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Ideals of implication groupoids are considered. Given a subset of a distributive implication

groupoid, the smallest ideal containing it is constructed. A characterization of ideals in distributive
implication groupoid using upper sets is given.

1. Introduction

In 50-ties L-Henkin and T-Skolem introduced the notion of Hilbert algebra as an algebraic
counterpart of intuitionistic logic. A Hilbert algebra [1] is an algebra # = (H, *,1) of type
(2,0) satisfying the axioms:

(H1) x* (y*x) =1,

(H2) (x* (y*2)) * (x *x y) * (x x 2)) = 1,

(H3) x*y=1and y*x = limply x = y.

One can easily show that (HH2) can be replaced by two rather simpler axioms:

(LD) x * (y * z) = (x * y) * (x * z) (left distributivity),
(E) x x (y * z) = y * (x x z) (exchange).

Chajda and Halas [2] introduced the concept of distributive implication groupoid and
studied deductive systems, ideals, and congruence relations in distributive implication
groupoid. In this paper we consider ideals in distributive implication groupoid. Given a
subset of a distributive implication groupoid, we make the smallest ideal containing it. We
provide an equivalent condition of the ideals using the notion of upper sets.



2 Advances in Decision Sciences
2. Preliminaries

Definition 2.1 (see [2]). An algebra (A, *,1) of type (2,0) is called an implication groupoid if
it satisfies the identities:

1) x*xx=1,
(2) 1sx=xforallx,y € A.

Example 2.2. Let A = {1, a, b} in which * is defined by

*|1|la|b
1|11 b
a @2.1)
alall|b
bla|b|1l
Then (A, *,1) is an implication groupoid.
Example 2.3. Let A = {1, a,b, c} in which # is defined by
(2.2)

S-S S
=S oA

ol S e~ *
[UIRY [T IR U U
Q| Q| Q]

Then (A, *,1) is an implication groupoid.

Definition 2.4 (see [2]). An implication groupoid (A, *,1) of type (2,0) is called a distributive
implication groupoid if it satisfies the following identity:

(LD) xx(y*z)=(x*y)x(x*z) (leftdistributivity) (2.3)

forall x,y,z € A.

Example 2.5. Let A = {1,a,b,c,d} in which # is defined by

x[1la|blcl|d
1{1|al|blc|d
all|l|b|b|1
(2.4)
blllall|l|d
clliallllld
dil|l|c|c|l

Then (A, *,1) is a distributive implication groupoid.
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In every implication groupoid, one can introduce the so-called induced relation < by
the setting

x<y iffxxy=1. (2.5)

Lemma 2.6 (see [2]). Let (A, *,1) be a distributive implication groupoid. Then A satisfies the
identities

x*x1=1, xx*(y*x)=1 (2.6)

Moreover, the induced relation < is a quasiorder on A, and the following relationships are satisfied:

(i) x <

(ii) x <y *xx,
(i) x % ((cxy) % y) = 1,
(iv) 1 < x implies x = 1,
V) y*z< (x*y) * (xxz2),
(vi) x <y impliesy xz < x * z,
(vii) x * (y * z) <y * (x * 2),

)

(viii) x * y < (y * 2) * (x * 2).

3. On Ideals of Implication Groupoids

In this section, we study some properties of ideals in a distributive implication groupoid
and give the smallest ideal containing a subset of a distributive implication groupoid. We
characterize ideals in terms of upper sets.

Definition 3.1 (see [2]). Let o# = (A, *,1) be an implication groupoid. A subset I C A is called
an ideal of o if

(Il)1el,
(I2)yx€A,yelimplyx*yel,
(I3) x € A, y1,y2 € Iimply (y2 * (y1 * x)) *x € I.

Remark 3.2. 1f I is an ideal of an implication groupoid & = (A,*,1) and a € I, x € A, then
(axx)*xx€el.

Definition 3.3 (see [2]). Let & = (A, *,1) be an implication groupoid. A subset D C A is called
a deductive system of < if

(D1)1 €D,
(D2) xe Dand x*y € D imply y € D.
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Lemma 3.4 (see [2]). Let & be an implication groupoid. Then every ideal of A4 is a deductive system
of A.

Converse of the above lemma does not hold in general.

Example 3.5. From Example 2.2, we can see that {1, a} is its deductive system which is not an
ideal sinceb*xa=b ¢ {1,a}.

Theorem 3.6 (see [2]). A nonempty subset I of a distributive implication groupoid <4 is an ideal if
and only if it is a deductive system of A.

For any x1,xy,...,x,, a € A, we define
n
Hxl*a=xn*(~-*(x1*a)'u). (3.1)
i=1
Lemma 3.7. Let A be a distributive implication groupoid and x,y,z € A such that x < y. Then

zxx < zZ*Y.

Proof. Letx,y,z€ Aand x <y. Then x*y = 1and hence (z*x) *(zxy) = z* (x*y) = z*1 = 1.
Therefore z x x < z x y. O

Lemma 3.8. Let A be a distributive implication groupoid and x,y € A such that x x y = 1. Then for
all ay, ay,...,a, € A, [T ai x x = 1 implies [ jai xy = 1.

Proof. We have x x y = 1; that is, x < y, and from Lemma 3.7, we can see that
n n
1= Hai * x < Hai * . (3.2)
i=1 i=1

Therefore, from Lemma 2.6(iv), [T a; xy = 1. O
We denote the set of all ideals of A by 9(A). Itis obvious that {1}, A € D(A).

Example 3.9. From Example 2.2, we can see that D(A) = {{1}, A}.

Example 3.10. From Example 2.5, we can see that D(A) = {{1},{1,a,d}, {1,b,c}, A}.

Example 3.11. Let A = {1,a,b,c,d} in which * is defined by

x|1|la|blc|d
1|1|a|b|c|d
alal|llc|d|d

3.3
blalal|l|c|c (33)
clalala|l|c
dlalalalal|l

Then (A, *,1) is an implication groupoid. We can see that (A) = {{1}, {1,a},{1,a,c,d}, A}.
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The following theorem is straightforward.
Theorem 3.12. If I; (i € A) are ideals of an implication groupoid A, then (\;cx 1; is an ideal of A.

Note 1. In an implication groupoid, union of two ideals need not be an ideal. From
Example 2.3, we can see that I = {1,a} and J = {1,b} are ideals of Abut IU J = {1, a,b}
is not an ideal of A.

The following is a characterization of ideals

Theorem 3.13. Let I be a subset of a distributive implication groupoid A containing 1. Then I €
J(A) if and only if forany a,b € I and x € A, ax (b * x) = 1 implies x € I.

Proof. Let I € J(A). Assume a,b € I and x € A such that a * (b * x) = 1. Since I is an ideal
of A, we have a * (b * x) € I. Since every ideal of A is deductive system, by applying (D2)
twice, we conclude that x € I. Conversely, assume that the condition holds. Since ideals and
deductive systems coincide in distributive implication groupoid, it is enough to show that I
satisfies (D1) and (D2). Since 1 € I, the condition (D1) holds. Suppose x € I and x * a € I.
Then x* ((x*a)*a) = (x*(xxa))*x(x*xa) = ((xxx)*(x*a))*(xxa)=(1*(xxa))*(x*a) =
(x* a) * (x x a) = 1. Therefore x * ((x * a) *x a) € [ and hence a € I. Thus I € D(A). O

Corollary 3.14. Let I be a subset of a distributive implication groupoid A containing 1. Then I €
O(A) if and only if for any ai, ay, ..., a, € Land x € A, T ai * x = 1 implies x € I.

Definition 3.15. For every subset X C A, the smallest ideal of A which contains X, that is, the
intersection of all ideals I 2 X, is said to be the ideal generated by X, and will be denoted by
(X]. Obviously, (9] = {1}.

Lemma 3.16. Let A be a distributive implication groupoid and x,y,z € A. Then x x (y * z) = 1 if
and only if y * (x * z) = 1.

Proof. Letx* (y*z) =1. Theny* (x* (y*z)) =y*1=1and hence (y*x) * (y * (y *z)) = 1.
Therefore (y * x) * (y * z) = 1. Thus y * (x * z) = 1. Similarly, we can prove the converse. [

Theorem 3.17. Let A be a distributive implication groupoid and X (# @) C A. Then

n
X] = {xeA cx=1or Hai*x: 1 for some aj,ay,...,an EX}. (3.4)
i=1

Proof. Let I = {x € A: x =1or [[a; *x =1 for some aj,a,...a, € X}.Sinceaxa =1
for all a € X, we obtain X C I. Obviously 1 € I. Let x * y € I and x € I. To prove y € I,
we will consider three cases. Case 1: x = 1. Theny = 1*y € I. Case 2: x x y = 1 and
x#1. Since x € I and x#1, we conclude that [ ;a; * x = 1 for some ay,a,...,a, € X.
From Lemma 3.8, [T\ a; * y = 1. Therefore y € I. Case 3: x * y#1 and x # 1. Then there are
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ai, az,...,an,b1,by,..., by € X such that [T/ a; * (x*y) = 1 and H;’ilbj * x = 1. Applying
Lemma 3.16, we deduce that x < [T, a; * y and by Lemma 3.7, we see that

1= Im_ij *x < Im_ij * (ﬁai * y). (3.5)

By Lemma 2.6(iv), [T%;b; * (ITi14: * y) = 1. Hence I is an ideal of A.

Suppose that U is any ideal of A containing X. Let x € I. If x = 1, then obviously
x € U. Assume that x#1. Then there are ajy, ay,...,a, € X such that [];a; * x = 1. Since
X ¢ U, it follows that ay, ay, ..., a, € U. Therefore x € U by Corollary 3.14. Thus I € U and
hence I = (X]. O

Let I1, I, € O(A); we define the meet of I; and I, (denoted by 1 AL)) by 1 Al = 1N,
and the join of I and I, (denoted by I; V I) by I V I, = (I; U I]. We note that (O(A), A, V) is
a lattice.

Theorem 3.18. (J(A), A, V) is a complete lattice.

Let A be a distributive implication groupoid. For any x,y € A, consider a set
Alx)={zeAlx*xz=1}, Alxy)={zeAlxx*(y*z)=1}. (3.6)

The set A(x) (resp., A(x,y)) is called an upper set of x (resp., of x and y). Obviously, 1,x €
A(x) and 1,x,y € A(x,y). We know that A(1) = {1} is always an ideal of A. But the sets
A(x) and A(x,y) need not be ideals of A in an implication groupoid, since A(a) = {a} and
A(a,1) = {a} are not ideals of A in Example 2.2. The following lemma can be proved easily.

Lemma 3.19. If A is an implication groupoid, then A(u) = A(u, 1).

Theorem 3.20. If A is a distributive implication groupoid, then, for any x,y € A, the set A(x,y) is
an ideal of A.

Proof. Let A be a distributive implication groupoid. Clearly 1 € A(x,y). Let r € A(x,y) and
r+xs€ A(x,y). Thenx* (y*r) =land x * (y * (r xs)) = 1. Now x * (y * (r * s)) = 1 implies
that (x * (y * 7)) * (x * (y * s)) = 1 which gives x * (y * s) = 1. Therefore s € A(x,y). Hence
A(x,y) is an ideal of A. O

Corollary 3.21. Let A be a distributive implication groupoid. Then for any x € A, the set A(x) is an
ideal of A.

Lemma 3.22. If A is a distributive implication groupoid, then A(x) C A(x,y) forany x,y € A.

Theorem 3.23. Let A be a distributive implication groupoid and a € A. Then the following are
equivalent:

(i) a< x forany x € A,
(i) A = A(a),
(iii) A = A(a, x) = A(x, a) forany x € A.
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Proof. (i) & (ii): straightforward.
(ii) = (iii): by Lemma 3.22, A = A(a) C A(a,x) C A.
(iii) = (ii): A = A(a, 1) = A(a). O

Theorem 3.24. Let A be a distributive implication groupoid and a € A. Then A(a) = (\pea A(a, b).

Proof. By Lemma 3.22, A(a) C A(a,b) for any a,b € A. Therefore A(a) C \pes A(a,b). If
€ € pea Ala,b), thenc € A(a,b) forallbe Aandsoc € A(a,1). Hencel =ax* (1xc) =axc,
which proves ¢ € A(a). This means that (,c4 A(a,b) C A(a). O

Corollary 3.25. Let A be a distributive implication groupoid. Then for any a € A, A(a) = A(a, 1) =
MNeea Ala,b).

Theorem 3.26. Let A be a distributive implication groupoid. Then A(a,b) = A(b, a) for any a,b €
A.

Proof. It follows from Lemma 3.16. O
The following is a characterization of ideals.

Theorem 3.27. Let I be a nonempty subset of a distributive implication groupoid A. Then I is an
ideal of A if and only if A(a,b) C I forall a,b € 1.

Proof. Let I be anideal of Aand a,b e I.If c € A(a,b), thena* (bxc) € I and so z € I. Hence
A(a,b) C I. Conversely, assume that A(a,b) C I for all a,b € I. Note that 1 € A(a,b) C I. Let
x€land x*y € I.Since (x *y) * (x*y) =1, wehave y € A(x * y,x) C I. We conclude that I
is an ideal of A. O

Corollary 3.28. Let A be a distributive implication groupoid. If I is an ideal of A, then A(a) C I for
any a € L.

The converse of the above corollary need not be true in general. Consider the following
example.

Example 3.29. Let A ={1,a,b,c,d, e, f,g} in which * is defined by

x|a|blc|d|e|f|g]|l
all|1|1 1/1(1]1
bic|l|c|g|l|l|g]|1
clflfFIT[fFalfIT]T
diclelc|l|e|l1]1]1 (3.7)
elalf|fld|l|f|g|1
flclelc|gle|l|g]|l
glalblc|fle|f|1]|1
lla|b|c|d|e|f|g]|1
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Then (A,*,1) is a distributive implication groupoid. Here I = {1,b,e, f,g} contains
A(1), A(b), A(e), A(f), A(g) but I is not an ideal of A.

Theorem 3.30. Let A be a distributive implication groupoid and x,y € A. Then y € A(x) if and
only if A(x) = A(x,y).

Proof. Assume that y € A(x). Then x * y = 1. We know that A(x) C A(x,y). For any z €
A(x,y),wehavel = xx(y*z) = (x*y)*(x*z) = x*zand so z € A(x). Hence A(x) = A(x, y).
Conversely, if A(x) = A(x,y), theny € A(x,y) = A(x). O

Theorem 3.31. Let A be a distributive implication groupoid and x,y € A. Then x < y if and only if
Aly) € A(x).

Proof. Letx <y.Thenx*y =1.Forany z € A(y), wehavey*z =1 Alsox*z=1x* (xxz) =
(x*xy)*(x*xz) =x*x(y*z) =x*x1=1and so z € A(x). Hence A(y) C A(x). Conversely, if
A(y) € A(x), then y € A(x) and hence x < y. O

Corollary 3.32. Let A be a distributive implication groupoid and x,y € A. Then x < yand y < x if
and only if A(x) = A(y).

Example 3.33. Let A = {1,a,b, c} be a set with the following table:

(3.8)

Q

O Y Y Y Y
—_

(ol I B S S o
Ju

Then (A, *,1) is a distributive implication groupoid. We can see that a < ¢, c < a and A(a) =
A(c) ={1,a,c}.

Theorem 3.34. Let I be an ideal of A. Then I =, 1 A(x, y).

Proof. We know that A(x,y) C I for all x,y € I. Therefore U, ,e; A(x,y) € I. Let z € I. Then
z € A(Z) = A(Z, 1) < Ux,yGI A(x/ ]/) Then I ¢ Ux,yEI A(.X, ]/) O

Corollary 3.35. If I is an ideal of A, I = J,¢; A(x,1).
Finally we conclude this paper with the following theorem.
Theorem 3.36. Let I be an ideal of A. Then I = J,¢; A(x).

Proof. Since A(x,1) = A(x), we have, by Corollary 3.35, I = J,c; A(x). O
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