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We introduce an iterative process which converges strongly to a common fixed point of a finite family of uniformly continuous
asymptotically k;-strict pseudocontractive mappings in the intermediate sense for i = 1,2,..., N. The projection of x, onto the
intersection of closed convex sets C, and Q, for each n > 1 is not required. Moreover, the restriction that the interior of common
fixed points is nonempty is not required. Our theorems improve and unify most of the results that have been proved for this

important class of nonlinear mappings.

1. Introduction and Preliminaries

Let C be a nonempty subset of a real Hilbert space H. A
mapping T' : C — H is called Lipschitzian if there exists
L > 0 such that |[Tx — Ty| < L|lx — y||, forall x, y € C.
If L = 1, then T is called nonexpansive, and if L € [0, 1),
T is called contraction. T is called uniformly L-Lipschitzian
if there exists L > 0 such that [T"x — T"y| < L|x -
yl, for all x, y € C and all n > 1. Clearly, every con-
traction mapping is nonexpansive and every nonexpansive
mapping is uniformly L-Lipschitzian with L = 1 and hence
Lipschitzian.

A mapping T : C — H is said to be asymptotically
nonexpansive if there exists a sequence {y,} C [0, 00) with
Y, — O0such that [T"x - T"y| < (1 + y,)lx — |l for all
integers n > 1 and all x, y € C. T is said to be asymptotically
nonexpansive in the intermediate sense if there exist sequences
{y.}{c,} < [0,00) withy, — 0,¢, — 0 such that
IT"x —T"y| < (1 +yp)lx — yll + ¢, for all integers n > 1
andall x, y € C.

A mapping T : C — H is said to be asymptotically k-
strict pseudocontractive if there exist a constant k € [0, 1) and
a sequence {y,} € [0,00) withy, — 0,asn — 00, such that

I~ 1"y

< (L) 2=l M
k|- TNx - (T -TYy|’, Vx,yeC.

The class of asymptotically k-strict pseudocontractive map-
pings which includes the class of asymptotically nonex-
pansive, and hence the class of nonexpansive mappings was
introduced by Liu [1] in 1996 (see, also [2]). Kim and Xu
[3] proved that the fixed point set of asymptotically k-strict
pseudocontractions is closed and convex. Recall that a fixed
pointofamapT : C — Hisaset{x € C: Tx = x},
and it is denoted by F(T). In addition, it is noted in [3]
that every asymptotically k-strict pseudocontractive mapping
with sequence {y,} is a uniformly L-Lipschitzian mapping

with L := sup{(k + 1+ (1 - k)y,)/(1 — k) : n e N}.



A mapping T is said to be an asymptotically k-strict
pseudocontractive in the intermediate sense if

lim sup sup (||T”x - T"y"2 —(1+y,)|lx- y||2
n—00 x,yeC

(2)
=T %~ (1 -T") y]) <0,

where k € [0,1) and {y,} C [0,00) such thaty, — 0, as
n — oo.If we put

¢, '= max {O, sup (||Tnx - Tny"z -(1+y,) ||x - yllz
x,y€C
(3)
(- - a1 |

It follows that ¢, — 0,asn — 00, and (2) is reduced to the
following:

77~ 1"y

<(L+y,) |x I

+K|(I-Tx-(I-T") y|" +¢, Vx,yeC.

(4)

We note that the class of asymptotically k-strict pseudo-
contractive mappings is properly contained in a class of
asymptotically k-strict pseudocontractive mapping in the
intermediate sense (see examples in [4]). The class of
asymptotically k-strict pseudocontractive mappings in the
intermediate sense was introduced by Sahu et al. [4]. They
obtained a weak convergence theorem of modified Mann
iterative processes for these class of mappings. In [4], Sahu
et al. established the following classical result.

Theorem SXY1 (see [4]). Let H be a real Hilbert space,
and let C C H be a nonempty closed and convex set.
Let T be a uniformly continuous and asymptotically k-strict
pseudocontractive mapping in the intermediate sense with
sequences {y,} and {c,} such that F(T) is nonempty and
Y Y < 00. Assume that {a,} is a sequence in (0, 1) such
that0 <8 <, <1-k-8<1land)_ a,c, < co. Let{x,}
be a sequence defined by x, = x € C and

X = (1—a,) x, +a,T"x,, nx1. (5)

Then, {x,} converges weakly to a fixed point of T.

But it is worth mentioning that the convergence obtained
is a weak convergence. Furthermore, we observe from the
proof of Theorem SXY1 that if, in addition, C or T has some
compactness assumption, we obtain that the sequence {x,}
given by (5) converges strongly to a fixed point of T'.

Attempts to modify the Mann iteration method (5) so
that strong convergence is guaranteed, without compactness
assumption on C or T, have recently been made. Sahu et
al. [4] established the following hybrid Mann algorithm
for approximating fixed points of asymptotically k-strict
pseudocontractive mappings in the intermediate sense.
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Theorem SXY?2 (see [4]). Let H be a real Hilbert space, and
let C ¢ H be a nonempty, closed, and convex set. Let T be
a uniformly continuous asymptotically k-strict pseudocontrac-
tive mapping in the intermediate sense with sequences {y,} and
{c,} such that F(T) is nonempty and bounded. Assume that {«, }
is a sequence in [0,1] such that 0 < 6 < o, < 1 -k, for all
n € N. Let {x,,} be a sequence in C defined by u = x, € C and

vo=0-a,)x, +a,T"x,, nx1,

C?I

2 2
e eCilly, -l < Il 46},
(6)
Q,={zeC:(x,-zu-x,) >0},
Xp1 = Pong, (W), nx1,
where 0, = ¢, + y,0,, and §,, = supillx,, — z| : z € F(T)} < co.
Then, {x,} converges strongly to Ppry(1).

Recently, Hu and Cai [5] studied the strong convergence
of the modified Mann iteration process (5) for a finite family
of asymptotically k-strict pseudocontractive mappings in
the intermediate sense. More precisely, they obtained the
following theorem.

Theorem HC (see [5]). Let H be a real Hilbert space, let
C < H be a nonempty, closed, and convex set. Let T;

C — C be uniformly continuous asymptotically k;-strict
pseudocontractive mappings in the intermediate sense for some

0 < k; < 1 with sequences {y,;} and {c,;} such that
lim, , y,; = 0andlim, , c,; = 0fori =1,2, .., N.

Letk = max{k; : 1 <i < N}, y, = max{y,; : 1 <i < N},
and ¢, = max{c,; : 1 <i < N}. Assume that F := ﬂil F(T;)
is nonempty and bounded. Let {3,} be a sequence in [0, 1] such
that0 < § < B, < 1—kforalln € N. Let {x,} be a sequence
defined by x, € C and
— k(n)
yn_(l_ﬁn)xn*'ﬁnTi(n) X, nzl,

Co={zeC: lyn-2l < x, -2 +6,},

7)
Q,={zeC:(x,-2z,x5—x,) >0},
Xu1 = Ponq, (%0), n21,
where 0, = yk(n)p,f + Gm — 0, asmn — oo forp, =

sup{llx, —z|l : z € F} < co,n = (h— 1)N + i, where
i =1i(n) € {1,2,...,N}, h = h(n) > 1 a positive integer such
that h(n) — oo, asn — oo. Then, {x,} converges strongly to
Pr(x).

But we observe that the iterative algorithms (6) and
(7) generate a sequence {x,} by projecting x, onto the
intersection of closed convex sets C,, and Q,, for each n > 1
which is not easy to compute.

Attempts to remove projection mapping onto the inter-
section of closed convex sets C,, and Q,, for each n > 1 have
recently been made. In [6], Zegeye et al. studied the strong
convergence of the modified Mann iteration process for the
class of asymptotically k-strict pseudocontractive mappings
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in the intermediate sense. More precisely, they proved the
following theorem.

Theorem ZRS (see [6]). Let C be a nonempty, closed, and
convex subset of a real Hilbert space H, and let T : C —
C be a uniformly L-Lipschitzian and asymptotically k-strict
pseudocontractive mapping in the intermediate sense with
sequences {y,} < [0,00) and {c,} C [0,00). Assume that the
interior of F(T') is nonempty. Let {x,,} be a sequence defined by
x, =x€Cand

Yn = ﬁnTnxn + (1 - ﬁn) Xn>

nx1,

(8)

Xn+1 = anTnyn + (1 - an) Xp>

where {o,} and {3} satisfy certain conditions. Then, {x,}
converges strongly to a fixed point of T.

But it is worth to mention that the assumption interior of
F(T') is nonempty is severe restriction.

It is our purpose, in this paper, to construct an iteration
scheme which converges strongly to a common fixed point
of a finite family of uniformly continuous asymptotically k;-
strict pseudocontractive mappings in the intermediate sense
fori =1,2,..., N. The projection of x, onto the intersection
of closed convex sets C, and Q,, for each n > 1 is not
required. Furthermore, the restriction that the interior of
F(T) is nonempty is not required. Our theorems improve
and unify most of the results that have been proved for this
important class of nonlinear mappings.

In order to prove our results, we need the following
lemmas.

Lemmal. Let H be a real Hilbert space. Then, for any given x,
y € H, the following inequality holds:

I+ 27 < 12l + 2 (y.x + y). )

Lemma 2 (see [7]). Let H be a real Hilbert space. Then, for all
x,y € Hand aj,€ [0,1] fori = 1, 2, ..., n such that oy +
& + -+, = 1, the following equality holds:

locoxo + a2y + -+ + ocnxn"2

n , 2
Skl ¥ aafu-sf
i=0

0<i,j<n
Lemma 3 (see [8]). Let {a,} be sequences of real numbers such
that there exists a subsequence {n;} of {n} such that a, < a, ,,
for all i € N. Then, there exists a nondecreasing sequence
{m,} ¢ N such that m;, — oo, and the following properties
are satisfied by all (sufficiently large) numbers k € N:

(10)

amk < amk+1’ ay < amk+1' (11)
In fact, m = max{j < k :a; <aj,}.

Lemma 4 (see [9]). Let {a,} be a sequence of nonnegative real
numbers satisfying the following relation:

a, <(1-a,)a, +a,8, n=ny (12)

where {a,} € (0, 1) and{5,} C R satisfying the following condi-
tions: lim,,_, o0, = 0, Y00, &, = 00 and limsup,_, .6, < 0.
Then, lim a, = 0.

n— 00

Lemma 5 (see [4]). Let C be a nonempty closed convex
subset of a Hilbert space H, and let T : C — C bea
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense. Then, F(T) is closed and convex.

Lemma 6 (see [4]). Let C be a nonempty closed convex subset
of a Hilbert space H, and let T : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense. Let {x,} be a sequence in C such that
lx, - T"x,| — 0and|x, —x,,,| = 0,asn — oco. Then,
lx, - Tx,| — 0,asn — oo.

Lemma 7 (see [4]). Let C be a nonempty closed convex subset
of a Hilbert space H, and T : C — C be a continuous
asymptotically k-strict pseudocontractive mapping in the inter-
mediate sense. Then if {x,} is a sequence in C such that x,,
converges weakly x € C and limsup,,_, limsup,_, lx, —
T"x,|l = 0, then (I - T)x = 0.

Lemma 8 (see [10]). Let C be a nonempty closed, convex
subset of a Hilbert space H and let P, be the metric projection
mapping from H onto C. Given z = Pox if and only if (y —
z,x—2z) <0, forally € C.

2. Main Result

Theorem 9. Let C be a nonempty, closed and convex subset of a
real Hilbert space H. Let T; : C — C be uniformly continuous
asymptotically k;-strict pseudocontractive mappings in the
intermediate sense for some 0 < k; < 1 with sequences {y, ;}

and {c,;}, fori = 1, 2, ..., N. Assume that F := N, F(T;) is
nonempty. Let {x,} be a sequence generated by

Xy = w € C chosen arbitrarily,
N
Yn = /';n,Oxn + Z/Sn,iTinxn’ (13)
i=1

Xpp1 = KW + (1 - ‘Xn) V>

where 0 < o, < ay < 1 such thatlim, _, e, = 0, Y «,
00, lim,, _, o, [yui/et,] = 0 = lim,, o [¢,;/a,], and 0 < &
B < 1-k—08 < Lsatisfying 3, o+, +-- -+, 5 = 1 foreach
n>1landk := max{k; :i = 1,2,...,N}. Then, {x,} converges
strongly to an element of F.

IN

Proof. Let x* = Pyw. Let y, := max{y,; :i=1,2,..., N} and
¢, = max{c,; : i = 1,2,..., N}. Then, from (13), Lemma 2,



and asymptotically k;-strict pseudocontractiveness of T;, for
eachi € {1,2,..., N}, we get that

Iy, ="
2

N
ﬂn,Oxn + Zﬁn,iTinxn - 'x*
i=1
2 J 2
< ﬁn,O”xn - x*“ + Zﬁn,i”Tin'xn - X*"
i=1

al 2
- Zﬁn,Oﬁn,f”Tin'xn - xn"
i=1

= ﬁn,onxn - X*nz + (1 - :Bn,O) (1 + Yn) "xn - ‘x*"2

N
+ Zﬁn,ik”Tinxn - xnnz + (1 - ﬁn,o) Cn
i=1

N 2
- Z:Bn,O:Bn,i“Tinxn - xn"
i=1
<(1+7y,) |x. - x*”2

N
- Z‘B’l’i (1-k-9) "Tinxn - Xn”Z + (1 - ﬁn,o) Cn
i=1

N
< (1+yn) Hxn_x* “2_8ZZ”Tinxn_xn"2+(1_ﬂn,O) Cn>
i=1

(14)

s =

= ”(an + (1 - an) In— x*llz

2

*

< o fw ="+ (1~ ) [y, ~

< ayflw - x* ||2 +(1-ap)

x| (14 y) oy - 27| - &7

N
XZ”Tinxn - xnuz + (1 - ﬁn,O) Cn
i=1
< (Xn"w - x*“2 + (1 - (Xn) (1 + Yn) ||xn -x' “2

- (1 - an) 6ZZ||T1'nxn - xn“2 + (1 - an) (1 - ﬁn,O)Cn

i=1

<a[fw-x"P+1]+ (1 -, (1=9) |, - x|

N
- (1 - ‘Xn) azznTinxn - xn||2
i=1

<o [fw-x" P+ 1]+ (1 -, (1) e, - %[
(15)

Journal of Applied Mathematics

since there exists N, > 0 such that y,/«, < eand ¢,/«, <1
for all n > N and for some € > 0 satisfying (1 — €)a,, < 1.
Thus, by induction,

s = [
< max{(l —e)? [”w - x*"2 + 1] o = x*llz} , (16)
Vn > N,
which implies that {x,}, and hence {T7'x,} and {y,} are
bounded. Moreover, from (13), (14) and Lemma 1, we obtain
that
"xn+1 - x* "2
= ||(Xn (w - x*) + (1 - (xn) (yn - x*)nz

< (1 _(xn) "yn _‘x*"2 + 20, <w _x*’erl _X*>

N
c(1-a) [(1 ey =2 =Y 5
i=1

+(1_ﬁn,0) Cn] +2(xn <w_x*’xn+1 _x*>
<(1-a,)|x, - x*"2 +(1=a,) yullx, - x*"2

- 62 (1 - “n) Z”Tz‘nxn - xnuz + (1 - “n) (1 - ﬁn,O)Cn

+ 200, (w—x", %, — x")

< (1-a,) |, = x7|* + 205, (w = X", 001 - x7)

N
+ (Yn + Cn)M - 82 (1 - aO) Z"Tz‘nxn - xn"2
i=1

17)

%112 % *
S(1_0‘11)"‘xn_x " +2(xn<w—x >Xne1 — X >
(18)
+(y + ) M

for some M > 0 and foralln € N.
Now, following the method of proof of Lemma 3.2 of
Maingé [8], we consider two cases.

Case 1. Suppose that there exists 17, € N such that {||x, —x" ||}
is nonincreasing for all n > n,. In this situation, {||x,, — x* )}

is convergent. Then, from (17), we have that
x,-T'x, — 0, asn— oo, (19)

fori =1,2,..., N. Moreover, from (13) and (19) and the fact
that o, — 0, we get that
N
17 = xall < D Bui T, = x| — 0,
n n ; n,1 1 n n (20)

Xn+1 = Un =(xn(w_yn) — 0,
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asn — 00, and hence

[ %1 = x| — 0, as n — oo. (21)

Furthermore, from (19), (21), and Lemma 6, we obtain that

x,-T;x, — 0, asn— oo. (22)

Let {x,,} be a subsequence of {x,,;} such that
limsup, _,  (w—x", x,,,—x") = limy_, o (w-x",x, ,;-x")
and {x,, .} converges weakly to v. Then, from (21), we also
get that {x, } converges weakly to v. Moreover, since T;
is uniformly continuous and |x, — T;x,] — 0, for all
i €{L,2,...,N}, weget that |x, - T"x,|| = 0,asn — oo,
for all m € N. Therefore, by Lemma 7, we obtain that

Ve ﬂfil F(T};). Now, from Lemma 8, we have that

limsup (w - x",%,,; —x") = (w-x",v-x") <0. (23

n— o0
Then, from (18), (23), and Lemma 4, we obtain that |x, —

x*| — 0,asn — oo. Consequently, x, — x".

Case 2. Suppose that there exists a subsequence {n;} of {n}
such that

for all i € N. Then, by Lemma 3, there exist a nondecreasing
sequence {m;} ¢ N such that m;, — oo,

*

X

w =X | <[ - (24)

[ =1 = Joms =] 25)

and [|lx, — x"|| < llx,, 1, = x7|, for all k € N. Then, from (17)
and the fact that o, — 0, we have

(26)

Then, we get that x,, —T;"x,, — 0,asn — oo, for each
i=1,2,...,N.Thus, as in Case 1, we obtain that x,,, -, —
Oandx,, ,, —x, — 0,ask — coand

k k

lim sup <w =X, Xy 1 — x*> <0. 27)
k— oo

Now, from (18), we have that

2

*

“xmk-H -X

*

S (1 _(ka) ||xmk X

+ 20, <w =X Xy 1 — x*> + (ymk + cmk)M.
(28)

5
This implies that
2
Oy, “xmk x
* * 2
= [Py T [P+l T
< %, —x X x
+ 20, <w =X Xy 1 — x*> + (mG + ka) M.
(29)
Then, using (25), inequality (29) implies that
12
Oy (1%, — X 60)
< 20, <w =X Xy 11— x*> + (mG + ka) M.
In particular, since «,,, > 0, we get
“xmk—x S2<w—x,xmk+1—x>+y. (31)
(e

Furthermore, using (27) and the fact that (y,, +¢,,)/«, —
0, we obtain that IIxmk -x*| — 0,ask — oo. This together
with (28) give [|x,, ., -x"|| > 0,ask — oco.But [x;—x"| <
%€, 41 = x*| for all k € N. Thus we obtain that x;, — x".
Therefore, from the above two cases, we can conclude that
{x,} converges strongly to an element of F, and the proof is
complete. O

If in Theorem 9, we assume that N = 1, then we get the
following corollary.

Corollary 10. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. Let T : C — C be a uniformly
continuous asymptotically k-strict pseudocontractive mapping
in the intermediate sense for some 0 < k < 1 with sequences
{y,} and {c,}. Assume that F := F(T) is nonempty. Let {x, } be
a sequence generated by

X, = w € C chosen arbitrarily,
In = /*;nxn + (1 - ﬁn) Tnxn’ (32)

Xpyp = W + (1 - (Xn) Y

where 0 < &, < ay < 1 such that lim,_, e, = 0, Y, «,,
o0, lim,, _,  [y,/®,] =0 =lim, _, . [¢,/a,], and 0 < 8 < 3,
1-k—68 < 1foreachn > 1. Then, {x,} converges strongly to
an element of F.

IA I

If in Theorem 9, we assume that each T; is asymptotically
k;-strict pseudocontractive mapping, then we get the follow-
ing corollary.

Corollary 11. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H. Let T; : C — C be asymptotically
k;-strict pseudocontractive mappings for some 0 < k; < 1



with sequences {y,;}, fori = 1, 2, ..., N. Assume that F :=
ﬂfil F(T;) is nonempty. Let {x,} be a sequence generated by

xo, = w € C chosen arbitrarily,

N

yn = ﬁn,Oxn + Zﬂn,iTinxn’ (33)
i=1

Xpp1 = KW + (1 - (xn) V>

where 0 < a, < ay < 1 such that lim,,_, e, = 0, Y0, «,,
oo, lim, , [y,;i/®,] =0,and0 <8< B,;<1-k-8<
satisfying B, + By + -+ By = 1 foreachn > 1 and k :
maxik; : i = 1,2,...,N}. Then, {x,} converges strongly to an
element of F.

o=

Proof. Since every asymptotically k;-strict pseudocontractive
mapping is uniformly continuous and asymptotically k;-strict
pseudocontractive mapping in the intermediate sense with
¢, =0,foralln > 1andeachi = 1,2,..., N, the conclusion
follows from Theorem 9. 0

If in Theorem 9, we assume that each T; is asymptotically
nonexpansive in the intermediate sense we obtain the follow-
ing corollary.

Corollary 12. Let C be a nonempty, closed, and convex
subset of a real Hilbert space H. Let T, C — C be
uniformly continuous asymptotically nonexpansive mappings
in the intermediate sense with sequences {y,;} and {c,;}, for

i =12 .., N.Assume that F := ﬂf\:rl F(T;) is nonempty.
Let {x,} be a sequence generated by

X, = w € C chosen arbitrarily,
N
yn = ﬁn,Oxn + Zﬂn,iTin'xn’ (34)
i=1

Xpyp = W + (1 - “n) Y

where 0 < a, < ay < 1 such that lim,,_, .o, = 0, Y0, &, =
oo, lim, , [y,;/a,] = 0 = lim, , [c,;/a,], and 0 < &

B.i <1-=0 < Lsatisfying B, + 1 + -+ By = 1 for each
n > 1. Then, {x,} converges strongly to an element of F.

IN

Proof. Since every asymptotically nonexpansive mapping in
the intermediate sense is asymptotically k;-strict pseudocon-

tractive mapping in the intermediate sense with k; = 0,
for each i = 1, 2, ..., N, the conclusion follows from
Theorem 9. O

If in Theorem 9, we assume that each T; is asymptotically
nonexpansive, we obtain the following corollary.

Corollary 13. Let C be a nonempty, closed, and convex
subset of a real Hilbert space H. Let T; C — Cbe
asymptotically nonexpansive mappings with sequences {y, },
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fori=1,2,..., N. Assume that F := ﬂfil FE(T;) is nonempty.
Let {x,} be a sequence generated by

xo, = w € C chosen arbitrarily,

N

yn = ﬁn,Oxn + Zﬁn,iTin'xn’ (35)
i=1

Xpp1 = KW + (1 - an) Y

where 0 < o, < ay < 1such thatlim, _, e, = 0, Y2 «, =
0o, lim,, , [y,:/a,] = 0,and0 < § < B,; <1-8 <1
satisfying B, o+ B+ + BN = 1 foreach n > 1. Then, {x,}
converges strongly to an element of F.

Proof. Since every asymptotically nonexpansive mapping is
uniformly continuous and asymptotically k;-strict pseudo-
contractive mapping with k; = 0 and ¢,; = 0, foralln > 1 and

i=1,2,..., N, the conclusion follows from Theorem 9. [

Remark 14. Our results extend and unify most of the results
that have been proved for this important class of nonlinear
mappings. In particular, Theorem 9 extends Theorem SXY1,
SXY2, HC, and Theorem ZRS in the sense that our conver-
gence is either strong, does not require computation of closed
convex sets C,, and Q,, for each n > 1, or does not require the
assumption that interior of set of fixed points is nonempty.

Remark 15. We also remark that Corollary 11 is more general
than Theorem 3.1 of Kim and Xu [3] and Corollary 13 is
more general than Theorem 2.2 of Kim and Xu [11] in the
sense that our convergence is either strong, does not require
computation of closed convex sets C,, and Q,, for eachn > 1,
or does not require the assumption that interior of set of fixed
points is nonempty.
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