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We introduce the weighted mixed almost unbiased ridge estimator (WMAURE) based on the weighted mixed estimator (WME)
(Trenkler and Toutenburg 1990) and the almost unbiased ridge estimator (AURE) (Akdeniz and Erol 2003) in linear regression
model. We discuss superiorities of the new estimator under the quadratic bias (QB) and the mean square error matrix (MSEM)
criteria. Additionally, we give a method about how to obtain the optimal values of parameters k and w. Finally, theoretical results
are illustrated by a real data example and a Monte Carlo study.

1. Introduction

Consider the linear regression model

y=XB+e o
where y = (¥}, ¥3,...,¥,)" is an n-dimensional response
vector, X = (X, X,, ...,Xn)T with X; = (xil,xiz,...,xip)T is
a known n x p matrix of full column rank, S isa p x 1 vector
of unknown parameters, and € is an nx 1 vector of errors with
expectation E(e) = 0 and covariance matrix Cov(e) = 0”1, I,
is an identity matrix of order n x n.

It is well known that the ordinary least squares estimator
(LS) for B is given by

-1

Bs=(x"x) X'y, )

which has been treated as the best estimator for a long time.
However, many results have proved that LS is no longer a
good estimator when the multicollinearity is present in model
(1). To tackle this problem, some suitable biased estimators
have been developed, such as principal component regression
estimator (PCR) [1], ordinary ridge estimator (RE) [2], r —
k class estimator [3], Liu estimator (LE) [4], and r — d
class estimator [5]. Kadiyala [6] introduced a class of almost
unbiased shrinkage estimator which can be not only almost
unbiased but also more efficient than the LS. Singh et al. [7]

introduced the almost unbiased generalized ridge estimator
by the jackknife procedure, and Akdeniz and Kagiranlar [8]
studied the almost unbiased generalized Liu estimator. By
studying bias corrected estimators of the RE and the LE,
Akdeniz and Erol [9] discussed the almost unbiased ridge
estimator (AURE) and the almost unbiased Liu estimator
(AULE).

An alternative technique to tackle the multicollinearity is
to consider the parameter estimator in addition to the sample
information, such as some exact or stochastic restrictions
on unknown parameters. When additional stochastic linear
restrictions on unknown parameters are assumed to be
held, Durbin [10], Theil and Goldberger [11], and Theil [12]
proposed the ordinary mixed estimator (OME). Hubert and
Wijekoon [13] proposed the stochastic restricted Liu estima-
tor, and Yang and Xu [14] obtained a new stochastic restricted
Liu estimator. By grafting the RE into the mixed estima-
tion procedure, Li and Yang [15] introduced the stochastic
restricted ridge estimator. When the prior information and
the sample information are not equally important, Schaffrin
and Toutenburg [16] studied the weighted mixed regression
and developed the weighted mixed estimator (WME). Li and
Yang [17] grafted the RE into the weighted mixed estimation
procedure and proposed the weighted mixed ridge estimator
(WMRE).

In this paper, by combining the WME and the AURE, we
propose a weighted mixed almost unbiased ridge estimator



(WMAURE) for unknown parameters in a linear regression
model when additional stochastic linear restriction is sup-
posed to be held. Furthermore, we discuss the performance
of the new estimator over the LS, WME, AURE, and WMRE
with respect to the quadratic bias (QB) and the mean square
error matrix (MSEM) criteria.

The rest of the paper is organized as follows. In Section 2,
we describe the statistical model and propose the weighted
mixed almost unbiased ridge estimator. We compare the
new estimator with the weighted mixed ridge estimator and
the almost unbiased ridge estimator under the quadratic
bias criterion in Section 3. In Section 4, superiorities of the
proposed estimator over relative estimators are considered
under the mean square error matrix criterion. In Section 5,
the selection of parameters k and w is discussed. Finally, to
justify the superiority of the new estimator, we perform a
real data example and a Monte Carlo simulation study in
Section 6. We give some conclusions in Section 7.

2. The Proposed Estimator

The ordinary ridge estimator proposed by Hoerl and Kennard
[2] is defined as

Bep (k) = S+kD' X y=8"X"y, (3)

where S, = S+kIk > 0.LetT, = (I +kS™) " = S;'S = SS';
we may rewrite S (k) as

BRE (k) = TkZ;LS = TksilXT)/ = SilTkXTJ’- (4)

The almost unbiased ridge estimator obtained by Akdeniz
and Erol [9] is denoted as

,BAURE (k) = (I - sz;ZZ) BLS = (I + ksil) Tk:BLS‘ ©)

In addition to model (1), let us give some prior informa-
tion about f3 in the form of a set of J which is independent
stochastic linear restriction

r=RB+e, e~ (O,O‘ZW), (6)

where Risa J x p known matrix of rank J, eisa J x 1 vector
of disturbances with expectation 0 and covariance matrix
o*W, W is supposed to be known and positive definite, and
the J x 1 vector r can be interpreted as a random variable
with expectation E(r) = Rp. Then, we can derive that (6)
does not hold exactly but in the mean. We assume r to be a
realized value of the random vector, so that all expectations
are conditional on  [18]. We will not separately mention this
in the following discussions. Furthermore, it is also supposed
that € is stochastically independent of e.

For the restricted model specified by (1) and (6), the OME
introduced by Durbin [10], Theil and Goldberger [11], and
Theil [12] is defined as

Boss = (S+RTWR) " (XTy+ RTw™'r). (@)
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When the prior information and the sample information

are not equally important, Schaffrin and Toutenburg [16]
considered the WME which is denoted as

By @) = (S+wRTWR) ™ (XTy + wRTW™'r), (8)

where w (0 < w < 1) is a nonstochastic and nonnegative

scalar weight.
Note that

(s+wR™W™'R)"
)

= 57— wS 'R (W + wRS'RT) RS,

(s - ws 'R (W +wRs'R") RS ) wR'W s
(10)
-1
= wS'R" (W +wRS'R") 1.
Then, the WME (8) can be rewritten as

Bune W) = Bus + wS RI(W + wRS'RY) " (r - RBs)
(1)

Additionally, by combining the WME and RE, Li and
Yang [17] obtained the WMRE which is defined as

BWMRE (w, k)

= Bae (&) + wS  RY(W + wRS 'R (r = RBy; (K)).
(12)

The WMRE also can be rewritten as

Prosine (k) = (S + wkTW'R) ™ (TX"y + wRW'r).
(13)
Now, based on the WME [16] and the AURE [9], we can

define the following weighted mixed almost unbiased ridge
estimator:

Buaurs (s K)
= Baoe (K) + wS R (W + wRs 'R
x (7 = RByuws ()
= (1-K25:) Bus + wS'RT (W + sz—lRT)*l
x (r-R(I-k*87)Bis)
= (57 - wS'R"(W + wRS'R") "R )

x (1-K252) X7y + wS ' RT(W + wRS'RT) ',
(14)

which is according to the way in [17].
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Using (10), (14) can be rewritten as
Bwniaure (@, k)
= (57" - ws 'R (W +wRS'R") RS ™)
x((I-K82) X"y +wR'W™'r)
= (S+wrRTWR) " ((1-K282) X7y + wRTW™r).
(15)

From the definition of ,BWM AURE (W; k), it can be seen that

BWM Aurg (W k) is a general estimator, and as special cases of
it, the WME, LS, and AURE can be described as

BWMAURE (w,0) = BWME (w),

R R (16)
ﬁWMAURE (0,0) = /SLS’

andif R = 0,
EWMAURE (w, k) = EAURE (k). (17)

It is easy to compute expectation values and covariance
matrices of the LS, WME, WMRE, AURE, and WMAURE as

E (BLS) =p,
COV (Bg) =0*s7",
E (Z;WME (w)) =B,
COV (Bywz () = 0*A (S + w’R'W™'R) 4,
E (BWMRE (w, k)) =B+ A(T~1)SB,

COV (Byyre W>k)) = 0*A (T, STy, + w’R"W™'R) 4,

E(Buyurs 0) = (I-K282) B = (I + kS ) Ti B,
COV (Byurs () = 0* (1 - K*8;%) 7 (1 - K*S;?)
= 0” (1 +kS") TS Ty (I +kS,),
E (BWMAURE (w, k)) =B~ kZASIZZSﬁ’
cov (BWMAURE (w, k))
=’ A((I-K’S2)S(1-K82) + w’R'W'R) 4,
(18)
where A = (S + wRTW71R)71.

In the rest of the sections, we intend to study the
performance of the new estimator over relative estimators

under the quadratic bias and the mean square error matrix
criteria.

3. Quadratic Bias Comparison of Estimators

In this section, quadratic bias comparisons are performed
among the AURE, WMRE, and WMAURE. Let 3 be the

estimator of f3, then the quadratic bias of 8 is defined as
QB(B) = Bias(B)TBias(B), where Bias(ﬁ) = E(B) — J3. Based
on the definition of quadratic bias, we can easily get quadratic
biases of AURE, WMRE, and WMAURE:

QB (Byurs () = Bias( By (K)) Bias (B ()
=K'p'S"B,
QB (Buuire ')
= Bias(Bygyue (0, K6)) Bias (Byyagrs (. 5))
= K*BTss; ' AS, ' SB,
QB (Bwaaure (w:K)

. > T . >
= Blas(ﬁWMAURE (w, k)) Bias (ﬁWMAURE (w, k))
= k*BTSS,7A’S,SP.
(19)

3.1. Quadratic Bias Comparison between the AURE and
WMAURE. Here, we focus on the quadratic bias compar-
ison between the AURE and WMAURE. The difference of
quadratic biases can be derived as

A, =QB (BAURE (k)) -QB (BWMAURE (w, k))
(20)

= k'B'S.? (1-SA%S) S’

Firstly, we just consider I — SA%S. Note that (I — SA*S)” =
I-SA’Sand

I - SA%S = S§72S — SA%S
(21
=S(s7?-4%)s.

It can be seen that A™ — §* = (S + wRTW_lR)2 -§*>0,
namely, A2 > §”. Then we can get

SE-A%>0. (22)

Thus, we have I —SA%S > 0 by (21) and (22). Therefore, we
can deriveAthat Ay = QB(B,yre (k) — QB(ﬁyMAURE(w’ k)) >
0 and the B, aure (Ws k) outperforms the B, (k) accord-
ing to the quadratic bias criterion.

Based on the above analysis, we can derive the following
theorem.

Theorem 1. According to the quadratic bias criterion, the
WMAURE performs better than the AURE.



3.2. Quadratic Bias Comparison between the WMRE and
WMAURE. Similarly, the quadratic bias comparison
between the WMRE and WMAURE will be discussed. The
difference of quadratic biases of both estimators can be
obtained by

A, =QB (BWMRE (w, k)) -QB (BWMAURE (w, k))
= K*BTSS,  A%S ' SB — K* BTSSP A%S. 2 S (23)
= KPBTsst (A% - kS AS ) S s

We consider A% - kZS,;lAZS,;l. Note that

(A - KPS AP )T = A2 - K2S 1 A%S ! and
A’ K’S A%
= A® — kS A’ + kS A — KPS A%S,! (24)
= (I-kS.') A® + kS A (I-kS,').

For § = XX > 0, there exists an orthogonal matrix P
such that S = PAPT, where A = diag(},,.. Ay)and A, >
> A » denote the ordered eigenvalues of S. Therefore, we
can easily compute that [-kS; ' = P diag(;, ..., p)PT, where
7; = 1-(k/(A;+k)) = A;/(A;+k),i = 1,..., p.Fork > 0,; > 0,
we obtain 7; > 0 which means that I-kS; > 0. Thus, we have
(I - kSH2 A% (1 - kS > 0and (I - kS;")' kS, A%(1 -
kS;)'? > 0. Note that (I - kS;')A?, kS A*(I - kS;"') and
(I - kS A1 = kSEHY2, (1 - kS kS AR (I - kSH)Y?
have same nonzero eigenvalues, respectively, which means
that A* - K>S, A%S; ' > 0.

Therefore, we can derive that A, = QB(ﬁWMRE(w, k)) -
QB(Bywum AURE(wA’ k)) > 0 and the By, sure(w; k) performs
better than the ;g (w, k) under the quadratic bias crite-
rion.

We can get the following theorem.

Theorem 2. According to the quadratic bias criterion, the
WMAURE outperforms the WMRE.

4. Mean Square Error Matrix
Comparisons of Estimators

In this section, We will compare the proposed estimator
with relative estimators under the mean square error matrix
(MSEM) criterion.

For the sake of convenience, we list some lemmas needed
in the following discussions.

Lemma 3. Let M be a positive definite matrix, namely, M > 0;
let a be a vector, then M — o™ > 0 ifand only ifa’ M™'a < 1.

Proof. See [19]. ]

Lemma 4. Let Bi = A,;y,i = 1,2 be two competing homo-
geneous linear estimators of . Suppose that D = COV(BI) -
COV(B,) > 0, then MSEM(B,) — MSEM(B,) = 0 if and only if
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dl(D+d,d))"'d, < 1, where MSEM(B,), d; denote the MSEM
and bias vector of Z?i, respectively.

Proof. See [20]. O]

Lemma 5. Let two n X n matrices M > 0, N > 0, then M >
Ne M (NM1) <1,

Proof. See [18]. L]

Firstly, the MSEM of an estimator 3 is defined as

MSEM (B) = E((B - B) (B_ﬁ)T) (25)

= COV (B) + Bias (B) Bias(B) -

For two given estimators B1 and Bz’ the estimator Bz is

said to be superior to 3, under the MSEM criterion if and
only if

M (B, B,) = MSEM (B,) - MSEM (B,) = 0. (26)

The scalar mean square error (MSE) is defined as

MSE(f) = tr(MSEM(3)). It is well known that the MSEM

criterion is superior over the MSE criterion; we just compare
the MSEM of the WMAURE with other relative estimators.

Now, from (18), we can easily obtain the MSEM of the

WME, WMRE, AURE, and WMAURE as follows:
MSEM (B;) = 0°S™", (27)
MSEM (Byrs (W) = ®A(S+w’RTW'R) A, (28)

MSEM (Byyyire (w5 k)
(29)
=0 A (T, ST, + w'R'W™'R) A + byb],
MSEM (B,ugs (K))
(30)
=0 (I+kS ) T, ST, (I +kS.') + byb,,
MSEM (BWMAURE (w, k))
=" A((I+kS.") Ti ST, (I +kS;') + w’R"W'R)

X A+ bybl,
©

where b, = A(T}, — I)SB, b, = _kzslzzﬁ and b, = _kZASI;ZS[)’.

4.1. MSEM Comparison of the WME and WMAURE. To
compare MSEM values between the WMAURE and WME.
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Firstly, from (28) and (31), the difference of MSEM values
between the WME and WMAURE can be gained by
M (BWME (), Bwiaure (W k))
= MSEM (BWME (w)) ~ MSEM (EWMAURE (w, k))
=0’ A(S+w’R'W'R)A-0’A
x ((1+kS") T ST, (I + kSt ) +w’R"W ™' R) A-byby
=0’ A(S— (I +kS") TiSTy (I +kS;')) A - bb;
= o’D, - bb],
(32)
where D; = A(S — (I + kS; )T} ST, (I + kS ') A.

Theorem 6. The WMAURE BWMAURE(w,k) is superior
to the WME BWME(w) under MSEM criterion, namely,

M(BWME(w),BWMAURE(w, k)) > 0 if and only ifb;FDIlb3 <
2
o”.

Proof. Note that S = PAP". We can easily compute that S —
(I+kS T STy (I+kS; ") = PTVPT = P diag(r{, ..., 7{")P",
where TV = A—(I+k(A+kI) ) (I+kA™) AT +kA™) T (T+
k(A +kI)™") and

-1

=), - (1 + k(A +k)_l) (1 + k/\"_l)

X /\i(l + k/\lfl)_1 (1 +k(A; + k)_l)

CAi+2k A A A+ 2k (33)
PNtk A KA kA +k

(K* +4I°X, + 2K°A7) ),
= 4 >0,
(A; +k)

i=1,...,p,

which means S — (I + kS,;l)TkSTk(I + kS,;l) > 0. Observing
that A = (S+wR"W™'R)™ > 0, we have D, = A(S - (I +
kST ST (I + kS ')A > 0.

Applying Lemma3, we can get that M(Byys(w),
Buwmaure (W k) = 0if and only if b Db, < o”.

This completes the proof. O

4.2. MSEM Comparison of the WMRE and WMAURE. Sim-
ilarly, we compare MSEM values between the WMAURE
and WMRE. Firstly, from (29) and (31), the difference of
MSEM values between the WMRE and the WMAURE can
be computed by

M (BWMAURE (w, k) ’BWMRE (w, k))

= MSEM (BWMAURE (w, k)) - MSEM (EWMRE (w, k))

=0 A((T+kS") T ST, (T + kS ) + w’R'W'R) A
+byb; — 0’ A (T, ST, + w'R"W'R) A - bb,
=0 A((1+kS") T ST, (I + kS ) - T STy ) A - byb|
= ’D, + b;b] —bb/,
(34)
where D, = A((I + kS; )T} STy (I + kS;') — T ST} A.
Theorem 7. The WMAURE By ius(W-k) (K > 0) is

superior to the WMRE B,z (w, k) under MSEM criterion,

namely, M(Byypiaure W K Buame(w, k) < 0 if and only if
b/ (0°D, +byb) ) 'b, > 1.

Proof. Firstly, we prove (I+kS; )T} ST (I +kS;")~TST > 0.
Note that S = PAPT, we can compute (I + kS,;l)TkSTk(I +
kS,;l) - T STy = propr = Pdiag(r{z), .. ,Téz))PT, where

-1

I = (T+kA+kD7) (1+kA™) AL +5A™)

x (T+kA+kD™) = (14 kA™)  A(1+kAT) T,

k -1 k -1
Ti(z) = (1+k(Al+k)_1)<l+A_> A1<1+A—>

i i

1 K\ k\"
1 : )-l1+ = 1+ —
x( +k(A; + k) ) ( +)‘i /\,( +)‘i>
K\ k\ 7' A + 2k
_<1+A_1> Al<1+A—l> <Al+k> > 0,

(35)

Thus, we can get (I + kS, )T, ST (I + kS;') — Ty STy > 0.
Observing that A > 0, we have D, = A((I + kS;" )T} ST, (I +
kS.') - Ty ST,)A > 0.

Applying Lemma4, we can get M(Byyaure (W k),
Buaire (- k) < 0if and only if b (62D, + b;bl) "6, > 1.

This completes the proof. O

4.3. MSEM Comparison of the AURE and WMAURE. Now,
we compare MSEM values between the WMAURE and
AURE. Firstly, from (30) and (31), the difference of MSEM
values between the AURE and WMAURE can be obtained by

M (Byons (9, Buestauns (0 K)
= MSEM (B yre (k) = MSEM (Byppaure (w5 K))
= 0% (I +kS.') T STy (T +kS;')
+byb) —byb!
~ o A((I+kS;") TiST, (I +kS') + w’R"W'R) A

= 0’D, + b,b, - b;b;,
(36)



where Dy = (I +kS; )T ST (I +kS ") — A((I + kS, )T ST (I +
kS:') + w’R"TW™'R)A.

Theorem 8. When A(A((I + kST ST (I + kS.') +
WRTWIR)A(I + kS;HTST(I + kSN < 1, the
WMAURE is superior to the AURE in the MSEM sense, namely,
M(B ayre(K): Bwatavrs(w> k) = 0 if and only sz3T(02D3 +
bby ) by < 1.

Proof. Note that (I + kS,:l)TkSTk(I + kS,;l) > 0and A((I +
kST ST (I + kS;') + w”R"TW ' R)A > 0. When A, (A((I +
kST ST (I + kSi') + w*RTW ' R)A((I + kS )T, ST, (I +
kS;')™') < 1, we can get that D; > 0 by applying
Lemma 5. Thus, from (36) and applying Lemma 4, we have
M(Baure®): Bywmavrs(W> k) = 0 if and only if b (6°Ds +
bbb < 1.

The proof is completed. O

4.4. MSEM Comparison of the LS and WMAURE. Finally, we
compare MSEM values between the LS and WMAURE. From
(27) and (31), the difference of MSEM values between the LS
and WMAURE can be computed by

M (B Buniaure @. %))
= MSEM (By5) - MSEM (Byyyaure (W K))
=0’S" — o A((I +kS;') T ST, (I+kS;')
+w’R"W™'R) A - byb
=0’S" =0 A+ 0" A~ MSEM (B (W)
+ MSEM (B (w)) = MSEM (Byyyaure (w-K))
=(o’S" = 0’A) + (0’ A - 0*A(S+w’R'W'R) A)

+0°D, —byby,

(37)
where A = (S + wRTW™'R)™! and D, = AS - (I +

kS )T ST (I + kS; ')A > 0 according to Section 4.1.
Firstly, using (9), we can compute that

o*S - %A = azwsflRT(W + wRS’lRT)_lef1 > 0.

(38)
Moreover, it can be computed that
o’A-o’A(S+w’R"W'R) A
=0’ AATA- A (S+w’R'TW'R) A
(39)

=0’A(S+wR'W'R-S-w’R"'W'R) A

=w(l-w)o’A(R'W'R)A > 0.
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Therefore, 0°S™" — 0”A((I + kS )T ST(I + kS;') +
w*RTWR)A > 0. Applying Lemma 3, we can get that
M(Bs Buniaure (W k)) = 0ifand only ifb! (62" o A((I +
kST STy (I + kS;') + w*RTW'R)A)b, < 0.

Based on the above analysis, we can state the following
theorem.

Theorem 9. The WMAURE is superior to the LS according
to the MSEM criterion, namely, M(BLS,BWMAURE(w, k) >0
if and only if bl (6*S™" — o A((I + kST STy (I + kS;') +
wRTW™'R)A)b; < 0.

5. Selection of Parameters k and w

In this section, we give a method about how to choose
parameters k and w. Firstly, a linear regression model can
be transformed to a canonical form by the orthogonal
transformation. Let Q be an orthogonal matrix such that
Q'X"XQ = A = diag(A,,.. ., A,), where A; is the eigenvalue
of X"X,and X = XQ, B = Q"B = (B,,...,B,)". Then, we
get a canonical form of model (1) as

y=XB+e (40)

Note that EWMAURE(w, k) = QTBWMAURE(w’ k) and

MSEM By paome (0 K) = Q" MSEM(Byyypavms (w2 K)Q. Tt

is supposed that S and R"W 'R are commutative, then we
have

MSEM ( Bugyiaure (@) )
= o’ (A+w¥) " [(T+k(A+kD ") (A+kD) ™!
x A (A+kI) ™ (T+k(A+kD) ™ ) +wY]
x (A+w?) "+ KA+ w¥) (A + kD72
x ABB A(A + kD) 2(A + w¥) ™,

(41)

where Q"RTW™'RQ = ¥ = diag(£,, .. &)
Optimal values for k and w can be derived by minimizing

gw, k)= tr (MSEM ([:3WMAURE (w, k)))

2 0? [X(A, +2k) + wE (A, + k)] + KA,

P (A, + wE )’ (A, + k)*
(42)
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For a fixed value of w, differentiating g(w, k) with respect
to k leads to

g (w, k)
ok

M-

(( [0 [4 Q2K X7+ 40082, + ']+ 4022

i=1

x (A +k)=40” [(A+ 26\ +wE (A,+K)*]
KB ]) (A +wE) (A +0)°) )
0 4kA} (KO, - 20%k - 01,
) o A+ wfi)z(Ai + k)5

(43)

and equating it to zero. Note that k > 0 and after
unknown parameters o> and f are replaced by their unbiased
estimators, we obtain the optimal estimator of k for a fixed w
value as

Lo (st ) v (52 0) (52,457
=2 :
LA AB;

=)
Il

(44)

The w value which minimizes the function g(w, k) can be
found by differentiating g(w, k) with respect to w when k is
fixed

9g (w, k)
Cow

i({a 2 +k)" (L+wE)

i=1
2w [02/\13.(/\,.+2k)2+w02£i2()ti+k)4+k4)tffﬂ }

X ((Ai+w£i)3(ki+k)4)_l>

™M

I
—

({20280 +A 4,58

+w[0?8 (A + k) - 2023 (A, +2k)” - 2K\ | |
X ((/\i + wEi)s(/\i + k)4)_1)
(45)

and equating it to zero. After unknown parameters o> and 3
are replaced by their unbiased estimators, we get the optimal
estimator of w for a fixed k value as

\/Z, 1h +8

Z; 14h11
where hy; = G°8(); + k)* and by, = 26°A3(A; + 2k)° +
~2
2KMNIB, —GTE,; + ).

h11)2 - ;‘D:I EZ:'

(46)

>

TABLE 1: Estimated QB values of the WMRE, AURE, and WMAURE.

w=0.1 w=04
k=001 k=008 k=01 k=0.01 k=0.08 k=0.1

WMRE 16.567 20.217 20.336  1.160 1.413 1.421
AURE 2456.43 3662.01 3706.28 2456.43 3662.01 3706.28
WMAURE 13.166 19.627 19.864  0.922 1.375 1.391
w=0.8 w=1

k=001 k=008 k=0.1 k=0.01 k=0.08 k=0.1
WMRE 0.296 0.360  0.362 0.190 0.231 0.232
AURE 2456.43 3662.01 3706.28 2456.43 3662.01 3706.28
WMAURE 0.235 0.351 0.355 0.151 0.225  0.228

TaBLE 2: Estimated MSE values of the WME, WMRE, AURE, and
WMAURE.

w=0.1 w=04
k=001 £k=0.08 k=0.1 k=0.01 k=0.08 k=0.1

LS 491213 491213 491213 491213 491213 491213
WME 59.771 59771 59.771 39.278  39.278 39.278
WMRE 50.321 53.666 53.783 38.616 38.848 38.855
AURE 2663.66 3666.43 3709.16 2663.66 3666.43 3709.16

WMAURE 47718 53.094 53.323 38.434 38.810
w=0.8 w=1

k=0.01 k=0.08 k=0.1 k=0.01 k=0.08 k=0.1

38.826

LS 491213 491213 491213 491213 491213 4912.13
WME 38.639  38.639 38.639 38.620 38.620 38.620
WMRE 38.470  38.528 38.530 38.620 38.549 38.550
AURE 2663.66 3666.43 3709.16 2663.66 3666.43 3709.16

WMAURE 38.423 38519 38.524 38.482 38.543 38.546

6. Numerical Example and Monte
Carlo Simulation

In order to verify our theoretical results, we firstly conduct
an experiment based on a real data set originally due to
Woods et al. [21]. In this experiment, we replace the unknown
parameters 3 and o> by their unbiased estimators, which is
according to the way in [17]. The result here and below is
performed with R 2.14.1.

We can easily obtain that the condition number is about
3.66 x 107. This information indicates a serious multi-
collinearity among the regression vector. The ordinary least
squares estimator of f3 is

Bis=S"'X"y = (62.4054,1.5511,0.5102,0.1019, 0.1441)"
(47)

with 67 = 5.983.
Consider the following stochastic linear restrictions used
in [17]:

11111
r=RB+e, R—(O 131 1>,
63.9498 2
- ( 2.5648 > e~ (0.515L2).
For the WMRE, AURE, and WMAURE, their quadratic

bias values are given in Table 1and their estimated MSE values
are obtained in Table 2 by replacing all unknown parameters

(48)
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TaBLE 3: Estimated MSE values of the WME, WMRE, AURE, and WMAURE when p = 0.8.
w=0.1 w=04
k=0.01 k =0.08 k=0.1 k=0.01 k =0.08 k=0.1
LS 0.0898720 0.0898720 0.0898720 0.0898720 0.0898720 0.0898720
WME 0.0889010 0.0889010 0.0889010 0.0867887 0.0867887 0.0867887
WMRE 0.0889032 0.0902973 0.0911375 0.0867896 0.088059 0.0888259
AURE 0.0898720 0.0898718 0.0898717 0.0898720 0.0898718 0.0898717
WMAURE 0.0889010 0.0889008 0.0889007 0.0867887 0.0867885 0.0867884
w=0.8 w=1
k=10.01 k =0.08 k=0.1 k=0.01 k =0.08 k=0.1
LS 0.0898720 0.0898720 0.0898720 0.0898720 0.0898720 0.0898720
WME 0.0854822 0.0854822 0.0854822 0.0853378 0.0853378 0.0853378
WMRE 0.0854817 0.0866088 0.0872931 0.0853367 0.0864015 0.0870495
AURE 0.0898720 0.0898718 0.0898717 0.0898720 0.0898718 0.0898717
WMAURE 0.0854822 0.0854821 0.0854820 0.0853378 0.0853376 0.0853375
TABLE 4: Estimated MSE values of the WME, WMRE, AURE, and WMAURE when p = 0.9.
w=0.1 w=04
k=0.01 k=0.08 k=0.1 k =0.01 k =0.08 k=0.1
LS 0.0987050 0.0987050 0.0987050 0.0987050 0.0987050 0.0987050
WME 0.0975363 0.0975363 0.0975363 0.0950143 0.0950143 0.0950143
WMRE 0.0975389 0.0992148 0.1002248 0.0950152 0.0965273 0.0974417
AURE 0.0987050 0.0987047 0.0987046 0.0987050 0.0987047 0.0987398
WMAURE 0.0975363 0.0975361 0.0975359 0.0950143 0.095014 0.0950139
w=0.8 w=1
k=10.01 k=0.08 k=0.1 k=0.01 k=0.08 k=01
LS 0.0987050 0.0987050 0.0987050 0.0987050 0.0987050 0.0987050
WME 0.0934738 0.0934738 0.0934738 0.0933053 0.0933053 0.0933053
WMRE 0.0934729 0.0948017 0.0956092 0.0933036 0.0945530 0.0953142
AURE 0.0987050 0.0987047 0.0987398 0.0987050 0.0987047 0.0987398
WMAURE 0.0934738 0.0934736 0.0934735 0.0933053 0.0933050 0.0933049

in the corresponding theoretical MSE expressions by their
least squares estimators.

It can be seen from Table 1that the WMAURE has smaller
quadratic bias values than the WMRE and AURE for every
case, which agrees with our theoretical finding in Section 3.
From Table 2, we can get that MSE values of our proposed
estimator are the smallest among the LS, WME, WMRE,
AURE, and WMAURE when w is fixed, which agrees with
our theoretical finding in Theorems 6-9.

To further illustrate the behavior of our proposed esti-
mator, we are to perform a Monte Carlo simulation study
under different levels of multicollinearity. Following the way
in [22, 23], we can get explanatory variables by the following
equations:

n1/2
Xij = (1 -pP ) Zij T PZip+1> (49)

i=1,2..,n j=1,2...,p,

where z;; is an independent standard normal pseudorandom
number, and p is specified so that the theoretical correlation

between any two explanatory variables is given by p>. A
dependent variable is generated by

i=1,2,...,n
(50)

Vi = Pixi + Poxip + Paxiz + Paxiy + &

where ¢, is a normal pseudo-random number with mean zero
and variance o7. In this study, we choose (B;, 3,, 35, BT =
(40,1,2, 3)T, n=60p =4, oiz = 1, and the stochastic
restriction r = RB+e R = (39731), e ~ N(0,0.1L,).
Furthermore, we discuss three cases when p = 0.8,0.9,0.99.

For three different levels of multicollinearity, MSE values
of LS, WME, AURE, WMRE, and WMAURE are obtained in
Tables 3, 4, and 5, respectively. From Tables 3-5, we can derive
the following results.

(1) With the increase of multicollinearity, MSE values
of the LS, WME, WMRE, AURE, and WMAURE
are increasing. And for all cases, the WMAURE has
smaller estimated MSE values than the LS, AURE, and
WME.
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TaBLE 5: Estimated MSE values of the WME, WMRE, AURE, and WMAURE when p = 0.99.
w=0.1 w=04
k=0.01 k =0.08 k=0.1 k=0.01 k =0.08 k=0.1
LS 0.1376903 0.1376903 0.1376903 0.1376903 0.1376903 0.1376903
WME 0.1354379 0.1354379 0.1354379 0.1307427 0.1307427 0.1307427
WMRE 0.1354425 0.138655 0.1405906 0.130743 0.1335329 0.1352221
AURE 0.1376903 0.1376896 0.1376892 0.1376903 0.1376896 0.1376892
WMAURE 0.1354379 0.1354372 0.1354368 0.1307426 0.130742 0.1307416
w=0.38 w=1
k=0.01 k =0.08 k=0.1 k=0.01 k =0.08 k=0.1
LS 0.1376903 0.1376903 0.1376903 0.1376903 0.1376903 0.1376903
WME 0.1280238 0.1280238 0.1280238 0.127739 0.127739 0.127739
WMRE 0.1280196 0.1303649 0.1317949 0.127733 0.1298949 0.1312179
AURE 0.1376903 0.1376896 0.1376892 0.1376903 0.1376896 0.1376892
WMAURE 0.1280238 0.1280231 0.1280228 0.127739 0.1277384 0.127738

(2) The value of w is the level of the weight to the sample
information and the prior information; we can see
from three tables that estimated MSE values of the
WME, WMRE, and WMAURE become more and
more smaller when the value of w increases. It can
be concluded that we get more exact estimator of the
parameter with more depended prior information.

7. Conclusions

In this paper, we propose the WMAURE based on the WME
[16] and the AURE [9] and discuss some properties of the
new estimator over the relative estimators. In particular, we
prove that the WMAURE has smaller quadratic bias than the
AURE and WMRE and derive that the proposed estimator
is superior to the LS, WME, WMRE, and AURE in the
mean squared error matrix sense under certain conditions.
The optimal values of parameters k and w are obtained.
Furthermore, we perform a real data example and a Monte
Carlo study to support the finding of our theoretical results.
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