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This paper finds fundamental solutions to the backward Kolmogorov equations, usually
interpretable as transition density functions for variables x that follow certain stochastic
processes of the form dx = A(x,t)dt + cx?dX and dx = A(x,t)dt + o + arx + azx?dX.
This is achieved by first reducing the relevant PDEs that the density functions satisfy to
their canonical form. These stochastic processes have direct realistic applications in the
modeling of financial assets.
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1. Introduction

Any endeavor to calculate the theoretical price of certain financial derivative products,
such as options and bonds, begins with the establishment of a dynamic process followed
by the underlying asset. It is well known that under the assumption that an underlying
stock with price S follows the lognormal process

dS = uSdt+0SdX, (1.1)

Black and Scholes [4] derived their celebrated partial differential equation (PDE) for the
valuation of European options. Note that in (1.1) and throughout this paper, dX denotes
an increment in a Wiener process so that dX ~ N(0,+/dt).

Similarly when the short-term interest rate r follows the process

dr = u(r,t)dt + w(r,t)dX, (1.2)
the price of a zero-coupon bond V (r,t) with expiry at time ¢ = T will satisty the PDE

oV w(r,t)? *V

o2 o
subject to V(r,T) = 1, and where A(r,t) is the market price of risk (see, e.g., [16]).

+(u(r,t)—)t(r,t)w(r,t))%—‘: -rV=0 (1.3)
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2 Fundamental solutions to Kolmogorov equations

In order to understand the probabilistic properties of random walks such as (1.1) and
(1.2) which we write in general as

dx = A(x,t)dt+ B(x,t)dX, (1.4)

it is necessary to find transition density functions (TDFs), p(x,t; y,t'), of the underlying
process. This density function p(x,t; y,t’) is defined by

b
Pr(a<x<battimet | xattimet) = J plx,t;y,t)dy. (1.5)

The variables x and ¢ can be thought of as the current variables and y and ¢’ as the future
variables. The TDF satisfies the backward Kolmogorov equation

op 1y 2P 9 _
o + 2B(x,t) 52 +A(x, 1) o 0 (1.6a)

involving the derivatives with respect to the current state and time, subject to
pla,t’sy,t') =8(x—y). (1.6b)

Also, at each point in time for x, y > 0, TDFs satisty the condition

Jmp(x,t;y,t')dyz 1. (1.6¢)
0

When (1.4) describes a risk-neutral process, TDFs can be used to value financial
derivatives such as European call (and put) options, giving the holder of the options the
right to buy (sell) the asset with value x, at some future time T for a price K agreed upon
at the current time t. The price for the call option contract is then

C(x,;K,T) = e " T"YE(max(x — K,0))

i (1.7)
_ e—r(Tft)J (y—=K)p(x,t;,T)dy,
K

where 7 is the risk-free interest rate. Similarly, the price for the put option contract is

P(x,K,T) = e " T"YE(max(K — x,0))

K (1.8)
= e*’(T*‘)J (K—=y)p(x,t;9,T)dy.
0
Given a fundamental solution, the solution to the Cauchy problem can be obtained
from the given initial data by convolution. In [9], Craddock and Platen find some funda-
mental solutions when B(x) = +/2x and A(x) = f(x), that is, of

ap_ 9p
ot ¥z T/ W50 (19)
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where 7 = t' — t. When (1.6c¢) is satisfied, this corresponds to finding TDFs of the process
x, which follows

dx = f(x)dt+/2xdX. (1.10)

The method they employed was to perform a classical symmetry analysis of (1.9), and
then using certain symmetries found, write the corresponding form of the transformed
solutions p* in terms of another arbitrary solution p, that is,

p*(x,t) = p(x,t)F(x,t;€). (1.11)

The symmetry transformations were chosen so as to achieve an integral transform, prefer-
ably if possible, the Laplace transform of the fundamental solution. Thus, if possible, the
symmetries were chosen so that F(x,0;€) = e where ) is some function of €. Then
by choosing the solution p = 1 of (1.9), the fundamental solution of (1.9) is the Laplace
inverse of p, the new solution with initial condition e as for x, y=0,

plx,7) = J e M p(x, Ty, ) dy. (1.12)
0

P was called the characteristic solution (the Laplace transform of the fundamental solu-
tion).

Craddock and Platen found fundamental solutions of (1.9) when f satisfied the Riccati
equations

xf'—f+%f2=A1x+Bl, (1.13a)
xf’—f+%f2=A1x2+le+Cl, (1.13b)
xf'*f+%f2=A1x3/2+le2+C1xf§. (1.13¢)

For functions f that satisfied (1.13a), the characteristic solution was found in general.
When f satisfied relation (1.13b), solutions were proposed that may lead to characteristic
solutions and when f satisfied (1.13c) and B; = 0, the characteristic solution was given,
but not its corresponding Laplace inverse.

It is known (see, e.g., [15]) that an evolution equation of the type

P(x,t)uy + Q(x, t)ty + R(2, 1) thyy + S(x, t)uu = 0 (1.14)
with P,R # 0, can be reduced via a suitable transformation to
Vi = v+ Z(5,X)v. (1.15)

When the PDE (1.14) admits one additional symmetry operator (namely d/0¢) to 0/du
and ¢(x,t)(d/0u), where ¢ is any solution of (1.14), then (1.14) is reducible to

Vi = Vex + Z(X)v. (1.16)
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If the PDE (1.14) has at least three more symmetries in addition to u(d/du) and
¢(x,t)(d/0u), where ¢ is any solution of (1.14), then (1.14) is reducible to

Vi=Vxxt _%V, (1.17)
X

where « is constant. If it has at least five other symmetries (to u(d/0u) and ¢(x,t)(d/0u)),
then it is reducible to

Vi = Vex (1.18)

This system of classification affords a systematic approach to finding reductions. As (1.9)
in the cases where f satisfies (1.13a), (1.13b), or (1.13c) has at least three extra symme-
tries beyond p(0/dp) and ¢(x,7)(0/dp), where ¢(x,T) satisfies (1.9), (1.9) is reducible
to either (1.17) or (1.18). It is then possible to easily find the fundamental solutions in
these cases by using the fundamental solutions of (1.17) and (1.18). This also avoids the
necessity of finding suitable symmetries that lead to tractable integral transform inverses.

In [2], Albanese and Kuznetsov show that a stationary process of the form (1.4), where
A = A(x) and B = B(x), can be transformed via a suitable change of variables and change
of measure to a process that is driftless. This in fact corresponds to the reduction of (1.14)
to canonical form. They then classify driftless processes that are solvable in the sense that
the corresponding eigenfunction equation can be reduced by a change of measure and
change of variables to a hypergeometric or confluent hypergeometric equation. This then
could lead to TDFs as infinite series of hypergeometric (Gaussian or confluent) functions.

The driftless processes dx = (a + bx + cx?)dX (quadratic volatility) and dx = x¥dX
(CEV driftless) have been well researched, and in [1] Albanese et al. show that these pro-
cesses belong to the equivalence class of the family dx = (Ao + A;x) dt + »xPdX, where
B =0,1/2. In turn, this family of processes is contained within the broader class that we
consider in this paper.

The aim of this paper is to look for solutions of (1.6a)-(1.6b) for general functions
A and when B(x,t) = cx? (Section 3) and B(x,t) = y/a; + ax + azx? (Section 4), by first
reducing (1.6a) to its canonical form. Rather than finding solutions to (1.6a) in terms
of series of transcendental functions (such as in [2]), the focus here is on being able to
solve the Cauchy problem by a single integration. When (1.6¢) is satisfied (as in all our
examples), the fundamental solutions can be viewed as the TDFs for the variable x that
follows the process (1.4). As economic conditions change with time, it is reasonable to
expect that the instantaneous expected return of a given state variable, such as stock prices
and bond yields, depends on time and price level. In fact, Fan et al. [10] and Goard and
Hansen [13], among others, have shown how models with time-dependent parameters
outperform those with a long-term reversion to a fixed mean. As such, we focus here on
time-dependent, as well as time-independent drifts A. The processes (1.4) with B(x,t) =
cx?, 0 <y < 1, are referred to as “constant elasticity of variance” processes and are often
used to model stock prices. The limiting case y = 1 corresponds to the lognormal process
(1.1) while the case y = 1/2 corresponds to the square-root process used by Cox et al. [7],
and considered by Craddock and Platen [9]. When y < 1, the variance of the percentage
return from the stock decreases with the stock price. From empirical studies, Beckers [3]
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suggests that an option pricing formula based on constant elasticity of variance diffusion
could fit the market prices better than the Black-Scholes model.

In interest-rate modeling, Chan et al. [6] performed a comprehensive empirical anal-
ysis on one-factor interest-rate models of the form

dr = (a+pr)dt+or’dX. (1.19)

They found that the most successful models in capturing the dynamics of the short rate
were those that allowed the volatility of interest rate changes to be highly sensitive to the
level of interest rate, in particular with y > 1. Their unconstrained estimate of y was 1.499.

In considering a diffusion term of the form B(x,t) = v/a; + axx + azx?, the three ar-
bitrary constants allow for extra flexibility for parameter estimation. It includes the dif-
fusion terms of Cox et al. [7] («; = a3 = 0), Ho and Lee [14] (a; = a3 = 0), and the
lognormal process (1.1) (o) = az = 0).

A summary of the results is presented in Section 5.

2. Reduction to canonical form

Equations of the form (1.6a) with B = B(x) can be reduced to the canonical form

Zy, = Zam, + Q(x1,X2) 2 (2.1)
via a transformation of the type
x1 = x1(x,1),
X2 = x2(x, 1), (2.2)
z=H(x,t)p

(see, e.g., Bluman [5]). Substituting (2.2) into (2.1), we find that the transformation

dx
X1 = J’%, (232[)

t—t
X = 3 (2.3b)
z = a(x)ek™tp, (2.3¢)

where
@), o A B

a(x) +k'(x)t= B2 2B’ (2.3d)

reduces (1.6a) to (2.1) with

+

2B’ A2 (B)® BB
Ja- 5 - S+ P 2k, (2.4)
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We look at the cases where Q corresponds to

o Bk, (2.52)
X7
ko,
(H) ; + kle + k3, (25b)
1
(IH) klx% + kle + k3, (Z.SC)

where k1, k>, and k3 are constants, as in cases (I) and (II), (1.6a) could be further reduced
to the form in (1.17) and in case (III), (1.6a) could be reduced further to a constant-
coefficient PDE.

3.B(x) = cx?

In this section, y is assumed to be in the interval 0 < y < 1 (i.e., the constant elasticity of
variance case). However similar calculations apply for y > 1 and any variations in the so-
lutions are noted. When y = 1, then the change of variable for x in (3.1a) is x; = (1/¢)Inx.
As this substitution for x will not provide many useful tractable solutions for A other than
A = px, for which the TDF is already known, we disregard this case.

When B(x) = cx?, from (2.3a) and (2.3b),

(3.1a)

(3.1b)

and z is as given from (2.3¢) and (2.3d).
We consider separately the cases where A = A(x) and A = A(x,1).

3.1. A = A(x). In this case, we can let k(x) = 0 in (2.3d) so that from (2.3¢) and (2.3d),

7= xfy/Zel/czf(A(x)/sz)dxp) (3.1¢)
and from (2.4),
2y 1 Ay, Ey
:_A’+_A_ A2+_ 29-2 _ /2y 2. 2
Q x c2x%y 4 X 2 * (3.2)

We now consider separately the cases where Q reduces to the forms (2.5a)—(2.5¢).

3.1.1. Q = (k1/x3) + k,. For the case corresponding to (2.5a), we require that A satisfy

1

m =24 n, (333.)

2
A—Day — A2y
X
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where
2.2 2
= —kic*( —y)”%—%, (3.3b)
n=—k,. (3.3¢)
Then (1.6a) reduces to
ky
Zy, = Zayxy + (—2 +k2>z, (3.4a)
X
which needs to be solved subject to
2(21,0) = G(x1)8 (g~ y), (3.4b)

where

a0

2
X (3.4¢)

q=(c(1—y)""7.

The solution to (3.4a)-(3.4b) for —3/4 < k; < 1/4 that satisfiesz =0 at x; = 0 is

| e e () Goseer e - s )
where v* = 1/4 — k; so that

g P (L (S0 gy
2%, c2(1—y)\2 P 4c2(1 - y)*x;

i) (] 5 )
Iv(Zc(l—y)xz P\ X% dx ).

Note that when k; = 0, we can write

2
_y ek —(ac(l—y)=y'7) (lJyA(x) )
2(xn,x) = Nz xp 4xc2(1 - y)? P 2| dx . (3.7)

Then from (3.1a)—(3.1c¢),

plxt;y, t)—x)’/zexp[ Ji(;;) dx]z(c(lliy)xlfy, t’z—t). (3.8)

ekaxa

Xl,xz

z(x1,%) =
(3.6)

In general for y > 0, y # 1, we can write

1/2

Y122y ky (x272 + y227)
Pt = WE"P{?“‘”}“P{‘W}

(3.9)
ylrxtoy 1 (7 Ax) *A(x)
><Iv(cz(l—y)z(t’ —t))eXp{czj x% dx = c2 x% dx}.
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Example 3.1. With n = 0, a solution to (3.3) is

k/c 2
_oy-n| ck(DxTC -1\ ¢
A=xT [2(ka/6+1 HENE (3.10)

where m and D are arbitrary and k = v/4m +c? # 0.
The corresponding stochastic process (1.4) for x is given by

Dxke -1
1 + Dx*e

dx = cx?7! [k(

C
il Y
5 )+2]dt+cx dX, (3.11)

with the associated TDF when D = 0 given by

, xk/2cy172y7k/2c x2—2y +y272y ylfyxlfy
pLotiyt) = A=yl 1) eXp{ - <2c2(1 — )2t —t))}1”<c2(t' -1)(1 —y)Z)’

(3.12)
where 2 = 1/4 — ky and k; = (c?y? — 2¢%y — 4m)/(4c2(1 — y)?).
Note that if k = vV4m + ¢2 = 0 so that m = —c?/4, then
K- 202 ,
A= 2 [ln(x)+D1+C]’ (3.13)
where D; is arbitrary. In this case, the stochastic process (1.4) for x is
1 1
— 2,.2y—1 — Y
dx =c*x [ln(x)+D1 + 2]dt+cx dX, (3.14)
and the associated TDF for x is
_,, (In(y)+Dy) 1
. Y — 172y (
Pty ) =y G+ Dy) 21—yl 1)
(3.15)

X exp { B <2c2x(212—y ;r)gl(ztzi t) ) }IO ( c2(1y—1yy)§l(t'y— t) )

This is plotted in Figure 3.1 with ¢ = 0.1, D, = 5, x = 10, t = 0 for various y and t'.

3.1.2. Q = ky/x} + kyxi + k3. For the case corresponding to (2.5b), we require that A sat-

isfy

, 2y | v R Y, 2-2y
A —7A+mA = ax +[3x +€, (3.16a)
where

2.2 2
a=—k2(1-pP+ L Y (3.16b)

4 2

—k,
=0, 1

B 2=y (3.16¢)

€ =—ks. (3.16d)
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25— T 3
)1 2.5
2
1.5+
p P 15
1.
1
0.5F
0.5
0 0
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y y
—y=253 — =01
-—-y=1/3 -—-t' =05
...... y:1/4 e =
(a) (b)

Figure 3.1. TDFs for the variable x that follows dx = 0.01x?~'[1/(5+Inx) + 1/2] dt + 0.1x"dX with
x=10,t=0and (a) y =2/3,1/3,1/4 attime t' = 1; (b) y = 2/3 at times ¢’ = 0.1,0.5,1.

Then (3.1a)—(3.1¢) reduce (1.6a) to
— ky 2
Zy, = Zayxy + 2 +hoxi +ks |z (3.17)
1
Equation (3.17) can be further reduced to

k
Uy, = Uyy, + _;u (3.18)

)1

via a substitution that depends on whether k; < 0 or k; > 0. We summarize the results
here for the solutions of (1.6a)-(1.6b) and write them in such a way that shows the trans-
formations that were necessary.

Case 1 (ky <0). Letting kyg = —k», then the solution to (1.6a)-(1.6b) is

, -1 A(x) ) ( 1 A t)
. _ Y2 1-y
p(x, t,y,t ) x"?exp < c2- J 2 dx |z c(l y)x 5 s (3.19)



10  Fundamental solutions to Kolmogorov equations

where

z(x1,x2) :exp{xl (\/E‘l'ka xz}“(MG kzm

0 <€Xp (4 kzon) - 1));
ST

2 2 2y 1-y
1/2-2y yic )) ( Yy N )
u(y12) = 2y,632(1 — )1/2)’ exp( ( 4c2 1—y)2y2 b 2y2¢(1—y)

Xexp( exp kzoi
2 E(1-y)2)
(3.20)
where v? = 1/4 — k.
Case 2 (ky > 0). For k, > 0, the solution to (1.6a)-(1.6b) is
A(x) ) ( 1 _ t'—t)
. _ Y2 1-y
Pty t') =x exp( J 2 dx |z c(l—y)x ) (3.21)
where
z(x1,%) = ;exp [Ex%tan (2 k2x2> +k3x2:|
| cos (2vkax2) | 2
1 tan<2 kzXz) ,
cos ( 2\/k—2x2 N
1/2-2y 2631 — p)2+ 22 1-y
u(y1,y2) = 3/2y _ 1/2@eX {_(}’1 2 3) 2)/ )}I”( z }il )
c2(1—y)2 2y, 4c2(1 = 9)*y2 2y2c(1 =)

X exp ( Jy i(;;) dx) R
(3.22)

where v* = 1/4 — k;.

Note that in general for y > 0, y # 1, that in the expanded expressions for p from (3.19)
and (3.21), the coefficient 1/(1 — y) should be replaced by 1/[1 — y].

Example 3.2. With y = 3/2 so that B = cx*?, a = € = 0, a solution to (3.16a)—-(3.16d) is

_ +/a Cisin(y/a/x) + Cy cos(\/a/x)
A=cix [ x Cjcos(y/a/x) — Czsm(f/x)] (3.23)

where a = —f/c? and 3, Cy, and C, are arbitrary constants.
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In this case, f <0 and so k = —c?(1 —y)? >0and k3 = 0, ky = —3/4,a = —f/c%.
Hence we find the fundamental solution

B (Cicos(ary) - Cysin(/aty)
¢ /xy¥? (Cycos(y/a/x) — Cysin( /a/x))

\/Tﬂ ysin® (Vo (t' — 1)) — y —xcos? (Vka (' — 1))
X exp{ c [ xycos (Vi (t' — 1)) sin (Vo (t — 1)) ]} (3.24)
N X

! < ) . sin(

c/xysin (Vka(t' —t)) —Be2(t — t)/2>‘

p(x,tp,t")

Example 3.3. We note that in the case where A(x) = pxand 0 < y < 1, the density function

has previously been found by Feller [11, 12] and this then has been used to find option

prices via risk-neutral valuation as described in the introduction (see Cox and Ross [8]).
The same result can be found here with

2
a=0,  p=Y5,  e-u-2y) (3.25)

in (3.16a) so that from (3.16b)—(3.16d),

_ry-2)
STk
ky = —(1— y)zﬂz <0, (3.26)
k3 = —‘l/l(l — 2)/)

From (3.19)-(3.20), we get

2# x1/2y1/272ye(;4/2)(t’7t) —u x272ye2(lfy)y(t’ft) +y2—2y
POty t) = = =S exp ( —— )
ez (e2=pur=1 1) 2(1-y) e2(=—yu'=t) _ 1

2y1—y‘uxl—ye(l—y)l4(f'—f)
X 11/2(1—)/){ (1 —y)[eX-nult=1) 1] },
(3.27)

which agrees with the result in [8].

3.1.3. Q = k1x? + kax + k3. For the case corresponding to (2.5¢), we require that A satis
p g q

1

, 2y
A —7A+m

A? = ax® 7+ Bx TV + e+ mx? 2, (3.28a)
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where

o= —h
Ce2(1-yp)?’
—k
pe s
c(1-y) (3.28b)
€= _k33
L2y Yy
m=-— =
Then (3.1a)—(3.1¢) reduce (1.6a) to
Zy, = Zeyw, + (k17 + ko) +k3) 2. (3.29)
Equation (3.29) is always reducible to the form
Wy, = Wy +hw, (3.30)

where k is some constant. However, the transformation necessary to get this reduction
depends on the coefficient k;. We consider the different cases and summarize the results
below.

Case 1 (k; = 0). In this case, k = k3 in (3.30) and the solution to (1.6a)-(1.6b) is

, -1 (A(x) ) ( 1 I t>
. _ )2 - 1-y
plx,ty,t') =x exp< 2 J 2 dx )z c(l—y)x ) (3.31)
where
k%xi 2
z(x1,x2) = exp <k2x1x2 + T)W(XI +kyx3,%2),
y G 1 (7 A(x) (ic(1—y) = y' )’ (332
— P - 1 — —
wiyny2) = 2¢. /TN xp (c2 J X2y dx) exp{ 4y,c2(1 —y)? +k3y2}.
Case 2 (k; <0). Weletk; = —A2.
For this case, k = 0 in (3.30) and the solution to (1.6a)-(1.6b) is
, 1 (A(x) ) ( 1 ot = t)
. — V2 _ = 1-y
plx,ty,t') =x exp( czj 2 dx |z c(l—y)x ) (3.33)



Joanna Goard 13

where

A k K2
2(x,2) = eXP{Exf - jxl + (A+k3 + ﬁ)xz}

X W<x162)tx2 _ ﬁeZ/\XZ L( AN 1)))

Y ER YR
Wiy = 20 epd Ot ha/22 =yt 0 ) MDD G A S
pY2 = 2¢,/my; 4y, 2¢2(1—yp)2  2dc(l-y)
1 (7 A(x)
X exp (c_2 J 2 dx).
(3.34)

Case 3 (k1 >0). Welet k; = A2.
In this case, k = —k3/8)\2 in (3.30) and the solution to (1.6a)-(1.6b) is

, 1 (A(x) ) ( 1 ot = t)
. _ 2 _ 1-y
plx,ty,t') =x exp( 2] dx |z c(l—y)x ) (3.35)
where
N Ao k2 < _ k_5>
z(x1,%) = Teoozn exp{le tan (2Ax;) + 2)txl‘[an (2Ax2) + | k3 0z )
3k3 k> 1
X exp { GE tan (2Ax,) }w( (xl + ﬁ) sec (2Axz), 0 tan (21x2)>,
32 — (1 =y I V/e(1—y) —ka/202)? K2
w(y,y2) = 2)/ exp 1=y L=y -~k ) - —22)/2
NS 4y, 81
1 (7 A(x)
xexp(c—zj 2 dx).
(3.36)
Example 3.4. A solution to (3.28) with
2 ur 2 22 2
azlz—z, B=0, €=‘u(1—2y)+CL2, m=—r+£—2=Ty—7y (3.37)
is A = ux+rx?'~1, where
2=y _ye?
r=——-— or r=-"r (3.38)

and where y is arbitrary.
The corresponding stochastic differential equation (1.4) for x is

dx = (rx? 1+ px) dt + cx?dX, (3.39)
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3 0.6
2.5 0.5f
2 0.4}
1
[} I
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1 1 0.2 !
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0.5 i 0.1}
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4 6 8 10 12 14 16 18 20 5 15 20 25 30
y y
— t'=0.1 — t'=0.1
-t =02 ---t' =02
~~~~~~ t' =05 et =05
----- =1 et =1
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Figure 3.2. TDFs for the variable x which follows (a) dx = (0.003x"? + 0.5x)dt + 0.1x*3dX, (b) dx =
(0.006x>3 +0.5x) dt + 0.1x¥3dX, with x = 10, t = 0 at times ¢’ = 0.1,0.2,0.5,1.

with r given in (3.38). The TDF for x with r = yc?/2 is

L (1—yu (eI yly)?
p(x’t’y’t)_ny\/ﬁJexp{Zy(t’—t)(l—y)}—lep 21—y (@-nirn_1 |

(3.40)

and when r = (2 — y)c?/2, the TDF for x is

o xyflyl—zy (1—-pp
P(x,fa}/,t)— C\/ﬁ Jexp{Zlu(t’_t)(l_y)}_l

’ 2

—u (xlfye#(lf)’)(t -1 —yI*V) ,
XexP{cZ(l—y) (e24(=001-7) 1) exp{ —u(l—p)(t —t)}.

(3.41)

Sample plots of the TDF p(x,t; y,t') are given in Figure 3.2, where ¢ = 0.1, y = 0.5, and
r=yc*/2 fory=2/3and y = 4/3.
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3.2. A = A(x,t). For A =A(x,t), with B = cx?, from (2.3d),

o' (x)
ax)

With x defined in terms of x; as given by (3.1a), x, = /2 and z as given by (2.3c) and
(2.3d), (1.6a) reduces to

A= 1( Ly +k’(x)xt). (3.42)

Zy, T Zxx) T Q(xl,xz)z =0, (343)
where
_2.2y-1 ’ 2 2a/ (x) K 2
Q= = PR () ek (1) + 25 Sk (o) 1= 2 (k ()
(%) @) A
2 2y-1, ¥ \X) o _
—c (x y ya(x) +x7 ) ) 2k(x).
With (3.44), (3.43) will be reducible to a constant coefficient equation when
fl 2—2y fz(l‘
Q= 21— y)2 (- +f3(t) (3.45)

that is, a quadratic in x;.
Comparlng (3.44) and (3.45), we find that this will occur when k(x) = fx!~? and when
= Bx>72¥, where f8 is constant. With k(x) = Bx' 77, admissible functlons for a(x), so
that Q is a quadratic in x;, are a(x) = eV and a(x) = @@ 27 where € is
constant. These together with a(x) = x'~7 are also admissible functions for k( x) Bx22r,
In all of these cases, (3.43) is further reducible to the classical heat equation. We now
summarize the results with the fundamental solutions of (1.6a) written in such a way
that shows the transformations that were necessary for reduction to the classical heat
equation.

3.2.1. k(x) = Bx'7.
Case 1. a(x) = exp((€/(1—1y))x77).
This case corresponds to the stochastic differential equation

dx = cz(%x”*1 +ex! +B(1 - y)xyt)dt+chdX (3.46)

for x. The solution to (1.6a)-(1.6b) is

plx,t;y,t) = exp{_—yxl V- Bxle } ( (ﬁl_yy)é), (3.47)

where
z(x1,%2) = exp {2/36(1 —P)x1x2 + €% xy + 2% €f(1 — y)x%}

, (3.48)
X w<x1 —2Bc(1 - y)x3, 5 x2>,
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2.5

1.5}F

0.5F

Figure 3.3. TDFs for the variable x which follows dx = 0.01x**[#/4 + (3/8)x~ V4] dt + 0.1x**dX with
x=10,t=0at timest =0.1,1,5.

and where
-y — — 1*)) _ _ N2 2
w(yl,mzzjnyzexp{ =y el =) of y><t>/2>}
(3.49)
ey _adet o o ()
XeXP{c(l—y) > c efB(1 y)—2 .

Example 3.5. With = 1, € = 0, the above solution can be simplified to

Pty ) = = exp{_(_ley_cz(l Sy - ) +zy1y>2}_

NN 82(1—p)2(t — 1)
(3.50)

This is plotted in Figure 3.3 with x = 10, y = 3/4, ¢ = 0.1.
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Case 2. a(x) = exp((€/(2—2y))x*>"%), € £ 0.

This case corresponds to the stochastic differential equation

dx = cz<gx2}’_l+6x+/3(l —y)xyt>dt+cx7dX (3.51)
for x.
The solution to (1.6a)-(1.6b) is
plxty,t') = exp( € ey —[)’xlfyt>z< ! XY E) (3.52)
b ) 2_2)/ C(l—y) )2 >
where
z(x1,%2)
2 _
= exp {yx% +2¢f(1 - y)xlxz}
% ﬁ ) —2c2¢(1-y)x; 1 —4c2e(1-y)xy _ ,—2c%e(1-y)t’ )
XW((xl+c€x2+c3€2(l—y) ¢ "4c2e(1-y) (e ¢ )
w(y1,2)
T exp (- e(1-p)Y)
= 26\/71_)/26Xp —ce(1-y)
Xexp [ —(y1 = /el —y) + Bt /e + B/3eX(1 — y)femeinry? }
4}/2
(3.53)
3.2.2. k(x) = Bx*%, B> 0.
Case 1. a(x) = exp((€/(1—y))x"7).
The corresponding stochastic differential equation for x is
dx = c2<%x2V*1 +ex’ + (2 - 2y)xt> dt +cx?dX. (3.54)
The solution to (1.6a)-(1.6b) is
p(x,t;y,t") = exp <_—ex1_y —ﬁxz_zyt)z(#xl_y E) (3.55)
&y b 1 _ y C(l _ y) b 2 b
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where

z(x1,%2) = exp {2rx{x; + cex; }

X W (xle‘”x% __&m erf 2+/rx2), VT [erf (v2rt') — erf (\/gxz)]))

2,B(1-)? 427
w(y1,2)
_ oy’ o
_ZC\/T[_)/zeXP{ r(t)Z}
X exp{_[yl — (y'r/e(1 - Y))erZ;; (ce y/2y7)erf (J7t')]? |

(3.56)

and where r = (1 — y)2.
Example 3.6. With § = 1, € = 0, the TDF can be simplified to

-yn1/4 _
oty =t 2 J cy—1)

et \erf (V2e(y — 1)) —erf (V2c(y — 1)t)

ﬁ(xl’ye*CZ(I*Y)ztz — }/I*Ve*fz(lf)’)z(t’)z)z (357)
8 exp{u —y)vaclerf (V2e(y - D)) — erf (V2e(y - 1)t)] }

xexp{—(1—y)2c*(t)?}.

This TDF is plotted in Figure 3.4 with x = 10, ¢ = 0.1, y = 1/4.

Case 2. a(x) = exp((€/(2 —2y))x>72).

The corresponding stochastic differential equation for x is
dx = c2<§x27_1 +ex+p(2 —2y)xt>dt+cxde. (3.58)

The solution to (1.6a)-(1.6b) is

1 t
2=-2y _ 2-2y S S
X Bx t>z<c(1—y)x ,2>, (3.59)

(x,t59,t) = ex ( -
p ”y’ - p 2_2))
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— ' =01
-—-t =1
...... t’:5

Figure 3.4. TDFs for the variable x which follows dx = 0.01x[(3/2)t + (1/8)x~>?]dt + 0.1x"*dX with
x=10,¢t=0attimest =0.1,1,5.

where

P
z(x1,%) = exp{erfxz + xz—l(—:cz(l — y)}

X w<x1 exp ( —4r(xy+ n)z), ﬁ{erf(b/ﬂ(tz’ + n)) —erf (2v/2r(x; + n))}),

42r
—y , 2 [y — Y1V /e(1 — y)e-drt /24?2
w(y1,y2) = J exp<—4r<t— +n> )exp b= yt/e1 — e | ,
2c /7Ty, 2 4y,
(3.60)
and where r = fc(1 — y)? and n = €/4B(1 — y).
Case 3. a(x) =x'77.
The corresponding stochastic differential equation for x is
dx = (7 (1= 1) + g - 2ppwt)de-+ cvrax. (3.61)
The solution to (1.6a)-(1.6b) is
plx,ty,t") =x""Texp ( —ﬁxz_zyt)z<#xl_y E) (3.62)
» by b C(l _ )}) b 2 b
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where

z(x1,x2) = exp (er%xz +4rx%>w<xle_4“‘%, 4—\/\/; [erf (V2rt') —erf (2\/53(2)]),

2y 2
D 2 (i = (e —y))e ™))
w(y,y2) = 2C\/ﬂ_yzeXP( r(t')?) exp o
(3.63)
with r = Bc2(1—y)2.
4. B(x) = (0 + aax + a3x?) V2,
For A = A(x,t) and B(x) = (a1 + axx + azx?) V2, the transformation
S T
oy + oox + azx?
t
-1, (4.1)
z = a(x)e@p
subject to (2.3d) transforms (1.6a) to
Z, + Zeym, + Q(x1,%2) 2 =0, (4.2)
where
Q= (K'(x))* (o +apx+asx?) £
’(x) k' (x)
[( x)+ 2k (x oc(x) )((x1+(x2x+oc3x2)+ 5 (oc2+2(x3x)]t (4.3)
- [oc”(x) (o) + oox + a3x?) +2k(x) + o (%) (ay +2a x)]
() Gt 3 2a(x) \® 3
in which we have used from (2.3d) that
’ 2 o' (x) 2 1
A=k (x)t(a; +ayx+asx*) + pre (a1 + apx + a3x®) + Z((xz +2a3x). (4.4)

In turn, (4.2) with (4.3) is reducible to a constant coefficient equation when Q is a qua-
dratic in x;. This can be achieved when k(x) is a multiple of x;, and «a(x) takes one of the
two forms as considered below. In both cases, (4.2) is further reducible to the classical
heat equation. The results are summarized below.
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Case 1. k(x) = Bx1, a(x) = exp{€ [(dx/(Va1 + arx + azx?))

The corresponding stochastic differential equation for x is

dx = [(ﬁt+ €)rJag + arx + a3x + i((xz + Zoch)]dt+ Ao+ ax+azx2dX. (4.5)

The solution to (1.6a)-(1.6b) is

' 1 1 t
)t) > = - B S — B S — PR B
PEYE) exp( (€+ﬁt),[ ap + arx + aszx? dx)z(J g + X + a3x? dx 2)

(4.6)
where
z(x1,%) = exp (2/3x1x2 + %[3(1 — B)x; +2Bexs + €2x2> w(xl - Zﬂxg,% - xz),
1 1
ol - (e —ay)
2 /TyaJon +aay +asy? ap+ oy +asy?
(4.7)

x <_(y] ‘“dy/mwmz/z)z)
exp

4y2

X exp{ - ngﬁ) () + ﬁ—eg')z + %}

Example 4.1. For B = € = 0, the TDF for a3 >0 and a;/a3 — (a2/2a3)* > 0 can be simpli-
fied to

plxty,t) = exp{ - (172a5(t' = t)) [arcsinh (2 + 2003) /4o a3 — )
—arcsinh ((a + 203 y) /A /40103 —oc%)]z} (4.8)

1

X .
N27(t — b)) + aay + asz y?

Case 2. k(x) = Bx1, a(x) = exp{(€/2)(J(dx/Ja1 + arx + a3x2))*}, € # 0.

The corresponding stochastic differential equation for x is

dx 1
dx:{[ t+ej—]\/(x +oox+asx?+ (a0 +2a3x }dt
Btre | Tt ae Vo et aaxt+ 4 (oo + 205%)

(4.9)
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The solution to (1.6a)-(1.6b) is

oty ) —exp |~ ([T ) exp] - [ ]
petyst)=epy — o\ | e P Vo + oox + azx?

T
o+ oox+azx?’2)’
(4.10)

where

€
z(x1,%2) —exp(zxf+2ﬁx1x2+ —B(1-PB)x %)

1

Xw((xl + —x2+ ) e ke, —
4e

(e—4exz _ e—2€t’)>)
exp (= B(1-P)((t')°/6) —et’) (4.11)

w(y,y2) =
\/TJ/Z,IM +oc2y+oc3y
{ (y1 = L[ (dy/\Jon + any +azy?) +t' /e + pre?]e <t )? }
Xexpy — .

4)/2

5. Summary of results

In this section, we summarize the results of this paper by quoting the equation numbers
for the solutions p(x,t; y,t') to (1.6a)-(1.6b) for given functions A(x,t) and B(x,t). These
solutions can be viewed as TDFs for processes x that follow (1.4).

5.1. B(x) = cx?,y # 1.

5.1.1. A = A(x). The solutions found for A = A(x) depend on the form of A" — (2y/x)A +
(1/c2x*)A2.

v 2yA . ley A Equation num’ber for
X c2x plx,ty,t")
mx2 + 1 (3.9)
ax? =2+ Bx?" + € where § >0 (3.19)
ax>2 + x>~ + € where f < 0 (3.21)
ax? % + Bx'77 + € + mx? =% where a = 0 (3.31)
ax®~2 + fx'77 + € + mx?’ =2 where a > 0 (3.33)
ax?™ 2 + Bx'77 + € + mx? =% where a < 0 (3.35)
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5.1.2.A = A(x,t).

Alo) Equation number for
plx,t;,t")

cz(gxzy’1 +ex? + (1 —y)x”) (3.47)

c2(§x27’1+€x+[5(1 fy)xyt),e £0 (3.52)

cz(gxzy’l +ex’ + P2 —2y)xt>,ﬁ >0 (3.55)

cz(ngV“ +€x+/5(2—2y)xt),ﬂ >0 (3.59)

& (xZH(l - %) +ﬂ(2—2y)xt),/3>0 (3.62)

5.2. B(x) = /a1 + orx + azx?.

Equation number for

A(x,t /

(1) px,tsy,t)

1
(Bt +€)vaq + arx + azx2 + Z((x2+2(x3x) (4.6)
(ﬁt+eJ L)Wx +opx + asx?
Vag + oox + azx? e ? (4.10)
1
+ (o +2a3x), €+0

6. Concluding remarks

In this paper we have demonstrated how it is possible to find fundamental solutions to the
backward Kolmogorov equations by reducing the equations to their canonical form. In
all our examples,(1.6¢) is satisfied and so these fundamental solutions are interpretable as
transition density functions (TDFs) for variables following certain stochastic processes.
In this way, we were able to extend the list of fundamental solutions and TDFs for the
processes (1.4) considered by Craddock and Platen, that is, B = cx'/2, and where A = f(x)
satisfies (1.13a)—(1.13c), and also find fundamental solutions and TDFs for the more
general cases when B = cx?, and B = Va1 + apx + a3x%, and when A is time-dependent.
Some of these more general cases have proven to agree well with real financial data.
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