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This paper deals with a generalized form of nonlinear retarded Gronwall-Bellman type integral inequality in which the maximum
of the unknown function of two variables is involved. This form includes both a nonconstant term outside the integrals and more
than one distinct nonlinear integrals. Requiring neither monotonicity nor separability of given functions, we apply a technique of
monotonization to estimate the unknown function. Our result can be used to weaken conditions for some known results. We apply

our result to a boundary value problem of a partial differential equation with maxima for uniqueness.

1. Introduction

The Gronwall-Bellman inequality [1, 2] plays an important
role in the study of existence, uniqueness, boundedness,
stability, invariant manifolds, and other qualitative properties
of solutions of differential equations and integral equations.
There can be found a lot of its generalizations in various cases
from literatures (see, e.g., [3-18]). In 1956, Bihari [3] discussed
the integral inequality

u(t) Sc+th(s)w(u(s))ds, t>0, (1)
0

where ¢ > 0 is a constant, f is a continuous and nonnegative
function, and w is a continuous and nondecreasing positive
function. Replacing ¢ by a function b(t) in (1), Lipovan [4]
investigated the retarded integral inequality

u(t)y<c+ J: f()wu(s)ds
° )

b(t)
+J g w(u(s)ds, ty<t<t,.

b(to)

Their results were further generalized by Agarwal et al. [5] to
the inequality

nob(t)

u(t)Sa(t)+ZJ

i=1 Ybi(to

)fi(tas)wi(u(s))d& to<t<t,
(3)

where the constant ¢ is replaced with a function a(t), b’s
are continuously differentiable and nondecreasing functions,
and w;’s are continuous and nondecreasing positive functions
such that

W] O0C W, O+ OC W, (4)

that s, each ratio w;, | /w; is also nondecreasing on A € R\ {0},
called in [6] that w,,, is stronger nondecreasing than w;. On
the basis of this work, Wang [7] considered the inequality of
two variables

w (x,y) < a(xy)

1 ch(x) r(y)
& L(xo) Loyo) filboy.sit) o (st dtds,
5)

where the functions a, f;, andw; are not required to be
monotone, and those w;’s are not required to be stronger



monotone than the one after the next as shown in (4). This
inequality belongs to both the case of multivariables, to which
great attentions [7-11] have been paid, and to the case that
the left-hand side is a composition of the unknown function
with a known function, in which Ou-Iang’s idea [19] was
applied [11-14]. He applied a technique of monotonization
to construct a sequence of functions, made each function
possess stronger monotonization than the previous one, and
gave an estimate for the unknown function u.

On the other aspect, many problems in the control theory
can be modeled in the form of differential equations with
the maxima of the unknown function [20-22]. In connection
with the development of the theory of differential equations
with maxima (see, e.g., [20, 21, 23]) and partial differential
equations with maxima [24, 25], a new type of integral
inequalities with maxima is required, respectively. There have
been given some results for integral inequalities containing
the maxima of the unknown function [23, 26-28]. Concretely,
in 2012, Bohner et al. [26] discussed the following system of
integral inequalities:

m co;(t)

pu@ <a+) |

i=1 Y(to

) fi () uf () w; (u(s)) ds

m+n (xj(t)
vy 9w @

j=m+1 Y%l

(6)

< ( max g((®))ds,

Ee[s—h,s

u(t) <y (),

where a, f;s, w;s, ¢, and ¥ are nonnegative continuous
functions and «;’s are nonnegative continuously differentiable

and nondecreasing functions. They required that a(t) > 1,
@ is C' on R, := [0,+00) and increasing such that ¢(tx) >
tep(x) for 0 < t < 1, and w; satisfies the following: (i) w; €
C'(R + R,) isan increasing function, and (ii) w;(tx) > tw;(x)
forall0 < t < 1 and x > 0. Bainov and Hristova [23]
considered the following system:

Xy
u(x,y)sa(x,y)+J I f(s,t)uf (s,t) dt ds

Xo “Yo

o(x)
N I r h(st) <Emax W (&, t))dtds,

€[s—h,s]

u(xy) <y(xy),
(7)

where a(x, y) is nonnegative and nondecreasing in both of
its arguments, f, h, and y are continuous and nonnegative
functions, and p € (0, 1].
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In this paper, we consider the system of integral inequal-
ities as follows:

¢ (u(x))
<a (x, y)
no o) Bi(y)
' i (% p 8. t) w; (u(s, 1)) dtd
;’["i(’co) ‘[ﬁi(}’o)f (x 73 )w uts s

ntm o (x) jﬁjm

CE L e

j=n+l "‘j(xo)
X W; 1) | dtds,
w; (Eg[r;f;fs]g(u(ﬁ ))) s

(x, ) € [x0, 1) X [0 1) »

(%, y) € e, (x0)=h o] %[y, 1) »
(8)

u(x y)<y(x ),

where a, f;’s, s, and g are continuous and nonnegative
functions, «;s and ;s are nonnegative continuously dif-
ferentiable and nondecreasing functions, and «,(x,) :=
min, ;... (x,). As required in previous works [27-29], we
suppose that 0 < o(t) < t,0 < Bi(t) < t,h > 0Ois
constant. In this paper, we require neither monotonicity of
a, w;s, f;’s, and g nor a(x, y) > 1. We monotonize those w;’s
to make a sequence of functions in which each one possesses
stronger monotonicity than the previous one so as to give an
estimation for the unknown function. We can use our result
to discuss inequalities (6) and (7), giving the stronger results
under weaker conditions. We finally apply the obtained result
to a boundary value problem of a partial differential equation
with maxima for uniqueness.

2. Main Result

Consider system (8) of integral inequalities with x, < x; and
Yo < ypinR, = [0,00). Let A := [XO,XI) X [;Vo,yl), Q=
[a, (xy) = 1, x4] X [¥g, ¥1)- Suppose that

(Hy) «; [x9,x%;) — R, (G = 1,2,...,m + n) and
B+ o) — boey)hi = L2,....m+
n, are nondecreasing such that «;(x) < x on
(%0 X1), Bi(y) < y on [yp, y1) and B;(y,) = yps

(Hy) all f’s i = 1,2,...,m + n) are continuous and
nonnegative functions on A x [«, (x,), X;) X [¥5, ¥1);

Hy) g9 : R, — R,andy : [a,(x,) —hx) — R,
are continuous, and ¢ is strictly increasing such that
lim, _, ,(t) = +00;

(Hy) allws (i = 1,2,...,m+ n) are continuous on R, and
positive on (0, +00);

(H;) a(x, y) is a continuous and nonnegative function on
A.
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For those w;’s given in (H,), define @;(¢), i = 1,...,m + n,
inductively by

w, (t) = Tl?[g’t(] {w, (M},

9)
_ '_ wi+1 (T) } _
Wiy (1) = max {—5&- (D) +e w; (1),
fori=1,2,...,m—1and
@41 (1) :== max {wml (inaxse[oﬂ tg(4)}) } @,, (),
el0,t] @, (1) + €,
., (max s
Wi (t) := max { JH( — <o) 9@ } w; ),
r€[0,t] w; (1) +¢€;
(10)

for j=m+1,...,m+ n, where @;(t) == max,epo{w;(1)} for

j=m+1,...,m+n,¢ = ¢ if@;(0) =0or:=0ifw,(0)#0
fori =1,2,...,m+n—1,and ¢ > 0 be a given very small
constant.

Theorem 1. Suppose that (H,)-(Hs) hold,

MaX,cfo, (x)-h V(5 Y) < ¢ ' (alxo, ) for all y € [yp, 1)
and u € C(Q,R,) satisfies the system (8) of integral
inequalities. Then,

(% 9) <9 (Wi (Quin (%, 9))). (1)

forall (x, y) € [xq, X;) X [y, Y7), where
Q; (x, ) =W, (r; (x, ))

ai(x)  Bi(y)
|
0‘1‘("0) ﬁi()’o) (L)€ x0:x X[ y0,¥]

max 1 (L&, s, t)dt ds,
(12)
W, ! is the inverse of the function
W, (u) = J #, u>u,i=12,...,m+n,
u; W; ((P_ (S))
(13)

u; > 0 is a given constant, @, is defined just before the theorem,
and r;(x, y) is defined recursively by

a8,

max
(L8[ x0.x] X[ y9y]

i (69) = W (9 (%, 7)),

r (% y) =
(14)

fori=1,2,....m+n—-1,and X, € [xy,x,),Y; € [y, ¥,) are
chosen such that

Q; (X,,Y)) < JOO ds (15)

U; E)i ((P_l (S)),

fori=1,2,...,m+n.

For the special choice that n = m = 1, w,(s) = s, w,(s) =
s, f1(69,58) = f(st), f,(x, 9,5t) = h(s,t), a;(s) = s,
o, (s) = als), g(s) = sf,and B,(s) = B,(s) = s, where a is
anonnegative continuously differentiable and nondecreasing
function, Theorem 1 gives an estimate for the unknown u in
the system (7). we require neither the monotonicity of a nor
the monotonicity of w;. Obviously, Lemma 2 and Theorem 1
are applicable to more general forms than Corollary 2.3.4 in
[23]. Even if w;(s) is enlarged to max, ;_,,.,,w;(s) such that (8)
is changed into the form of (2.1) in [29], where m = n = 1,
our theorem gives a better estimate. For example, the system
of inequalities

x ry
u(x,y)s3+4j J ts\u (s, t) + 1dt ds
0 Jo

+4Jﬁrt5< max u(f,t)+1>dtd5’ (16)

o Jo Ee[s—hs]
(%, y) € [0,x7) x [0, )

u(x,y)<x+3, (x,y)e[-h0]x][0,y),

implies that

x [y
u(x,y)s3+4j J ts(u(s,t) + 1) dtds
o Jo

Vx
+4J Jyts< max]u(f,t)+1>dtds, a7)
0

0 Ee[s—h,s
(x: ) € [0,x,) x [0, 1),

u(x,y)<x+3, (x,y)€[-h0]x[0,),

by enlarging Vs + 1 to s + 1. Applying Theorem 1, we obtain

2 2 2
u(x,y) < Mexyz,

- (%,7) € [0.3,) % [0.1).

(18)



On the other hand, Theorem 2.2 of [29] gives from (17) that

u(t) < 4tV (x,y) € [0,x;) x [0, 3,). (19)

Clearly, (18) is sharper than (19) for large x and y.
In order to prove Theorem 1, we need the following
lemma.

Lemma 2. Suppose that

CD) «; : [xgx) = R, (G =1,2,...,m+n)and f3 :
(Yo ¥1) — R, (i=1,2,...,m+n) arenondecreasing
such that a;(x) < x on [« (x,), x;) and B;(y) < y on
(Yo, y1) and Bi(yo) = yo;

(C2) y € C([«,.(xg) = h, x1) X [y, y1): R ), by € C([ax, (xy),
X)) X [yo> 1) R,) fori=1,2,...,m+mn

(C3) all h;s (i = 1,2,...,m + n) are continuous and non-
decreasing on R, and positive on (0,+00) such that
hyochy oc...ochy, ;

(C4) a(x,y) is continuously differentiable in x and
y, nonnegative on [«,(xq),x;) X [y ¥,), and
MAX (o (x,)-hx, V(S V) < alxy, y) forall y € [yy, y1).

Ifu € C([a, (x9) —h, x1) X [ ¥y, ¥1), R,) satisfies the system
of inequalities as follows:

u(xy)

m co(x) Bi(y)
<a(x, b (s, 1) by (u (s, ) di d
<a(x y)+;Li(x0) jﬁi(%) (5. 1) by (1 (s, 1)) dlt dis

min - coi(x) o Bi(y)
+ Z J J h; (s,t)hj< max u(f,t))dtds,

jem+1 99i(x0) JB;(x0) §els=his]
(x,7) € A,

u(x,y)<y(xy), (xy)eq,

(20)
then

1

u(xy) < HY, (H (on (59))

Qi (X) l;mm (62
+ I J B (s1) dtds) :
AXypin (XO) ﬁm+n(}’0)
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forall (x, y) € [xg, X*) % [y, Y"), where H; " is the inverse of
the function

uZui,i=1,2,..

H; (u) = Ju d_x Lom+n,  (22)

u; W; (x) ’
u; > 0 is a given constant, and y;(x, y) is defined recursively by

x y
7 ey i=alin) + [ facenlder | o, s)]ds
Xo Yo

-1 oy (t) Bi(t) )

; ,y) =H; P (7; (6, b, (s, t)dtd
)b (B o)+ [ [ s “)
23

fori=1,2,....om+n-Llandxy < X" <x;, y,<Y" <y
are chosen such that

Gy )+ [ o dras< [
H; (y; (X", 7" +J J . (s, t) dt SSJ -
a(x0) JBi(x) w h;(s)
(24)

fori=1,2,...,m+n.

Proof. From (23), we see that y, (x, y) is nondecreasing on A,

a(x, y) < y1(x, ), and maXe (o (x)-nx, ¥ (S ¥) < alxg, y) <
p1(x, ¥) for y € [y, y,). It implies from (20) that

m-cop(x)  Bi(y)
u(xy) <y (x>y)+Zj ( )L y)bi(s,t)hi(u(s,t))dtds
i=1 Y%\ Xo i\ Vo

m+n a.(x) [;(y)
3 N
jem+1 395 (%0) JB;(30)

x h; < max u (&, t)) dtds
Ee[s—h,s]

(25)
1) for all (x, y) € A. Let
i m o ca(x) ()
n(oy)+ ) J J b (s, t) h; (u (s, 1)) dt ds
i=1 “i(xo) ﬁi(;"o)
— 4 min  ca(x) Bi(y)
z(xy)=1 Y JJ J b, (s,t)hj( max u(E,t))dtds, (x,y) € A, (26)
j=m+1 a;(x0) IB:() Ee[s—h,s]
n ). (y)en
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Clearly, z(x, y) is nondecreasing in x. Then, we have

(%, 7) € [or, (%) =1, &)

max u < max z =z\s,
[ nax (&) e &y)=2z(sy),

u(x,y) <z(xy), [yo- 1)

(s, 7) € [a, (x0) %) X [0 71) -

(27)

From (25), (27), and (28) and the definition of z(x, y) on A,
we get

a;(x)

z(xy) <y (%) + ZJ

i=1 a(xo)

Bi(»)
J b (s,t) h; (u(s,t)) dtds
Bi J’o)

mincop(x) )
' Z LJ("O) J,ﬁz(J’o)b (s t)h (z (s,t)) dt ds.

j=m+l1

(28)

Applying Theorem 1 of [7] to the case that f(x,y,s,t) =
b(s,t), alx,y) = (), p = 1, and w;(t) = h(t), i =
1,2,...,m + n, we obtain (21) from (28). This completes the
proof. O

Proof of Theorem 1. First of all, we monotonize some given
functions f;, w;, g, and a in the system (8) of integral
inequalities. Let

g = max {g}, t=o0,
a(x,y) = ol ] {a(r,8)}, (29)
(%, y) € [x0, 1) X [yos 1) -

From (13), we see that the function W, is strictly increasing,
and therefore its inverse W, " is well defined, continuous, and
increasing in its domain. The sequence {@;(t)}, defined by
w;(s), consists of nondecreasing nonnegative functionson R,
and satisfies

wl(t)g(‘bl(t), i:1,2,...,m,

w; () <w;(t), i=m+1,....,m+n, (30)
w,(g) <w;(t), i=m+1,....m+n.
Moreover,
w; < W, i=12,...,m+n, (3D

because the ratios @;,,/@;, i = 1,2,...,m + n, are all non-

decreasing. Furthermore, let

Fi(x ys.t) = max

i\h6 at >
(L,E)e[xo’x]x[yo)y]f L&, s,t) (32)

which is nondecreasing in x and y for each fixed # and s and

satisfies f,(x, y,s,t) = fi(x, y,5,t) = 0foralli = 1,2,...,m+

n. The monotonicity of g implies that

max g (u(6)< max 90s(63)) <3 ( max u(6.y)
(33)

for (s,y) € [a,(xy) — h,x;) X [y, y1). From (8) and the
definition of f,(x, y,s, ), we obtain

9 (u(xy) <a(xy)
noorax) )
CA AN
' ; L‘i(xo) Jﬁi(}'g) f’ (X s )
x w; (u (s, 1)) dtds

n+m aj(x) ﬁj(}’) —
+ J J fi(xy.s1)
j;rl & (x0) IB; (%) ™

X w; ( max g (u (&, t))) dtds, (x,y) €A
Ee[s—h,s]

u(xy)<y(xy), (xy)eQ.

(34)
Concerning (34), we consider the auxiliary system of inequal-
ities
¢ (u(xy) <a(xy)
nooco(x) By
! ’:ZI J“"t‘("o) Jﬁi(yﬂ) fi (X, Y5, t)
X w; (u (s, 1) dt ds

mo e By
+Zj Li(yo) f;(X.Y,s,1) (35)

X ; ( max g (u (&, t))) dtds,
Ee[s—h,s]

(% y) € [xo, X) % [, Y)

u(xy)<y(xy), (xy)eQ

where x; < X < X, and y, <Y <Y, are chosen arbitrarily,
and claim

u(ny) <o (Wi, (0 (XY, x ),  (36)
for all x; < x < min{X, X,}, ¥, < y < min{Y,Y,}, where
Q (XY xy) =W, (7 (XY, x,y))
o (x)  B(y) _ (37)
. J j F(X.Y,s, 1) dtds,
‘Xi(xo) ﬁi()’u)
i=12,...,m+nT7,(X,Y,x, y) is defined inductively by

7 (X, Y, x,9) =a(X,Y),

- (38)
Fin (6, x,y) =W (W (G (XY x, 7)),



6

fori=1,2,...,m+n—-1,and X,,Y, are chosen such that
~ e ds
Q (XY, X,,Y. SJ —> 39
1( 2 2) " wi(q)_l(s)) ( )

fori=1,2,...,m+n.

Notice that we may take X, = X, and Y, = Y,. In
fact, the monotonicity that 7;(X, Y, x, y) and ?i(X, Y, x, y) are
both nondecreasing in X and Y for fixed x, y. Furthermore,
it is easy to check that 7,,, (X, Y, X,Y) = r/(X,Y), fori =
L,2,...,m+n.If X,,Y, are replaced with X, Y}, respectively,
on the left side of (39), we get from (15) that

ﬁi (X’Y>X1>Y1) =W, (7i (X>YaX1’Y1))
J (X)J'ﬁi(Yl).T grd
+ (X,Y,s,t)dtds
“i(xo) ﬁi()’o)
<W, (71' (XprXle))
(X)) Bi(Y) _
+J J F (X, Y, t)dt ds
‘xi(xo) ﬁi()’o)
=T (Xle)
(X)) B (YY)
+J J F (X, Y,s.t) dt ds
“i(xo) ﬁi()’o)
= (X1>Y1)

- J"O ds
- u; &)i ((P_l (S)) '
Thus, it means that we can take X, = X,,Y, =Y.

z(x,y)

ﬁi(}’o)

71 Ju(xo)

j=m+1

(2 (X,Y),

Clearly, z(x, y) is nondecreasing in x. By (41) and the
definition of z(x, y), we have

u(xy) <o ' (z(xy)),

(op) €l (x0) - X) x pr).

Then noting that z(x, y) is nondecreasing and ¢(t) is strictly

= 9 s ) B _ B
"2 L,»(xo) Jﬁi(yo)f 110, (aé%lf‘ifs]““’”)dtds’ (%) € [0, X) % [0 Y),
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Now, we prove (36) by induction. From (33), (35), and the
definitions of g(t), @;(t), and @;(t), we obtain

¢ (u(xy))
<a(X,Y)

m co;(x) _
+ Z J Jy fi (X, Y,s, t) w; (u (57 t))

i=1 “i(xo) Yo

min o ca(x) v
ey [ ] R s

j=m+1 a;(x0) Iy

<0 (o g 60

<a(X)Y)

mocw(x) B ~
' Zl Li(x[)) L,-(yo) fi K Yos D8, () ds

min  coi(x)  Bi(y) _
+ J J fj (X) Y, 53 t)
jem+1 395 (x0) JB;(30)

X @; ( max u (f)) dtds,
Ee[s—h,s]

(41)

for all (x, y) € [xy, X) X [y, Y), where x, < X < X, and y, <
Y <Y, are chosen arbitrarily. Since max,e(q, (x,)-h,x, ¥ (S ¥) <
(p_l(a(xo,y)) and a(xy, y) < a(xy y) < a(X,Y), we have
MAaXe(, (x))hx,] (S ¥) < ¢ '(@(X,Y)). Define a function
z(x, y) : (&, (%) —h, X) x [y, Y) — R, by

( moco(x) Bi(y) _
a(Xx,y)+ J J [ (XY, s, t)@; (u(s,t))dtds

(42)

(%, ) € [, (x0) = hxo] % [y, Y).
increasing, from (43), we obtain

max u(6,y) < max z(&y)) £ max z (s,
&e[s—hys] (E y) fG[s—h,s](P ( (E y)) EE[s—h,s](p ( ( y))

o (e 60),

Ee[s—h,s]

(5:y) € [o. (x0), X) x [30,Y).-
(44)
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It follows from (43), (44), and the definition of z(x, y) that
z(x,y)<a(x,y)
mocoa(x) Bi(y)
+ j J fi(X,Y,s,1)
; ‘xi(xo) ﬁi(}’o)
X 0; (q)_l (z (s, t))) dtds

min coi(x)  Bi(y)
- J] J 7 (XY, 5,0)

j=m+1 %j(x0) JBi(x0)

~ -1
; ,t) ) ) dtds,
X“’J("’ <se’?lfli‘,s]z(§ )>) ’

(%, 7) € [xo, X) % [0, Y],

z(xy)<aXY), (xy) € la, (xo) =hxo] x [y, Y]

(45)

In order to demonstrate the basic condition of monotonicity,
let h(t) = (p"l(t), which is clearly a continuous and nonde-
creasing function on R,. Thus, each ®;(h(t)) is continuous
and nondecreasing on R, and satisfies @;(h(t)) > 0 for
t > 0. Moreover, since @;(t) oc @;,,(t), @;,(h(t))/w;(h(t))
is also continuous and nondecreasing on R, and positive
on (0,+00), implying that @;(h(t)) o @;,,(h(t)), for i =
1,2,...,m+n—1. By Lemma 2 and (45),

z (x’ )’) < an—n (W (7m+n (X’ Y, x, y))

X (%) ﬁm+n ()’) -
+J J Finan X Y55,1) dtds),
“WH"(XU) Brin (J/o)

(46)

for x, < x < X, and y, < y < Y,. It follows from (43) and
(46) that

u(xy)

<9t (W3t (W G (0 20)

J"xm+n(x) J‘ﬁmm(y) ? d d
+ e K Y, s, t) dt s>>,
“m+n(x0) m+n (YO) "

(47)

for x, < x < X, and y, < y < Y,. This proves the claimed
(36).

Takingx = X,y =Y, X, = X;,and Y, = Y, in (36), we
have

u(X,Y)

<¢’! (Wy;in (WW (Forsn (X, Y, X,Y))

Jamm(X) Jﬁmm(Y) ? gtd )
+ in Y, s, 1) dt ds ),
en(%0) DBn(0) =

(48)

forall x, < X < X,y <Y < Y. Itis easy to verify
Frin XY, XY) = 1,,,(X,Y). Thus, (48) can be written

Titn
u(X,Y)

<y (w,;in (wm (ron (5,1)

J’O‘mm(x) J‘ﬁmm(Y) -7‘ d d
+ e (XK Y, s,t) dt s))
en(6) JBcn(30) "

(49)

Since X,Y are arbitrary, replacing X and Y with x and y,
respectively, we get

u(xy)

<o (wmin (wmm (ryon (5,))

am‘*“(x) ﬂmm(}’) _
+j J fm+n (x»)/,S,t)dtds)>,

Oy (xo) Brin (}’0)
(50)

for all (x, y) € [xy, X;) X [y, Y;). This completes the proof.
O

3. Applications

In this section, we apply our result to prove the boundedness
of solutions for a differential equation with the maxima.

Consider a system of partial differential equations with
maxima

*z(x, y)

e 0z

=F <x,y,z (x,y), max
s€ [oc(x),[i(x)]

(%, y) € [x0, 1) X [ Yo 1)

z(x,y)=vw(xy), (%) €[B(x)=hxe]x [y 1),

z(xy)=fx), z(xpy)=9(), x=x0 =

(51)

where F € C([xg, X;) X [, 71) X R, R), 0 € C([0,00), R,),
o, pe Cl([xo, x;), R,) are nondecreasing such that a(x) < x,



B(x) < x,and 0 < B(x) — a(x) < h (h is a positive constant)
for x € [xp,x;], ¢ € C([B(xg) — h,xy] X [yg> 1), and f €
C([x9,x1),R), g € C([¥9> »1), R) satisfy that f(x;) = g(y,)
and g(y) = y(x,, y), forall y € [y, y,).

Equation (51) is more general than the equation con-
sidered in Section 2.4 of [23]. The following result gives an
estimate for its solutions.

Corollary 3. Suppose that functions F and y in (51) satisfy

lF (x,y, S t)| <h (x, ;V) py (Is]) + hy (x, ;V) wy (It

v ()| <lg)], Y(xy) e lB(xo) —hxo] x [y 1)
(52)

where h; € C([x4, x1) X [y, ¥1),R,) and y; € C(R,, (0, 00)),
i = 1,2. Then, any solution z(x, y) of (51) has the estimate

X ry
Id%ﬂHQ?Qb@&wD+LJ;munm¢>
(53)

forall (x,y) € [xq, X;) X [y, Y1), where

y(xy)=Q;" <Q1 (y; (%, 9)) + L: Jy h, (s,t)dt ds),

Yo

max

ney)= o

: (f©+g@m) - f(x)])

Q, (u) =

u ds
J Uy {maxrs[o,s]{.az (a)(r))/male e[o,r]{ﬂl (Tl )}}maxre[o,s]{#l (T)}} ’

u ds
Ql (u) B J“l maXTe[O,s] {lbil (T)} ’
@)= max{@(s)}),  Fy (1) = max {u, ()}, and

(54)

X, Y, are given as in Theorem 1, and constants u; > 0, u, > 0
are given arbitrarily.

Proof. From (51), we obtain

z(x,y)
=f(x)+g(y) - f(x)

x ry
+ J J F (s, t,z(s,t), max w(z(, t))) dtds,
Xo Yo &elals),B(s)]

(x,y) € A,
z(x,y) =vw(xy),

(x,y) € (x,9) € [B(x0) = hxo] % [y 11) -
(55)
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From (52) and (55), we get

|z (x, )]
<|f ) +g(y) = f(x)]

. E Jy hy (s,6) py (12 (s, D)) dt ds

Yo
max  w(z(§,1))

x oy
+ j J, ta (
%y \[ee[a,p)]

<|f @) +g(y) - f(x)]

)dtds

(56)
X ry
+j J hy (s,8) py (12 (s, 1)) dtds

Xo “Yo

x (y
+J J hy (s,t) i, (- max @ (|z (& 1)])dids,
Xo Y Yo 145 [0‘(5)43(3)]

(x,7) €A,
|z (6 p)| < v (x 9)].
(% 3) € [B(x0) = s x0] X [0 1) -
Set v(x, y) = |z(x, y)| for (x, y) € [B(xq) = h,x1) X [yg, y)-

Noting that maxie[a(s)’l;(s)]z(f, y) < maxgg[p(s)fh,ﬁ(s)]z(f) )/),
from (56), we get

X ry
v(xy) sy (x)y)+J I hy (s,8) py (v (s, 1)) dt ds

X0 *Yo

T ) (8 ) 7

ﬁ(xo) Yo
x( max @(v(&1))dtdy
&en-hn]
v(x,y) <y (ep)],  (xy) € [B(xo) = hxo] % [yo, 1)

(57)

Applying Theorem 1 to specified m = n = 1, p(u) = u,
il y,s,t) = hi(s,t), a(t) = t, and ey (t) = B(t), B;(t) =

t,i = 1,2, fo(s,t) = hz(ﬁfl(s),t)(ﬁfl(s))l, and w;(u) =
p;(u), i = 1,2, we obtain (53) from (57). O

Next, we discuss the uniqueness of solutions for system
(51).

Corollary 4. Suppose that g(s) = s and

|F (%, y,515t1) = F (%, 3,55, 1,)]

< hy () (%1 = %2]) + 5y (%, 9) 1, (191 = 24) s
(58)

forall (x, y) € [xg, %] X [y, Y1l and all x;, y; € R (i = 1,2),
where h; € C([xg, ;1 X [y, 1, R,) and y; € C([R,R,) are
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both nondecreasing such that 1;(0) = 0, w;(u) > 0 foru > 0,

Wy 1y is also nondecreasing, and Iol ds/u(s) = +00,i = 1,2.
Then, system (51) has at most one solution on [xy, x;) X[ ¥o» ¥1)-

Proof. g(s) = s. From (51), we get

3’z (x, y) _
0x Oy

“62)).

(%, y) € [x0, %) X

F (x, v,z (x,y), max
se[a(x),B(x)]

(Yoo 1)
[ (x0) =, x,] %

=g(»),

z(xy)=v(xy), (xy)e Yo n]s

2 (% 30) = £ (x),2 (x5 )

X=X ¥ = Y
(59)

Assume that (59) has two different solutions u(x, y) and
v(x, ¥). From the equivalent integral equation system (55), we
have

| (. y) = v ()

x ry
< J J hy (s,t) py (lu(s,t) —v (s, t)|)dtds
Yo

Xo

. j Ly by (5,1) Mz(

max u(&,t)
£e[a(s),6(5)]

v (1)

- max
&e[als),B(s)]

>dtds

Xy
sj I By (5,8) g (It () — v (5)]) it d
Xo Y Yo

x ry
+ J J. hy (s, 1) py
Xo Y Yo

X ( max _|u(&1) - v(E, t)l) ds,
Eela(s),B(s)]
(60)

for all (x,y) € [xp %] X [¥y, y;1]. The continuity of the
function u(x, y) implies that for any fixed points s € [x, x]
and t € [y,,y] there exists a point 1 € [a(s), 5(s)] such
that the inequality maxgc(o(s) g 4(§>t) = u(y,t) holds, and
therefore

max u(&t)- max

v(,t)
ge[a(s),p(s)] Ee[als),8()]

=lu(nt)— max v(&1)

Eefa(s),B(s)]

<lu(nt)-v(nt)| <

ax |u &) -v(, t)| .
Eefa(s),B(s)]

(61)

Hence,

|u(x y) = v(x,y)|

x ry
< | [ msom(ulsy) - v(sy)hdeds
X0 Y Yo

x (y
+J J h, (s,t)y2< max |u(£ t) - v(f,t)|)ds.
Xo Y Yo G[
(62)
Let
¢ (x,y) = [ulxy) -v(x ),
(%, y) € [B(x0) = hx;] % [yo, 1] -

Because maXEE[a(s))ﬂ(s)]u(E, y) < max&[ﬁ(s)_h)ﬁ(s)]u(f, y), from
(62), we obtain

X Yy
¢(xy) < L L hy (s,t) uy (¢ (s, 1)) dt ds

(63)

Bx) vy '
b (B (). £) (B!
N RACROBICED)
(64)
xyz( max gb(f t))dtdn,
ge[n-hn]
(x,3) € [x0,x1) X [0 31) »
$(x,9) <0, (x,9) € [B(xo) = hxo] [0, 31)-
Applying Theorem 1 to specified m = n = 1, o(u) = u,
fl(s,t) = h(s,t), ocl(t) = 1, o) = @), folst) =
hy (B (1), s)(B~ L), gt) = t,alx,y) = 0, and w;(t) =

wi(t), i=1,2, from (64), we obtain

—~—— — X ry
$(xy)<Q, <Q2 (7, (s,t))+j J h, (s,t)dtds),
Xo YYo

(65)
for all (x, y) € [xy, X;] % [y, Y;], where
~ Y ds —~ “ o ds
Qw=|[ T Qw=| s 6o
71 (%) =0, (67)

_ 1= ,_ i 4
7, (x,y) =Q, (Q1 (7 (x, ) + J J hy (s,t) dt ds>.
Xo Y Yo
(68)
By the definition of Q; and properties of y;, noting that
_[01 ds/p;(s) = +oo (i = 1,2), we obtain

lim Q- (u) = —co, lim Q_l (u)=0, i=12. (69)

u—0* U—-00

Since fx j;} h, (s, t)dtds is finite on a finite interval, [x,, x,]
Xo 7 Yo

and [y, y;1, by (67), we obtain

_ x ry
Q, (7, (x, ) + L L h (s,t)dtds = —co.  (70)



10

Thus, we obtain y,(x,y) = 0 from (68), (69), and (70)

immediately. Similarly, noting that Ix Jyy h, (s, t)dtds is finite
X0 YYo

on finite interval, [xy, x; ] and [y,, ¥;], from (69), we obtain

_ x ry

QG+ | [ mendds=—co. o
Xo Y Yo

Thus, we conclude from (65), (69), and (71) that |u(x, y) —

v(x, ¥)| < 0, which implies that u(x, y) = v(x, y), for all

(x,¥) € [x0,X;) X [¥5,Y,), where X, Y, are given as in

Theorem 1. The uniqueness is proved. O
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