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A new multiscale finite element method is presented for solving the elliptic equations with rapidly oscillating coeflicients. The
proposed method is based on asymptotic analysis and careful numerical treatments for the boundary corrector terms by virtue of
the recovery technique. Under the assumption that the oscillating coefficient is periodic, some superconvergence results are derived,
which seem to be never discovered in the previous literature. Finally, some numerical experiments are carried out to demonstrate

the efficiency and accuracy of this method, and it is seen that they agree very well with the analytical result.

1. Introduction

In this paper, we consider the following elliptic boundary
value problem with rapidly oscillatory coefficients:

e O (L (X)) 2 -
Leu " Ox; (a"f<s>ax,-)_f(x)’ " )

u*=g(x), on 0Q,

where Q ¢ R? is a smooth-bounded domain, aij(f) ‘R >
R is symmetric and satisfies

(1) A <a; &L < A&, vEe R, 3re(01],
@ a;(E+E)=a,; ), VEeR?, ¥ 2,
1<i, j<n,

(3) "aij"H‘(SRZ) <C, 3dC>o,
(2)

where & = x/e, € is a small scale parameter. This kind of
equation has widely been applied in many areas, such as the

behavior of flow in porous media or the thermal and mecha-
nical behavior of composite material structure. In practice,
the oscillatory coefficients may span many scales to a great
extent. In such cases, the direct accurate numerical computa-
tion of the solution becomes difficult because it would require
a very fine mesh, and it can easily exceed the limit of
today’s computer resources because of the requirement of
tremendous amount of computer memory and CPU time.
Meanwhile, it is desirable to have a numerical method that
can solve this equation on a large-scale mesh with capturing
the effect of small scales details. Thus, various methods of
upscaling or homogenization have been developed.

Based on the homogenization method, there are many
discussions [1-4] about the numerical methods of (1). A large
amount of examples and applications can also be found
in the classical books [5-8], where the formal asymptotic
expansions for the limit solution are deduced when ¢ is small
enough. In these books, the first-order approximation of
these expansions is justified by proving sharp error estimates,
from which a general method that allowed us to treat
some structures with rapidly oscillatory coefficients is also
developed. However, the general method cannot effectively
compute the boundary corrector on boundary layer. It should



be noted that the boundary corrector is the important source
of error estimates. In [9], He and Cui present a novel finite
element method to solve (1) which can effectively compute the
boundary corrector even if the boundary layer is very small.
The crucial idea is to combine the numerical approximation
of the first-order terms of asymptotic expansions with the
numerical approximation of the boundary corrector from
different meshes exploiting the need for different levels of
resolution. The following result (Theorem 2.13 in [9]) can be
obtained.

Lemma 1. Assume that u® is the solution of (1) and ™" is
the finite element solution [9]. For all p,1 < p < +co, there
exists a constant C such that

v (us B aho,hl,h)

\/dist (-, 0Q) + ¢

<C [(hl +hy+h+ 5) |1n£|1/2 " 8(2p71)/zp]

(1]

where u® is the homogenization solution of (1), and dist(x, 9Q2)
is the distance between the point x and the boundary 0Q.

()

(3)

+ ]

W2 (Q) H? Q))

Unfortunately, the needed CPU time of the method pre-
sented in [9] is O(e' ™). In this paper, a high-effective finite
element method to compute boundary corrector by virtue of
the recovery technique is proposed, and some superconver-
gence results for the multiscale finite element approximation
of (1) are obtained. The rest of this paper is organized as
follows. In the next section, we present a multiscale finite
element method to compute u°(x). Its convergence analysis
are shown in Section 3. Finally, some numerical results
conforming our analytical estimates are given in Section 4.

Notation. Before closing this section, we would like to fix
some notations. First, the Einstein summation is used. Let
Q={£]0<¢& <1,i=1,2}, and the capital letter C (with
or without subscripts) denotes a positive constant, which is
independent of the small parameter ¢ and the mesh size h
(with or without subscripts).

2. An Improved Multiscale Finite
Element Method

Firstly, let us simply recall the homogenization method des-
cribed in [5].

2.1. Homogenization Method. Let Ni.(§) (k = 1,2) be a 1-
periodic function, which satisfies

3 AN
B_Ei (aij © a—€]> = agiailo in R,
(4)
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Then, the matrix @ = (@), , , can be obtained by

A oN,
a;j = jQ (“ + = 3%, )df (5)

The first-order approximation of °(x) can be written as

0
x) = u” (x) + N (§) 22, ©

axk

where 1°(x) satisfies the homogenization problem
0
Lol () = 2 (aijai> = f(x), inQ

axi ax] (7)

1’ (x) = g(x), on 0Q.

The boundary corrector term of the homogenization
method 0, is defined by

L6, =0, inQ,
0 (8)
0, = —staL, on dQ).
axk

In the next two subsections, we will compute numerically
the first-order approximation # and the boundary corrector
term 0,, respectively, and furthermore give the multiscale
finite element solution of (1).

2.2. Finite Element Approximation of ti. Let 7, be a quasi-
uniform triangular partition of Q with the mesh size h,. "
denotes the conforming P, finite element spaces with respect

to Ty, and Sgo =S n Hé (Q). The finite element scheme of
(4) is to find N:O € S such that

aN 0
J, a1 Qo)

o, o
)

=—j ,k(f)avf)dﬁ o e s Q).

N:" (&) is a 1-periodic function.

. C e hy e
Then, the numerical approximation ;' of @; can be calcu-

lated by
h
<3
dt. 10
LIV

i = [Q (aq O+ ®°

Let 7, be a quasiuniform triangular partition of 2 with
the mesh size h; and satisfy

min S, > Ch2
(T, ()
where S, is the area of the triangular element e;. Sgl denotes

the corresponding conforming P, finite element spaces, and
Spr = S" N HY(Q).
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The finite element approximation ué’”’h‘ of the homoge-
nization problem (7) is to find ug"’hl € SZI such that

h
————dx = J f(x)v, (x)dx, Yy, € Sgl.
Q
(12)

Furthermore, we turn to the computation of Bug"’hl (x)/
0x; and 7i(x). Let = be the set of all nodal points of the mesh

T 1, Define uZ”’h‘ (k = 1,2) by the following:

(A,) forall x € ", the value of u:‘)’h‘ at the nodal point
x is the average of aug"’hl (x)/0x) in all elements
including x,

(A,) uZ”’h‘ (x) is a piecewise linear function in every ele-
ment.

Therefore, we have a numerical approximation oM (x)
of #(x) which is defined by

ﬁho,hl (x) = ugo’hl (x) + gN:‘) €3) uZO’hl (x). (13)

2.3. Finite Element Approximation of 0,(x). Let m be a
positive integer satisfying

2" e < max dist (x,00Q) < 2. (14)
x€Q

Then, the domain Q can be divided by Q = [ J, ©; and

Q; ={x e Q|dist(x,0Q) <&}, if i=0,

Q;={xeQ| 27 <dist(x,00) < 2¢}, if 1<i<m
(1s)

Let 7, be the regular triangular partition of Q with the
mesh size h and satisty

(B,) 2"*Aeh < \/S: <217, Ve e Ty,
(16)
e CQ U0y,

(B) |i-1| < Chl, Ve €T, (17)

where A and Care independent ofiand e;, S, denotes the area
of ¢;, and [;, [; are the length of two edges of e;. Let 3" be the

set of all nodal points in 77, Zg = 3" n 90, and let §" be the
conforming P, finite element spaces with respect to I ;,;; we
define

Si‘ = {v eS"vx) = —sN,i"’ <§)u2"’hl (x), Vx € ZI;;},

Sg={v€Sh|v(x)=0, VxEZZ}.
(18)

Then, the finite element approximation of 8, is to find
Ggo’hl’h € Si’ such that

o 3y

L a; (§) ox, ajdx =0,

Vu e Sk, (19)

2.4. Multiscale Finite Element Approximation of u®. For any
v € §"(Q), we define the linear operator Ry, by
OR,v (x)
Ox
ath (X)
0x;
_ov(x)
© 0x;

1

is a piecewise function on I,
i

if x is the middle point of elements of 77,.
(20)

Then, the multiscale finite element approximation 'oleh(x)
of u(x) can be defined by

aho,hl,h (X) — ﬁhoahl (X) + Rhétlo;hl,h (x) . (21)

3. Superconvergence Result of i/"""

Firstly, we have the following assumption.
Assumption CI. The functions a; € Wh®(Q) n H3(Q), and
the homogenization solution u® e WER(Q) n HY(Q).

Then, we introduce the following lemma.

Lemma 2 (see [1, 5]). Let Q, = {x € Q | dist(x,0Q) >
r}. Assuming that (CI) holds, then there exists C, which is
independent of € and r such that

nves"LZ(Q,) < Cr_l/zs“”o H(Q)

"6€"H2(Q) S CS_I/Z"“O‘

HQ)’

10cler o) < Cr e[’ o oy

1] 120, < Crt? "”O“wlm(ao)'

From Lemma 2, one can easily deduce.

Lemma 3. Assumingthat (CI) holds, then there exists C, which
is independent of € such that

160110 < Ce 1y 23)
”08||H3(Q,) <cr'ie (H”O| weeoq) T "”0 H“(Q))' (24)
Proof. For k = 1,2, we define
. _ 00, (x)
v (x) = —axk . (25)

Then, the upper bound of ||vf(||H2(Q) and ||UZ||H1(Q) can be
estimated, respectively.
Using the result from (8) and & = x/e, we have

9 [ 9a; (&) 00
L e _ _ 1 Y ] YVe , Q,
SRR ( 9%, 8xj) x e

(26)
(N, (&) (9 (x) Jox,))

axk

v (x) = —¢ ,  x €0Q.



Then, we estimate [l | Q) Obviously, v; can be divided into

U = U, + U (27)

where vf | satisfies
da;; () 06
Loy, =-¢ 9 J —€> x€q,

=0, x€0Q,

and v, satisfies
Lu,=0, x€Q,
0 (Nl (x/e) (au‘)/axl)) (29)
Uy = — ,  x €0Q.
> axk

Using the result from Lemma 2 and (28), we have

< e Bull ooy < C P u (30)

"U’i,l "HZ(Q) H(Q)

Let vz)z)k, = 0v},/0x)s, and using the result from (29), we
have

Lvg,e =0, xeQ,

2 0 (31)
U = —sa (Nl (x/e) (au /aXI)), x € 0Q.

axkaxk/

Following the same line of [5] (1992, Theorem 1.2, pages 124—
128), we have

<0

vk 2. "Hl(n) <Ce HY(Q) (32)

which indicates

A M ()

Combining (30) with (33), we can derive (24) immediately.
Considering the proof of (23), vj can be divided into
U = U1 + Ui (34)

where Uy ; satisfies

Leask,l =-€ ai (

Q,,
9 ax) T )

=0, xe€0dQ,,
and 7y, satisfies
Leﬁi,z =0, x¢€Q,
U, = Sii, x € 0Q),. G
In view of Lemma 2, we have
||a€kl ' o) S C€_1||9s||Hzm,)
(37)

-1.-1/2. 0
<Ce'r /||u|

W22 (5Q)"
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Following the same line of [5] (1992, Theorem 1.2, pages
124-128), we have

"62,2 "HZ(Qr) < CS_IT_UZ "9”W1,°°(Qr/2) + Cr—l/z HGHWZ’OO(Qr/z)
< el e ([u)
o (4

< Ce 12 (“uo|

0
+ ]

W2 (3Q) H“(Q))

0
# ]

H“(Q))

o)

W2®(9Q)

W2 (3Q)
(38)

Combining (37) with (38), we can conclude the result of this
lemma. O

Assuming that 7, is defined as (16), and let 0? and 6!
be the linear finite element approximation and the linear
interpolation of 0, with respect to 7, respectively. Then, we
have the following.

Lemma 4. Assuming that (CI) holds, then there exists C such
that

v (6! -67)
dist (-,0Q) + &

L(Q) (39)

<ce'’w (||u°|| + ]

Wh*(0Q) H“(Q)) ’

Proof. Assuming that m is defined as (14) and Q = |12, ,, Q
(k < m,k € N). Considering a; € Wh®(Q) and using the
result from Lemma 2, we have

(I 6= 60l
x\ 2(6}, - 6;) 9 (6 - 6;)
=¢ JQ i <;> 0x; 0x; dx

dx

ox; 0x;

X a(es_ei)a(egr_eg)
)220
Q &

dx

ox; 0x;

X a(es_ei)a(egr_ei)
Jo (%) ’
Q; £

k
<C (z"/zsh)z(s“||es||Hz(Qi)||v(91 6")

i=1

LX)

#1007 (0 = 6 )

(871(21’8)_1/2 (“L‘Ouwhw(am |+

x| (6; - 62,)

k
< CZZ’&zh2
i

o)

LH(Q-Q ))
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< Czk/zsl/zhz ("uO" N ”uo

W (9Q) H‘*(Q))

x|v (6 - 6.,

LX(Q)

< on (]

o)

W ((3Q)

x||v (6; - 62,

LX(Q-Q,)’
(40)

which indicates that

[ (62 = 02)],: oy < 1 (|

0
+ |u

H4<o)> - (4D)

Then Lemma 4 can be easily derived. O

0
2(Q) — ”WLN(aQ)

Furthermore, we can obtain the following lemma.

Lemma 5. Assuming that (CI) holds, then there exists C such
that

v (6! -6r)
Vdist(,0Q) + ¢

<Cllne| K (||u0

12(Q) (42)

0
+ [

W2*(Q) H4(0)> ’

Proof. Assume that Q, is defined as Lemma 4. Considering
h h .. I h .
0 = Bs,ro (Vx € er), and we divide 6, - 6, into

-
—

-6 = (6000, )+ L (6h, - 0L,,)- (49

i=0

Then,

ellH (Q- Q 57; 1

H'(Q-Q,,)

Z

< er)h° (Ilu ooy + 1

+Z||9m -

< Cr;/zh2 ("u

ETlHl(QQ)

H"(Q))

&t 1||H1(Q Q)

o ¥ ]e)

WZ oo

+ erjh2 ("u

+

W2 (Q) HY(Q) )

< Cr;/zh2 ("uo

H‘*(Q)) '
(44)

(Q “
W2 ( )

Using the result from (44), we have
v (6, - 6)

ydist (-, 0Q) + ¢ 2@

v (6, - 6)

o Vdist (-,0Q) + €

m

200 —
@, -0, )

LZ(Q Q )

<y v (6L - )
j=1

(45)

< Sr v (6! - f)
j=1

Q-9 )

< ic ;1/2 1/2h2 (“”0
j=1

W2 (Q) + "uo H“(Q))

< Cmh* (”uo + "uo

W2 (Q) H* Q))

< Cllne| K (“uo

+ |

W22 (Q) H* Q))

O

Based on the previous lemmas, the estimate of

|||V(9£—é?g,hl,h)|/1/dist(~,aQ)+s||L2(m can be given as

follows.

Lemma 6. Assuming that (CI) holds, then there exists C such
that

[V (6 - 8"
\/dist (-, 0Q) + ¢

< C(hy+hy +h)[Ine|

LX(Q)
0 0
% ("” wae(q) “” H“(Q))'
(46)
Proof. Assuming that éz'”’hl satisfies
LA (x)=0, xeQ,

N (47)

Bl () = —eN (2 )™ ), x €00,

€

and gi’hﬂ’hl is the linear interpolation of §?°’hl onJ .
Then, we divide 6! — §?°’h1’h into

6L — Gt = (0] - Glhum) 4 (G o) (4)

Firstly, considering the first item of the right-hand side of
(48) and assuming that G?O’hl (x) satisfies the problem
Lseg"’hl (x)=0, x€eQ,
(49)
G?U’h‘ (x) = —leil" (f) uZ”’h‘ (x), xe€o0Q,
€



we have

o (0!~

LX(Q)

<c|v (6, - ™)

&

LX)

< C (I (0= 0" Mgy * IV (B =6 )5 ):
(50)
Using the same method of Lemma 2, we have
— Oy < C (g + ), (51)
[V (6. = 62" )] s < C& (o + ). (52)
Then, we have
2 (2) - 3) 2
‘s k\ g (x) — eN}, 0 | o) (53)
< Ce (hg +hy) [u°)] oo @
[ (8 = 6] < Ce ™ g+ ) [ oy
(54)
Combining (52) with (54), we have
[V (6= ") 1 gy < G (o + 1) [ yrewiy (55)

Next, considering the second item of the right-hand side
of (48), éi’h‘”h‘ - éfo’hl‘h can be divided into

= (G - 6!) + (0L - 60)

+ (6! @

ALhg,hy Ah.hgshy
05 - 95

(56)

Similarly, we have

[ (3% )

< Ce'? (hy + ) |

LZ(Q) - WZ oo

v (6: -67)

2@ < Ce'/? (hy +h )"u '

WZ oo

v (62 - Bl Ce'* (hy + hy)

(58)

p@ S IIU°||Wz,m<m-

Combining Lemma 6 with (55)-(58), we have (46). O

Next, using the extrapolation technique [10], we are in a
position to estimate

42 () Gt (1)
3

68 (x) - Rh (59)

instead of

0, (x) - R8> (x). (60)
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Lemma 7. Assuming that (Cl1) holds, then there exists C such
that

V (6, - R, (4842 — gt /3))
\/dist (-, 0Q) + ¢

< C(hy+hy + 1) Inel (|u]

12(Q) (61)

+ "“0 H"(Q))'

WZ,oo (Q)

Proof. Let 7}, and 0! be defined as above. Assuming that 0>/
is the linear interpolation of 6, on 7, /,, we have

45”‘0’;’1”1/2 _ gho,hl,h

v (95 R
40[,h/2 _ 0[
< ||V (08 -R,———%

3

407 — ol 4
+|[VR,, -

LX(Q)

LX(Q)

Ahoshy /2
g™

3 3

Nhoohysh
_05 1 )

Ce'*1* Ine| (“uouwz,m(m + ||”0||H4(n))

Ce' (hy + hy + 1) (||u°|

LX(Q)

)

W2 oo

+

Ce!/? (h +h, + W |lns|) ("uo'wm

H“(o)> '
(62)

Then, (61) can be easily derived. O

Next, we turn to estimate ||Vw®/+/dist(-, 0Q) + || 12(Q)

Lemma 8. Assuming that (CI) holds, then there exists C such
that

< Cellneg] “u0|
LX(Q)

Wz,oo(Q) * (63)

” Vuw®
\/dist (-, 0Q) + ¢

Proof. Following the same line of [5] and 0® = u* - - 6,,
there exists C such that

” Vw®

y/dist (-, 0Q) + ¢

LX(Q)

< C|V | et ¥ H

1
\dist (-, 0Q) + ¢

1/2

LA4nel/Cl ]ns\—l)(Q)

< Csllns|1/2"u°" )|lne|

WZ,ZIlne\ (Q

< Ce|lng| ”uO"Wzm(m.

(64)
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TaBLE 1: Comparison of computational results with ¢ = 1/30.

TABLE 2: Comparison of error order.

h | | hl e e H Vi —avh) 0w
1/8 1/8 1/8 0.1856 0.0426 Vdist(-,0Q) + ¢ 2@
1/32 1/32 1/16 0.1629 0.0178 ut — ghohuh "
O ((hy +hy+e+h)|lne
1/128 1/128 1/32 0.1573 0.0043 H m v ((hy + hy ) Inel)
. . . ~ —hoh oy h e
Finally, noting the definitions of %, "™, 0, R,6,°"", and w°,
fmd combining Lemma 3 with Lemmas 7-8 and Lemma 2.4 f(x) =e™, g (x) = 2sin(x;) +4cos(x,),
in [9], we have
2 2
v (us B aho,hl,h) v (ﬁ o hl) Q= {x | (x; = 0.5)" + (x, —0.5)" < 0.25}.
N T T N o= (67)
\dist (-, 0Q) + ¢ @) \dist (-, 0Q) + ¢ @)
_ Moreover, let
v (6, - RO ")
—_— % ~hoh -
dist (,0Q) + ¢ . ||V (u i 1) /+/dist (-, 0Q) + ¢ @)
60 = - >
Vo “Vu [/dist (-, 0Q) + ¢ @)
+ | — . (68)
Vdist (-,00) + € 2 (g |V (w - ahm) j/dist (,00) + ¢, o

< C(hy +hy+e+h)[Ine|

X ([ ooy + ] 4 sy -

Combining the above lemmas, we can conclude the fol-
lowing result.

Theorem 9. Assuming that (CI) holds, then there exists C such
that

v (ue _ aho,hl,h)

Jdst (00 T & <C|(h+h )|
@icamre,, < Cllnthorerh)ind

@
x ("“0| 4(@))'

(66)

WZ,oo(Q)

4. Numerical Example

In this section, some numerical results will be shown. In order
to show the numerical accuracy of the method presented in
this paper, the exact solution of problem (1) should firstly be
obtained. However, it is very difficult to find them out. Then,
the exact solution will be replaced by the finite element
solution in a fine mesh with the mesh size 1/256.

It should not be confused that u* denotes the finite
element solution of (1) in a fine mesh, and ™" obtained by
the multiscale finite element scheme presented in the above
section, is the multiscale finite element solution of problem
(1). Some numerical results will be presented by solving the
following model problem:

a; =03+2x, (1-x,),
ap =ty = X (1 _xl)xZ(l _xz)’

ay =0.1+2x, (1-x,),

e =
“Vu /+/dist (-,0Q) + ¢

In Table 1, the numerical results of the multiscale method for
e, and e, are given. It can be seen that the improvement
obtained in the final approximation by considering the
numerical approximation for the boundary corrector, and the
numerical result agree well with the theoretical result from
Theorem 9.

According to Table2, it can be seen that Vu(x) can
effectively be computed for problem (1) by using the above
method, even if dist(x, ) is very small. If we only need to get
a good numerical solution for problem (1) in Sobolev space
H,(Q), the boundary corrector needs not to be computed.
However, the boundary corrector is a very important part of
error estimate in the real applications. It can be concluded
that this method is an exceedingly important and effective
finite element algorithm.

LX(Q)
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