only the inequality in uniform convex Banach spaces.

(v) The assumption of the uniformly convex and 2-
uniformly smooth Banach space X in [2, Theo-
rem 3.1] is weakened to the one of the uniformly

Journal of Applied Mathematics

convex Banach space X having a uniformly Gateaux
differentiable norm in Theorem 22.

(vi) The iterative scheme in [2, Corollary 3.2] is extended
to develop the new iterative scheme in Corollary 15
because the mappings S and G are replaced by the
same composite mapping SG in Corollary 23.

Finally, we observe that related results can be found in
recent papers, for example, [15-24] and the references therein.
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