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Suppose that C is a nonempty closed convex subset of a real reflexive Banach space E which has a uniformly Gateaux differentiable
norm. A viscosity iterative process is constructed in this paper. A strong convergence theorem is proved for a common element
of the set of fixed points of a finite family of pseudocontractive mappings and the set of solutions of a finite family of monotone
mappings. And the common element is the unique solution of certain variational inequality. The results presented in this paper

extend most of the results that have been proposed for this class of nonlinear mappings.

1. Introduction

Let E be a real Banach space with dual E*. A normalized
duality mapping J : E — 2F is defined by

Je={f e E e ) =P = IS

where (:,-) denotes the generalized duality pairing between
E and E*. It is well known that E is smooth if and only if
J is single valued, and if E is uniformly smooth, then ] is
uniformly continuous on bounded subsets of E. Moreover, if
E is reflexive and strictly convex Banach space with a strictly
convex dual then J ™! is single valued, one-to-one surjective,
and it is the duality mapping from E* into E, and then J] ' =
Ipg-and JJ ' = I,

A mapping A : D(A) ¢ E — E” is said to be monotone
if, for each x, y € D(A), the following inequality holds:

(x -y, Ax—Ay) 20. (2)
A mapping A : D(A) ¢ E — E” is said to be strongly

monotone, if there exists a positive real number a > 0 such
that for all x, y € D(A)

(x -y, Ax—Ay) > alAx - Ay|’. 3)

Obviously, the class of monotone mappings includes the
class of the a-inverse strongly monotone mappings.

Let C be closed convex subset of Banach space E. A
mapping T is said to be pseudocontractive if, for any x, y €
D(T), there exists j(x — y) € J(x — y) such that

(Tx =Ty, j(x =) < x5 @)

A mapping T is said to be «-strictly pseudo-contractive,

if, for any x, y € D(T), there exist j(x — y) € J(x — y) and a
constant 0 < x < 1 such that

(x=y=(Tx-Ty),j(x-y)) 2 x| -T)x - I -T) y|".
(5)

A mapping T : C — C is called nonexpansive if

[rx-Tyl<|x—5]. veyec.  ©

Clearly, the class of pseudo-contractive mappings
includes the class of strict pseudo-contractive mappings and
non-expansive mappings. We denote by F(T') the set of fixed
points of T that is, F(T) = {x € C: Tx = x}.

A mapping f : C — C is called contractive with a
contraction coefficient if there exists a constant p € (0,1)
such that

lr-fOl<plx-sl. veyec @



Let E be a real Banach space with dual E*. The norm on E
is said to be uniformly Gateaux differentiable if for each y €
$1(0) == {x € E : |Ix|| = 1} the limit lim, _, o(lx + tyll — xIl)/t
exists uniformly for x € §,(0).

For finding an element of the set of fixed points of the
non-expansive mappings, Halpern [1] was the first to study
the convergence of the scheme in 1967:

Xpp1 = Oy U + (1 - ‘xn+1) T (xn) . (8)

Viscosity approximation methods are very important
because they are applied to convex optimization, linear pro-
gramming, monotone inclusions, and elliptic differential
equations. In Hilbert spaces, many authors have studied the
fixed points problems of the fixed points for the non-expan-
sive mappings and monotone mappings by the viscosity
approximation methods, and obtained a series of good results
(see [2-17]).

In 2000, Moudifi [18] introduced the viscosity approxi-
mation methods and proved the strong convergence of the
following iterative algorithm in Hilbert spaces under some
suitable conditions:

Xne1 = (xnf (xn) + (1 - “n) T (xn) . (9)

Suppose that A is monotone mapping from C into E.
The classical variational inequality problem is formulated as
finding a point u € C such that (v — u, Au) > 0, for all
v € C. The set of solutions of variational inequality problems
is denoted by VI(C, A).

Takahashi and Toyoda [19, 20] introduced the following
scheme in Hilbert spaces and studied the weak and strong
convergence theorem of the elements of F(T) n VI(C, A),
respectively, under different conditions:

Xpp1 = KXy, + (1 - ‘xn+1) TPC (xn - Anxn) > (10)

where T is non-expansive mapping and A is a-inverse strong
monotone operator.

Recently, Zegeye and Shahzad [21] introduced the follow-
ing algorithm and obtained the strong convergence theorem
but still in Hilbert spaces:

Xnt1 = (xnf (xn) + (1 - ‘xn) TrnFrnxn’ (11)

where T, , F, are nonexpansive mappings.

Our concern now is the following: is it possible to con-
struct a new sequence in Banach spaces which converges
strongly to a common element of fixed points of a finite family
of pseudocontractive mappings and the solution set of a vari-
ational inequality problems for finite family of monotone

mappings?
2. Preliminaries

In the sequel, we will use the following lemmas.

Lemmal (see, e.g., [5]). Let{a,} be a sequence of nonnegative
real numbers satisfying the following relation:

Apyp < (1 - en) a, +0, nz0, (12)
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where {0,)} is a sequence in (0,1) and {0,,} is a real sequence such
that

(1) ZZZO en = 00,
(ii) limsup,, , ,0,/60, <0orY)
Then lim

[e9)

o Ty < 0O

n—ooln = 0.

Lemma 2 (see, e.g., [10]). Let C be a nonempty, closed, and
convex subset of uniformly smooth strictly convex real Banach
space E with dual E*. Let A : C — E” be a continuous mono-
tone mapping; define mapping F, as follows: x € E,r € (0, 00)

F.(x) = {zeC:(y—z,Az)+%(y—z, Jz - Jx) >0,

VyeC } .
(13)
Then the following hold:
(i) F, is well defined and single valued;
(ii) F, is a firmly non-expansive mapping; that is,
(F,x—F,y, JE.x—JF,y) <(F.x - F.y,]Jx—=]y);
(iii) F(F,) = VI(C, A);
(iv) VI(C, A) is closed and convex.
Lemma 3 (see, e.g., [22]). Let C be a nonempty closed convex
subset of uniformly smooth strictly convex real Banach space

E.LetT : C — E, be a continuous strictly pseudocontractive
mapping; define mapping T, as follows: x € E, r € (0, 00)

T, (x)

= {zeC: (y—z,Tz)—%(y—z,(1+r)]z—]x) <0,

VyeC } .
(14)
Then the following hold:
(i) T, is single valued;
(ii) T, is a firmly nonexpansive mapping; that is,
(T, x-T,y,JT,x=JT,y) <(T,x=T,y,]Jx = Jy);

(iii) F(T;) = F(T);

(iv) F(T) is closed and convex.
Lemma 4 (see, e.g., [23]). Let {x,} and {z,} be bounded

sequence in a Banach space, and let {3} be a sequence in [0, 1]
which satisfies the following condition:

0 < lim inf B, <lim sup B, < 1. (15)
n—0o n— 00
Suppose
xn+1 = ﬁnxn + (1 - ﬁn) Zﬂ) n = O,

nlgng() (Hznﬂ - Zn“ - “xﬂﬂ - x”") <0.

(16)

Then lim,, _, . llz,, — x,| = 0.
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Lemma 5 (see, e.g., [16]). Let C be a nonempty closed and
convex subset of a real smooth Banach space E. A mapping
I : E — C is a generalized projection. Let x € E; then
xo = Hex if and only if

(z—x, Jx = Jxy) <0,
Lemma 6. Let E be a real Banach space with dual E*. ] : E —
2% is the generalized duality pairing; then, for all x, y € E,

Vz € C. 17)

Vi(x+y)e](x+y).
(18)

lx + 7 < Ixl” +2 (3, ji (x + 9))

3. Main Results

Let C be a nonempty closed convex and bounded subset of
a smooth, strictly convex and reflexive real Banach space E
with dual E*. Let A; : C — E*, i = 1,2,...,m be a finite
family of continuous monotone mappings, and let T; : C —
C, i = 1,2,...,m, be a finite family of continuous strictly
pseudo-contractive mappings. For the rest of this paper, T}, x
and F, x are mappings defined as follows: for x € E, 1, €
(0, 00),

Tzr,, (X)

= {ZGC:(y—z,T,-z)—rl(y—z,(1+rn)]z—]x)sO,

Vy € C} .
19)
Consider
F, (x)
1
= {zeC:(y—z,A,-z)+Z(y—z,]z—]x) >0, (20)

VyEC]».

Denote F, = n;.ilF(Tirn), F, = ﬂ:ilF(Firn).

Lemma 7. Let C be a nonempty closed convex and bounded
subset of a smooth Banach space E, and let T, : C — C, i =
1,2,...,m, be a finite family of non-expansive mappings such
that N2, F(T;) # 0. Suppose that « = inf{o;} > 0; then there
exists non-expansive mapping I' : C — C such that F(T) =
N F(T).

Proof. Let {a;} be any sequence of positive real numbers
satisfying Y, o; = 1 and set T = Y, oI}. Since each I}
is non-expansive for any i € {1,2,...,m}, we have that I' is
well-defined nonexpansive mapping (see, e.g., [20]), and

Z(x X — iocil“iy
i=1

< Zai ITix =Tyl < x - »] -

i-1
Next, we claim that F(I') = N}, F(T}).

ITx —Ty] =

(21)

Clearly n!”, F(I;) ¢ F(T). Now, we prove that F(I') ¢
N F(T;). Let x € F(T) and p € NI, F(I;). Then

0=(Tx-x,j(x-p)) <Zcxfx—x,j(x—p)>

(22)

= itxi <F,~x - x,j(x - P)) g

and non-expansivity of each T; implies that (I;x—x, j(x—p)) =
0 for each i = 1,2,...,m, which implies I'x = x for each
i = 1,2,...,m. Therefore, x € N}, F(T}), and hence F(I') =
N, F(L;). The proof is complete. O

Theorem 8. Let C be a nonempty closed convex subset of a
real reflexive Banach space E which has a uniformly Gateaux
differentiable norm. Let T; : C — C, i = 1,2,...,m, bea
finite family of continuous strictly pseudocontractive mappings,
let A, : C — E*, i =12,...,m, be a finite family of con-
tinuous monotone mappings such that F = F; N F, #0, and
let f: C — C be a contraction with a contraction coefficient
p€(0,1).T, andF _are defined as (19) and (20), respectively.
Let {x,} be a sequence generated by x, € C

/\n) i‘“iFir”xn’

i=1

Yn = Anxn + (1 -
(23)
Xne1 = ‘xnf (X ) + [;nx + Vnza yn’

where A, € [0,1] and {a,}, {8,}, and {y,} are sequences of non-
negative real numbers in [0, 1], and
=Lu =20,

(1) “n+ﬁn+))n:1’n20’z:ilyi_ Zz 10

(i) lim,, _, o0, = 0, Y00, @, = 00;
(iii) 0 < lim inf, _, S8, < lim sup, _, B, < L;

(iv) lim sup,,_, 7, > 0, Y02 1, — 1l < 00.

Then the sequence {x,,} converges strongly to an element x =

I f (x), and also X is the unique solution of the variational
inequality

(f-1)x),j(y-%)) <0, VyeF (24)

Proof. First we prove that {x,} is bounded. Take p € F,
because F;, is non-expansive; then we have that

"yn_p“ < An "xn_p“ +(1 _An)
m (25)
X Z/’ll |Firnxn = "xn - p“ .
i=1




For n > 0, because T;, and F,, are nonexpansive and f is
contractive, we have from (25) that

||xn+1 - Pll
& (F (%) = P)+ B (.~ p +w(Z“" % )“

<o || f () = F (D) + e[| f (P) - p
+ Bl = Pl + vl - £l

= pl + e £ (p) - pll + (1~

<[1-(1-p)a,]

‘Xn) "Xn - P“
"xn - P” T, "f (P) - p”

< pat, ||x,,

< max {"xo - p|| ,
(26)

Therefore, {x,} is bounded. Consequently, we get that

{E;, x,} {T; yn} and {y,}, { f(x,)} are bounded.
Next we show that lx,.q — %, — 0.
Consider
||yn+1 - yn"
m
< An+1 ||xn+1 - xn” + (1 An+1) ZM |Fir,,+1xn+1 - Firnxn"
i=1
+ |An+1 -A Xy — ztuiFirnxn
i=1
(27)
Let v, = F; Xy Vips1 = Fiy X5 by the definition of
mapping F,r , we have that
<)/ Vm’A Vm> + <y ~ Vinr Ivin - ]xn> >0, Vy €C,
(28)
1
(Y = Vips> AVipa1) + . (Y = Vipsr> Viper = JX1) 2 0,
n+l
Vy eC.
(29)

Putting y := v,,,,, in (28) and leting y := v;, in (29), we
have that

1
<Vi,n+1 - vin’AlVin> + 1’_ <Vi,n+1 Vi ]Vin - ]xn> =0,
n
<Vin - 1n+1’A iVi n+1> (30)
+ Vin = Vit JViper = JXpi1) 2 0,
n+l
Adding (30), we have that
<Vi,n+1 Vm’ A V Aivi,n+1>
v. — Jx ]V» - ]X (31)
+ <V,',n+1 _ V,'n, ] in ] n in+1 n+l1 > > 0.
Ty Tnt1
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Since A;,i € {1,2,..., m} are monotone mappings, which

implies that

]vin B ]xn
<vi,n+1 ~Vins -

Ty

V; —JX
] in+l ] n+1> > 0) (32)
rn+1

therefore we have that

Tn (]Vi,nﬂ - ]xnﬂ)
Vi,n+l — Vi ]Vin - ]xn -
rn+1
(33)
HViny — ]Vi,n+1> 2 0.
That is,
2
||Vi,n+1 - Vin”
"y
< Vinel — Vins ]xn+1 - ]xn +|1-
Tnt1
X (]Vi,nJrl - ]anrl) > (34)

< ||Vl n+1 1/in” { ||x"+1 - x””

T,
1-

n+1

+

[ = ol

Without loss of generality, let b be a real number such that
1, > b > 0; then we have that

||Vi,n+1 - Vin” < "xn+1 - xn” +|1- 1’_ ”Vi,n+1 - xn+1||
n+l (35)
< xpir = x| + = |rn+1 r.| K,
where K = sup{[[v;,.,1 — %, [I}-
Then we have from (35) and (27) that
(1=A1) [t — 1
s =0l = By — s+ L met) o Z 1l
. (36)
+ |/\n+1 -A Xn — z‘“iFir,,xn
i=1
On the other hand, let u;,, = T}, ¥, U1 = Tjy, | Vyi13 We
have that
1
<y ~ Uin» Tiuin> - r_ <y ~ Uin> (1 + rn) ]uin - ]yn> <0,
Vy € C,
(37)
<)’ 1n+1’Tu1 n+1> <y - ui,n+1’ (1 + rn+1)
n+l
38
X] 1n+1 ]yn+1><0 ( )
vy eC.
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Let y := u;,,, in (37), and let y := u;, in (38); we have Noticing the conditions (ii) and (iv), we have that
that
hznﬂsogp (||Zn+1 - Zn“ - ||xn+1 - xn”) =0 (45)
<ui,n+l m’ Tzum> < 1n+1 m’ (1 +7 )]u ]yn> < 0’
n Hence we have from Lemma 4 that
(Wi = Wit Tithi i) linmﬁsol;p Iz, = x| = 0. (46)
- L <uin ~ Uipt1 (1 + rn+1) Ju Uipt1 ]yn+1> <0. Therefore we have that
n+l
(39) ||xn+1 - xn” = |1 - ﬁnl ”Zn - xn" — 0. (47)
Adding (39) and because T}, i € {1,2,...,m} is pseudo- Hence we have from (35), (36), and (42) that
contractive, we have that
||yn+1 - yn" — 0,
<”i,n+1 = Uiy N =D St~ D > >0.  (40) [t = tin]| — 0, (48)
Ty Tn+1
||Vi,n+l - Vin" — 0.
Therefore we have
( ) In addition, since x,,,; = o, f(x,) + X, + Vp Doy Oithins
<ui)n+1 = Uy, Jthyy — Ty — T Ui = [ VY = ApX, + (L= A,) Y2 vy, for all p € F, we have from
Tl the monotonicity of A;, the non-expansivity of T}, , and the
(41) . > "
convexity of || - ||© that
+]ui,n+l - ]ui,n+l> = 0. 5
%1 = 2l
Hence we have that m 2
- “nf (xn) + ﬁnxn + ynzaiuin -p
"ui,nﬂ - uin” < ||yn+1 yn" + - Irn+1 rn| M, (42) i=1
where M = sup{[lu;, — y,}. < |« X, + + o;|lu;
Let x,,,, = B,x, + (1 = 3,)z,. Hence we have that e ( G = )+ B p)|| Vnz i pH
Zntl ~ Zn < “n"f (xn) - p"2 + ﬁn"xn - P“z + YH“yn - P”Z
"[;1 (f (xe1) = £ (x4)) < a,|lf () = pl” + Ballxu - 2l
n+1
X1 +YnAn"xn_p”2 + (1 _An) yn"Vn _p"2
+<1—ﬁ 1 1—/3 )f( ) (43) 2 )
al " < “n"f (xn) - p" + (ﬁn + Yn/ln) “xn - p"
2 S
" 1- ﬁn+l (ulx”+1 ulﬂ) + (1 - An) Yu ("xn - pnz - ||xn - vinllz)
+ (L - Yn >um' £ “n"f (xn) - P"2 + "xn - p”2 - (1 - An) Yn"xn - 1/in”z‘
1- Bn+1 1- ﬂn (49)
Hence we have from (43), (42), and (36) that So we have that
Izt = 2ull = l1%ne1 = x4l (1= 2) Yl = vl
2 2 2
< (P ) 1 ||xn+1 - xn“ + h _ % < “nnf (xn) - Pn + "xn - P" - ”xn+1 - P"
:BnJrl 1- /';n+1 1- :Bn 2
| | < o[l f () = pI” + 1% = %t | % (20 = P+ %01 = 2l -
775 B 50
XAILF Gen)l+ ot} + Lt Ee " G0
1 :Bn+1 b ( ) .
Since o, — 0, so we have from (47) that
_ VnJrl _
X (1= Ay) K+ M) + 4 " At = A %, = vin]| — 0. (51)
m In a similar way, we have that
Xn = Z[’tiFirﬂxn
i=1 "xn - uin” — 0. (52)




Consequently, we have that

”yn - xn” = |1 - /\n| ”xn ~Vin | — 0,
(53)

Ly = il < Dy = 2l + I = i) — 0.

Since E is a reflexive real Banach space and the sequence
{x,} is bounded, so there exists the subsequence {x,,;} of {x,}
and w € C such that x,;,, — w. And because x,, — v;,,
n — 09, therefore v;,;,, — w. Next we show that w € F.

Because v;, = F;, x,, by the definition of mapping F;, , we
have that

1
<y - Vi}’l’AiViﬂ>+ - <y - Vin’]vin - ]xn>2 0, V)’ €C,
T,

n

Y = Vino AiViic) + <)’ = Vin> M> >0, VyeC.
rﬂ
(54)

Letv, =tv+(1-t)w,t € [0,1], for all v € C; we have that

[\

<Vt - Vink’Ain> - <Vt - Vink’AiVink>

]Vink - ]xnk
=\ Yt = Vink>
Ty

<Vt ~ Vinlo AV — Aivink>
]vink - ]xnk
- <Vt = Vink> .
rl’l

Because x,; — Vi — 0,80 (Jvi — JxX0)/7,, — 0, and
because A; are monotone, we have that

<Vt = Vink> Ai"t>

(55)

0< lim (v, = v Avy) = (v, —w, Ayyy) . (56)
k — 0o

Consequently we have that
(v-w,Aw,) > 0. (57)

If t — 0, by the continuity of A;, we have that (v -
w, A;w) > 0; thatis, w € VI(C, A;), and then w € F,.

Similarly, because w;, = T;, y,, by the definition of map-
ping T;, , we have that

lrn’

1
<y — Uins Ti”in) - T_ <y — Uins (1 + rn) ]uin - ]yn> <0,

n

Vy € C,

1
<y - uink’Tiuink> - 1’_ <y ~ Uink> (1 + rn) ]uink - ]ynk> <0,
Vy e C.
(58)
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Letv, = tv+ (1 - t)w, t € [0,1], for all v € C. Because
{T;}, i € {1,2,...,m} are pseudocontractive mappings, we
have that

<uink Ve Tivt>
2 (Ui = Ve Tve) + (V= Uiger Tithige)
1
- 1’_ <Vt = Uink> (1 + rn) ]uink - ]ynk>

n
= (Vt = Uinto> Tilhjpge = Tivt>
1+,

1
- <Vt ~ Uink> r_]uink - r_]ynk>
n

n

1
= _”Vt - ”ink"2 T (Ve = tiges Tthiie = TV i)
n

- <vt ~ Uink> ]uink>

1
=" <Vt ~ Uink> ]vt> - T'_ <Vt ~ Uink> ]uink - ]ynk> .
n

(59)

Because vy, — t;; — 0,50 Juy — Jy,e — 0; we have
that

Tim (g~ v T} 2 Jim (= J0) . (60)
Consequently we have that

(W=vTivg) 2 (W=, ],
(61)
v-w,Ty,) < (v-w,]v,).

Ift — 0, by the continuity of T}, we have that (v—w, T;w—
Jw) > 0, for all v € C; we conclude that w = T;w; that is,
w € F(T;), and then w € F,. Consequently w € F = F, N F,.

Because x = Iy f (x), we have from Lemma 5 that

lim sup(f (x) - X, j (x,,4; — X))
n— 00 62)
=(f(x)-%jw-x)) <0.

Next we show that x, — X. Since u;,, = T}, y,, from
formula (23) and Lemma 6 we have that

e

2

X (f (xn) - }) + ﬁn (xn - E) T Vn <ZaiTirnyn - }>

2

<

B, (x, = %) +, (ioiuin - })

i=1

+ 20Cn <f (xn) - X, j(xn+1 - §)>
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< (1-a,) |, =X + 20, (f (x,) = £ ) j (%11 = X))
+ 200, (f (%) =%, j (%41 — %))
<(1- (xn)2||xn - E"Z + 2pat, |,

+2a, (f (%) = %, j (%1 — %))

< (1-2a, (1= p)) |x, - %[ +0,

=] [xner =]

(63)

where M, = sup{|lx,,—*|},0, = ocfle+2pocn||an—xnllM1 +
20, (f(x) = %, j(x,,, —x)). Let 0, = 2a,(1 — p); according to
Lemma 1 and formula (62), we have thatlim,, _, . [|x,—x|| = 0
that is, the sequence {x,,} converges strongly to x € F.

According to formula (62) we conclude that x is the
solution of the variational inequality (24). Now we show that
X is the unique solution of the variational inequality (24).
Suppose that ¥ € F is another solution of the variational
inequality (24). Because X is the solution of the variational
inequality (24), thatis, ((f —I)x, j(y—X)) <0,forall y € F.
And because that y € F, then we have

(f-Dxj(-x)<o0. (64)
On the other hand, to the solution y € F, since x € F, so
(f-D»jx-y)<o0. (65)

Adding (65) and (64), we have that

F-7-(f®-F()),j(x-y)<0.  (66)

Hence

(1-p) |2 -7 <. (67)

Because p € (0, 1), hence we conclude that x = y, and the
uniqueness of the solution is obtained. O

Theorem 9. Let C be a nonempty closed convex subset of a
real reflexive Banach space E which has a uniformly Gateaux
differentiable norm. Let T; : C — C,i = 1,2,...,m, bea
finite family of continuous strictly pseudocontractive mappings,
let A, : C — E*,i=1,2,...,m, be a finite family of con-
tinuous monotone mappings such that F = F, N F, #0, and
let f: C — C be a contraction with a contraction coefficient
p €(0,1).T;, andF, aredefined as(19) and (20), respectively.
Let x,, be a sequence genemted byx,eC

n - Tlf ('x ) + ﬁn'xn + ynzsszr FI x (68)

where {o,}, {B,}, and {y,} are sequences of nonnegative real
numbers in [0, 1], and
() a,+B,+y,=Ln=0Y" &=1¢2>0;
(i) lim,, _, o0, = 0, Y00, @, = 00;
(iii) 0 < lim inf

n—o oo <limsup, B, <1

(IV) hm Supn—>oorn > O’ 22(:)1 |r‘rl+1 - rnl < 0.

Then the sequence x,, converges strongly to an element X =
I f (x), and also X is the unique solution of the variational
inequality

(f-D®,jly-%) <o,

Proof. Putting A,, = 0 in Theorem 8, we can obtain the result.

O

Vy e F. (69)

If, in Theorems 8 and 9, we let f := u € C be a constant
mapping, we have the following corollaries.

Corollary 10. Let C be a nonempty closed convex subset of a
real reflexive Banach space E which has a uniformly Gateaux
differentiable norm. LetT; : C — C,i=1,2,...,m, be a finite
family of continuous strictly pseudo-contractive mappings, and
A;:C — E%,i=1,2,...,m, be afinite family ofcontinuous
monotone mappings such that F = F, N F,#0. T, and F,,
are defined as (19) and (20), respectwely Let x,, be a sequence
generated by x, € C

Vo = Apx, + (1

ZA‘/{I lT

(70)
Xpp1 = Oy + ﬁnx + Ynza yn’

i=1

where A, € [0,1] and{a,}, {f,}, and {y,} are sequences of non-
negative real numbers in [0 1], and

(1) “n+ﬁn+))n = 1’ nz 0’ ZZI i =

1) erzl Gi = 1; ‘ul‘ > 0)

(i) lim,, _, o0, = 0, Y00 @, = 00;
(iil) 0 < lim inf,_, f3, < lim sup, _, .3, < 1;

(iv) lim sup,, _, .1, > 0, Y02, [y — 1l < 00

Then the sequence x,, converges strongly to x = Ilzu, and
also X is the unique solution of the variational inequality

(u-%j(y-%) <0

Corollary 11. Let C be a nonempty closed convex subset of a
real reflexive Banach space E which has a uniformly Gateaux
differentiable norm. Let T; : C — C, i = 1,2,...,m, bea
finite family of continuous strictly pseudocontractive mappings,
and A, : C — E*, i = 1,2,...,m, be a finite family of
continuous monotone mappings such that F = F, N F, #0. T;,
and F,, are defined as (19) and (20), respectively. Let x,, be a
sequence generated by x, € C

Vy € F. (71)

Xpp1 = XU + JBHX + ynzstTlrnFtrnx (72)
i=1

where {a,}, {B,}, and {y,} are sequences of nonnegative real
numbers in [0, 1], and

(1)“ +ﬁn+yn_1 nz0, Zzlel_l 8>0
(ii) lim,, _, &, = 0, Y2 a, = 00;

(iii) 0 < liminf,_, B, <limsup, , B, < 1;

(iv) limsup, _, 1, > 0, Y02, |1, — 1] < 00.



Then the sequence x,, converges strongly to x = Ilpu, and
also x is the unique solution of the variational inequality

(u-%,j(y-x)) <0, VyeF (73)

Acknowledgments

This work is supported by the National Science Foundation
of China (11001287), Natural Science Foundation Project of
Chongqing (CSTC, 2012jjA00039).

References

[1] B. Halpern, “Fixed points of nonexpanding maps,” Bulletin of
the American Mathematical Society, vol. 73, pp. 957-961, 1967.

[2] Y. Yao, “A general iterative method for a finite family of non-
expansive mappings,” Nonlinear Analysis, Theory, Methods and
Applications, vol. 66, no. 12, pp. 2676-2687, 2007.

[3] Y. Yao, R. Chen, and J.-C. Yao, “Strong convergence and certain
control conditions for modified Mann iteration,” Nonlinear
Analysis, Theory, Methods and Applications, vol. 68, no. 6, pp.
1687-1693, 2008.

[4] S. S. Chang, H. W. Joseph Lee, and C. K. Chan, “On Reich’s
strong convergence theorem for asymptotically nonexpansive
mappings in Banach spaces,” Nonlinear Analysis, Theory, Meth-
ods and Applications, vol. 66, no. 11, pp. 2364-2374, 2007.

[5] H.-K. Xu, “Viscosity approximation methods for nonexpansive
mappings,” Journal of Mathematical Analysis and Applications,
vol. 298, no. 1, pp. 279-291, 2004.

[6] S.-Y. Matsushita and W. Takahashi, “Strong convergence the-
orems for nonexpansive nonself-mappings without boundary
conditions,” Nonlinear Analysis, Theory, Methods and Applica-
tions, vol. 68, no. 2, pp. 412-419, 2008.

[7] L. Deng and Q. Liu, “Tterative scheme for nonself generalized
asymptotically quasi-nonexpansive mappings,” Applied Mathe-
matics and Computation, vol. 205, no. 1, pp. 317-324, 2008.

[8] Y. Song, “A new sufficient condition for the strong convergence
of Halpern type iterations,” Applied Mathematics and Computa-
tion, vol. 198, no. 2, pp. 721-728, 2008.

[9] N. Shioji and W. Takahashi, “Strong convergence of approxi-
mated sequences for nonexpansive mappings in danach spaces,”
Proceedings of the American Mathematical Society, vol. 125, no.
12, pp. 3641-3645, 1997.

[10] W. Takahashi and K. Zembayashi, “Strong and weak conver-
gence theorems for equilibrium problems and relatively non-
expansive mappings in Banach spaces,” Nonlinear Analysis,
Theory, Methods and Applications, vol. 70, no. 1, pp. 45-57, 2009.

[11] H. Zegeye, “An iterative approximation for a common fixed
point of two Pseudo-contractive mappings,” ISRN Mathematical
Analysis, vol. 2011, Article ID 621901, 14 pages, 2011.

[12] 'W. Takahashi, Non-Linear Functional Analysis-Fixed Point The-
ory and Its Applications, Yokohama Publishers Inc, Yokohama,
Japan, 2000, (in Japanese).

(13] J. Lou, L.-J. Zhang, and Z. He, “Viscosity approximation meth-
ods for asymptotically nonexpansive mappings,” Applied Math-
ematics and Computation, vol. 203, no. 1, pp. 171-177, 2008.

[14] L.-C. Ceng, H.-K. Xu, and J.-C. Yao, “The viscosity approxi-
mation method for asymptotically nonexpansive mappings in
Banach spaces,” Nonlinear Analysis, Theory, Methods and Appli-
cations, vol. 69, no. 4, pp. 1402-1412, 2008.

Journal of Applied Mathematics

[15] Y. Song and R. Chen, “Strong convergence theorems on an
iterative method for a family of finite nonexpansive mappings,”
Applied Mathematics and Computation, vol. 180, no. 1, pp. 275-
287, 2006.

[16] H. Zegeye and N. Shahzad, “Approximating common solution
of variational inequality problems for two monotone mappings
in Banach spaces,” Optimization Letters, vol. 5, no. 4, pp. 691-
704, 2011.

[17] D.-J. Wen, “Projection methods for a generalized system of
nonconvex variational inequalities with different nonlinear
operators,” Nonlinear Analysis, Theory, Methods and Applica-
tions, vol. 73, no. 7, pp- 2292-2297, 2010.

[18] A. Moudifi, “Viscosity approximation methods for fixed point
problems,” Journal of Mathematical Analysis and Applications,
vol. 241, no. 1, pp. 46-55, 2000.

[19] W. Takahashi and M. Toyoda, “Weak convergence theorems for
nonexpansive mappings and monotone mappings,” Journal of
Optimization Theory and Applications, vol. 118, no. 2, pp. 417-
428, 2003.

[20] W. Takahashi, Nonlinear Functional Analysis, Yokohama, Yoko-
hama, Japan, 2000.

[21] H. Zegeye and N. Shahzad, “Strong convergence of an iterative
method for pseudo-contractive and monotone mappings,” Jour-
nal of Global Optimization, vol. 54, no. 1, pp. 173-184, 2011.

[22] H. Zegeye and N. Shahzad, “Strong convergence theorems for
a common zero of a countably infinite family of «-inverse
strongly accretive mappings,” Nonlinear Analysis, Theory, Meth-
ods and Applications, vol. 71, no. 1-2, pp. 531-538, 2009.

[23] T. Suzuki, “Strong convergence of Krasnoselskii and Mann’s
type sequences for one-parameter nonexpansive semigroups
without Bochner integrals,” Journal of Mathematical Analysis
and Applications, vol. 305, no. 1, pp. 227-239, 2005.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



