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We develop a four-stage, serial supply chain inventory model with planned backorders. This
supply chain model is formulated for the integer multipliers coordination mechanism, where firms
at the same stage of the supply chain use the same cycle time and the cycle time at each stage is an
integer multiplier of the cycle time used at the adjacent downstream stage. We develop an optimal
replenishment policy using a simple algebraic method to solve the problem without the use of
differential calculus.

1. Introduction

Recently firms realized that the global system performance and cost efficiency can be
improved through closer collaboration among the chain partners and through high level of
coordination of various decision processes. Supply chain inventory-distribution coordination
can be achieved by coordinating the cycle time across the chain stages. The simplest way
of cycle coordination is the equal cycle under which the same cycle is followed throughout
the supply chain. But many supply models achieve coordination by following the integer
multipliers mechanism in which the cycle time at each stage is an integer multiple of the
cycle time of the adjacent downstream stage, or by integer powers of two multipliers at each
stage mechanism (Khouja [1]).

In recent years numerous articles in supply chain modeling have addressed the issue
of inventory coordination. Banerjee [2] introduced the concept of joint economic lot sizing
problem (JELS) for the case of a single vendor and a single purchaser. Goyal and Szendrovits
[3] presented a constant lot size model where the lot is produced through a fixed sequence of
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manufacturing stages, with a single setup and without interruption at each stage. Goyal [4]
provided a more general model for the case of single vendor single buyer through relaxing the
lot for lot policy. Goyal and Gupta [5] extensively reviewed the literature which deals with
the interaction between a buyer and vendor. Lu [6] developed a single vendor multibuyer
integrated inventory model. Goyal [7] revisited the single-vendor single-buyer where he
relaxed the constraint of equal sized shipments of Goyal [4] and suggested that the shipment
size should grow geometrically. Hoque and Goyal [8] extended the idea of producing a
single product in a multistage serial production system with equal and unequal sized batch
shipments between stages. Khouja [1] considered the case of a three-stage nonserial supply
chain and developed the model to deal with three inventory coordination mechanisms
between the chain members. Ben-daya and Al-Nassar [9] relaxed the assumption of Khouja
[1] regarding the completion of the whole production lot before making shipments out of it
and assumed that equal sized shipments take place as soon as they are produced and there is
no need to wait until a whole lot is produced.

The use of differential calculus to model the integrated production-inventory systems
is common in the area of operational research. However, several researchers focused on
algebraic methods for the optimization of these types of systems. Cárdenas-Barrón [10]
used algebraic procedure to the EPQ formula taking shortages into consideration within
the case of only one backlog cost per unit and time unit. Cárdenas-Barrón [11] used an
algebraic approach to optimize the supply chain model formulated for the simplest inventory
coordination mechanism presented by Khouja [1]. Chung and Wee [12] considered an
integrated three-stage inventory system with backorders. They formulated the problem to
derive the replenishment policies with four decision variables algebraically. Wee and Chung
[13] also used a simple algebraic method to solve the economic lot size of the integrated-buyer
inventory problem. Chiu [14] presented a simple algebraic method to demonstrate that the
lot size solution and the optimal production-inventory cost of an imperfect EMQ model can
be derived without derivatives.

This paper extends the existing models that use algebraic methods to optimize
inventory decisions in multistage supply chains. It contributes by extending the well-known
and popular EOQ deterministic model which is widely used for inventory management in
practice as well as in research in spite of its restrictive assumptions Pentico and Drake [15].
Hence, this work contributes in the theory and solution methodology. Moreover, the recursive
structures we used to drive the optimal replenishment policy can be easily used for further
purposes and extensions. One example is the use of our approach to develop the scheme
for sharing the benefits of coordination among the supply chain partners. In this regard, the
model can form the base for the coordination negotiation.

The remainder of this paper is organized as follows. The next section presents the
notation and assumptions made in the model. Section 3 describes the development of the
model. A numerical example is presented in Section 4. Finally, Section 5 contains some
concluding remarks.

2. Notation and Assumptions

The following notations are used in developing the model:

T = basic cycle time, cycle time at the end retailer,

Ti = cycle time at stage i,

Si = setup cost at stage i,
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Ki = integer multiplier at stage i,

hi = inventory holding cost at stage i,

D = the demand rate at the end stage,

Pi = production rate at stage i,

π = backordering cost per unit per unit time.

Assumptions for the multi-stage supply chain production-inventory model are as
follows.

(a) A single product is produced and distributed through a four-stage serial, supply
chain.

(b) Shortages are allowed for the end retailer.

(c) Replenishment is instantaneous.

(d) Production rates and demand rate are deterministic and uniform.

(e) A lot produced at stage is sent in equal shipments to the downstream stage.

(f) The entire supply chain optimization is acceptable for all partners in the chain.

(g) Complete information sharing policy is adopted.

(h) Cycle time at each stage is an integer multiplier of the cycle time used at the adjacent
downstream stage.

3. The Model

We consider a four-stage, serial supply chain. This supply chain model is formulated for the
integer multipliers coordination mechanism, where the cycle time at each stage is an integer
multiplier of the cycle time used at the adjacent downstream stage. Shortages are allowed for
the end retailer. The retailer’s cost consists of the inventory holding cost, the shortage cost,
and the setup cost. In this case as we can see, from Figure 1, that the time-weighted total cost
for the retailer is given by

TC4 = h4
TD4

2
− TSDh4 + h4

T2
SD

2T
+ π

T2
SD

2T
+
S4

T
. (3.1)

The inventory profiles at the remaining upstream stages is depicted by Figure 2. As depicted
in Figure 2 the inventory holding at each stage, except for the final stage (the end retailer
at stage 4), is made of two parts: the first one is the carrying inventory of raw materials as
they are being converted into finished products during the production portion of the cycle.
The second part is the carrying inventory of the finished products during the nonproduction
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portion of the cycle (Khouja [1]). Therefore, the total time-weighted cost for each of the third,
second, and first stages is represented by following equations, respectively,
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2P3
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h3 +
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K3T
,
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,
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(3.2)

The entire supply time-weighted cost is
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(3.3)

Now by using the method of completing square with respect to TS as in Cárdenas-Barrón
[11], (3.3) can be rewritten as
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Rewriting (3.4), one has

TC = TY +
W

T
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D(h4 + π)
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, (3.5)
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Figure 1: The inventory level at the end retailer.
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Figure 2: The inventory holdings at firms other than the end retailer.

where Y = (K3ψ3+α3)/2, α3 = Dh4−Dh3−(h2
4/h4+π), ψ3 = K2ψ2+α2, α2 = (D2/P3)(h2+h3)+

Dh3 −Dh2, ψ2 = K1ψ1 + α1, α1 = (D2/P2)(h1 + h2) +Dh2 −Dh1, ψ1 = (D2/P1)(h0 + h1) +Dh1,
W = (S4 + (ϕ3/K3)), ϕ3 = (S3 + (ϕ2/K2)), ϕ2 = (S2 + (S1/K1)).

Now applying the algebraic procedure proposed by Cárdenas-Barrón [10], the annual
total cost for the entire supply chain in (3.5) can be represented by factorizing the term 1/T
and completing the perfect square, and one has

TC =
1
T

(
T2Y − 2T

√
YW +W + 2T

√
YW

)
+
D(h4 + π)
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}
. (3.6)

Factorizing the perfect squared trinomial in a squared binomial we obtain
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It is worthy pointing out that (3.7) reaches minimum with respect to T and TS when setting

(
T
√
Y −

√
W

)2
= 0,

{
TS − h4T

h4 + π

}
= 0. (3.8)

Hence, the optimal basic cycle time T ∗ is

T ∗ =

√
W

Y
, (3.9)

and the optimal allowable stocking out time T ∗
S is

T ∗
S =

h4

h4 + π
T ∗. (3.10)

Substituting (3.9) and (3.10) into (3.7), the minimum value for the annual total cost for the
entire supply chain is

TC = 2
√
YW. (3.11)

The optimal basic cycle time T ∗ is a function of the integer multipliers (K3, K2, K1). We use the
method of perfect square to drive the optimal values of these integer multipliers iteratively.
Substituting for Y and W into (3.11) we get
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(3.12)

From (3.12) setting

[
K3

√
ψ3S4 −

√
α3ϕ3

]2

= 0, (3.13)

the optimal value of integer multiplier K3 is derived as follows:

K∗
3 =

√
α3ϕ3

ψ3S4
. (3.14)

Since the value of K3 is a positive integer, the following condition must be satisfied:

(K∗
3) · (K∗

3 − 1) ≤ (K∗
3)

2 ≤ (K∗
3) · (K∗

3 + 1). (3.15)
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To drive the optimal value of integer multiplier K2, we can rewrite the term √
ψ3ϕ3 in (3.12)

as follows:

√
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From (3.16), setting
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= 0, (3.17)

And the optimal value of the integer multiplier is derived as follows:
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. (3.18)

Since the value of K2 is a positive integer, the following condition must be satisfied:

(K∗
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2 + 1). (3.19)

Similarly, the optimal value of the integer multiplier K1 is reached:

K∗
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√
α1S1
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=

√
[D(h1 + h2)/P2 + h2 − h1]S1

[D(h0 + h1)/P1 + h1]S2
. (3.20)

Since the value of K1 is a positive integer, the following condition must be satisfied:

(K∗
1) · (K∗

1 − 1) ≤ (K∗
1)

2 ≤ (K∗
1) · (K∗

1 + 1). (3.21)

Now, we can use K∗
1 to find K∗

2 which can be used to find K∗
3.

4. Numerical Example

In this section, we consider an example of a four-stage supply chain consisting of a supplier, a
manufacturer, a distributor, and a retailer. This example was originated by Goyal [7] for only
two stages and was later extended by Chung and Wee [12] to include a distributor stage. To
illustrate the model presented here in this paper, we added a supplier stage to the example. A
typical structure for such supply chain system is depicted in Figure 3, and the relevant data is
shown in Table 1. In addition to this data, backordering cost per unit per unit time is assumed
20. It is also assumed that holding cost for the supplier’s supplier is h0 = 0.5.

By applying the developed algebraic solution procedure in Section 3, the results of this
example are presented in Table 2. The optimal production lot size for the supplier is 816.07
which will be delivered to the manufacturer in two deliveries. The optimal production lot
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Figure 3: Four stage supply chain example.

Table 1: Data for the example supply chain.

i Pi D hi Si

1 4000 1000 2 650
2 3200 1000 4 400
3 2500 1000 4.2 40
4 — 1000 5 25

Table 2: The Example solution.

Parameter Solution
K1 2
K2 3
K3 1
T 0.136
Ts 0.019
TC 5409.39

size for the manufacturer is 408.04 which will be delivered to the distributor in three batches.
However, the distributor and the retailer will share the same cycle length and the optimal
batch size delivered by the distributor to the retailer is 136.01.

5. Conclusions

In this study, we develop a four-stage, serial supply chain inventory model with planned
backorders. This chain is consisted of a supplier, a manufacturer, distributor, and an
end retailer. Production and inventory decisions are made at the supplier, manufacturer;
and distributor levels. The production and demand rates are assumed finite. In addition
backorders are permitted for unmet demand at the retailer. The problem is to coordinate
production and inventory decisions across the supply chain so that the total cost of the system
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is minimized. This supply chain model is formulated for the integer multipliers coordination
mechanism, where firms at the same stage of the supply chain use the same cycle time and
the cycle time at each stage is an integer multiplier of the cycle time used at the adjacent
downstream stage. We develop an optimal replenishment policy using a simple algebraic
method to solve the problem without the use of differential calculus.

One clear limitation of the developed model is the assumption of known deterministic
demand. Considering a real-world case and relaxing the restrictive model assumptions are a
good direction for further research.
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