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In this paper we consider a Cauchy problem in which is present an evolu-
tion inclusion driven by the Fréchet subdifferential d ~ f of a function
f: Q->RU{+ o0} (2 is an open subset of a real separable Hilbert space)
having a @-monotone . subdifferential of order two and a perturbation
F: IxQ—P, (H) with nonempty, closed and convex values.

First we show that the Cauchy problem has a nonempty solution set
which is an Rg-set in C(I, H), in particular, compact and acyclic. More-
over, we obtain a Kneser-type theorem. In addition, we establish a contin-
uity result about the solution-multifunction z—S(z). We also produce a
continuous selector for the multifunction z—S(z). As an application of
this result, we obtain the existence of solutions for a periodic problem.
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1. Introduction

The topological property that the solution set of a differential equation is an Rg-set
in C(I,R™), I =[0,T), (in particular, nonempty, compact and connected) has been
an object of investigation by many authors. It is known that the solution set of the
Cauchy problem

z'(t) = f(t,z(t)) a.e. on I, z(0) =z,
where f(-,-) is a bounded, continuous function on I xR", is an Rgset (see [2]).
This result was extended recently to differential inclusions by C.J. Himmelberg-F.S.
Van Vleck (cf. [13]) for autonomous systems and by F.S. DeBlasi-J. Myjak (cf. [10])

for non-autonomous systems. In a recent paper, N.S. Papageorgiou and F. Papalini
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[18] established that the solution set of an evolution inclusion, driven by a time-
dependent subdifferential dp(t,z) and by a convex valued perturbation term F(t,x)
satisfying a continuity hypothesis in the z-variable, is R; in C(I,H), where H is a
separable Hilbert space.

The purpose of this paper is to study the mentioned topological property of the
following Cauchy problem for evolution inclusion:

'€ —07 f(z)+ F(t,z), a.e. on I,

1

z(0) = 2y, z, € dom(f), M
where 0~ f is the Fréchet subdifferential of a function f:Q—RU{+ oo} (Q is an
open subset of a real separable Hilbert space) having a ¢-monotone subdifferential of
order two, while F:I1xQ—P, (H) is a multifunction with nonempty, closed and
convex values. About the problem (1), the recent existence theorems obtained in [19]
and in [6] are known. In [19], Papalini also proves that the solution set for the
problem (1) is path-connected. But, we want to observe that a path-connected set
need not be an R set.

In this note, we first prove two existence theorems (cf. Theorem 1 and Theorem 2)
for the problem (1). Moreover, in Section 3, we obtain that the solution set S(z) is
a R (cf. Theorem 3) if “f” is a function with the properties:

(1)  f has a p-monotone subdifferential of order two;

(1)  Ir >0 such that clB(xy,r)CQ and the set L(c)= {z € CliB(zgr):

Lz || 2+ f(z) < c} is compact in H, Ve € R,
(#4) Tk ,7 > 0 such that f(z) <k, Ve € dom(f) N B(z,,T );
(tv) 3N >0 and 7 >0 such that [[grad” f(z)|| <N, Vze€dom(d~ f)N
B(zg,r').
and F: T x Q—»PfC(H) is a multifunction such that

(j) VzeQ, t—F(t,z) is measurable;

(43)" Vtel, z—F(t,z)is (us.c.),, on &

(jjj) v € L*(I,R*): || F(t,z)|| =sup{||z]||:z € F(t,2)} <(t), ae in I,

Vz € Q.
As an immediate consequence of Theorem 3, we deduce a Kneser-type theorem (cf.
Corollary 1). In addition, if F:IxQ—P (H) is a multifunction satisfying conditions
(), (777) and the following hypothesis:
(jj) forae. t€l, GrF(t, -) is sequentially closed in Qx H,, (here H,, stands for
the Hilbert space H equipped with the weak topology),
we establish a continuity result about the solution-multifunction z—S(z) (cf. Theor-
em 4). Moreover, in order to generate a continuous selector for this solution-multi-
function, we are forced to strengthen the hypothesis (j;) on the orientor field “F” (cf.
Theorem 5) with the following condition:

(j5) 3K € LMI,RY):h(F(t,2),F(t,y)) <k(t)||z—y]||, ae. in I, Va,y € Q.

Finally, we present an application of these results in the study of the existence of
periodic solutions for a class of evolution inclusions involving the Fréchet subdifferen-
tial.

We want to observe that the class of proper, convex and lower semicontinuous
functions is included in the class of lower semicontinuous functions with a (-mono-
tone subdifferential of order two (cf. [19]).



n

Structure of the Solution Set of Evolution Inclusions 53

Therefore, we can say that our theorems extend the similar results obtained in

[18].

2. Mathematical Preliminaries

Let X be a separable Banach space. We will be using the following notations:
Py c)(X) = {A C X: A nonempty, closed ( and convex)},
If ((Q, ¥) is a measurable space, a multifunction F:Q—P ((X) is said to be measur-
able, if for all z € X, the function w—d(z, F(w)) = inf{ ||z — z || : 2 € F(w)} is measur-
able. If F(-) is measurable, then GrF = {(w,z) € @x X:z € F(w)} € ¥ x B(X), with
B(X) being the Borel o-field of X (graph measurability), while the converse is true if
we assume that there exists a complete, o-finite measure p defined on X. By S
(1 < p <o) we will denote the set of all measurable selectors of F(-) that belong in
the Lebesgue-Bochner space LP(Q, X); i.e., Sk = {f € LP(Q, X): f(w) € F(w) p-a.e.}.
In general, this set may be empty. It is easy to check using Aumann’s selection theo-
rem (cf. [21], Theorem 5.10), that for a graph measurable multifunction F:Q—2%{0},
S% is nonempty if and only if the function w—inf{||z||:z € F(w)} belongs to
LP(Q,RT). Recall that a subset K of LP(Q, X ) is decomposable if for every triple
(f,9,A) € Kx K xX, we have fx,+ 9X 4c € K, where x 4 denotes the characteristic
function of the set A. Clearly, SE is decomposable.

A subset A of X is said to be an absolute retract if, given any metric space ¥ and
a closed B CY and a continuous function f: B—A, there exists a continuous exten-
sion f:Y—A of f. Then A is said to be a Rgset if A= () A, for a decreasing se-
quence of compact absolute retracts A,, of X (cf. [15]). neN

Moreover, if (A,,),, are nonempty subsets of X, we define

zii_TmAn ={reX:3(z,),z, €A, Vn>l:ix =5 ;_lér_{loomn}
and .
lrL;-—l-»lTooAn ={z € X:3(z), x, € Ank,‘v’k >liz=w ;ilr_l{looxk},

(here w-denotes the weak topology). We say that A, ’s converge to A in the

Kuratowski-Mosco sense (denoted by A, ,—A) if and only if s-lim A, = w-lim A,
n— + oo n— 4 0o

Suppose T' is a topological space. A multifunction F:T—P(X) is said to be upper
semicontinuous, (u.s.c.),, if for C' C X nonempty closed, we have that F = (C) = {z €
X:F(z)NC #0} is closed in X. Also F is lower semicontinuous, (ls.c.),, if
Ft(C)={x € X:F(z) CC} is closed in X. This definition of (L.s.c.), is equivalent
to saying that if ¢,—t in T then F(t)=slim F(t,)={reX:
lip_d(a,F(1,)) = 0) ne

Recall that on P(X) we can define a generalized metric, known in the literature
as the “Hausdorff metric”, by setting for A, B € P (X)),

h(A, B) = max{sup{d(a, B):a € A},sup{d(b, A):b € B}}
(where d(a,B) =1inf{||a—b]|:b € B}, similarly for d(b,A4)). A multifunction

F: T— P,(X) is said to be Hausdorff continuous (H-continuous) if it is continuous
from T into the metric space (Pf(X),h). Moreover, F' is said to be Hausdorff upper
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semicontinuous, (u.s.c.),., if for every ¢t € T and for all € > 0, there exists 6 > 0 such
that |t —t'| < 6=F(t') C F(t)+ eBy, where By is the unit ball in X.

Let I =[0,T] be furnished with the o-finite and complete Lebesgue measure, H a
(real) separable Hilbert space, € is an open subset of H and a function
f: @—=RU {+ oo}, the multifunction 8 ~ f: Q-——»QH, defined as follows

o o) 0, if f(z) = + oo,
- {aeH:li!gggff(y)_f(x)‘<a’y‘$>20}, if f(z) < + o0,

ly—=Il

where z is a fixed element of €2, is called the Fréchet subdifferential of f. The sets
dom(f)={x e f(z)< +o0} and dom(d~ f)={x €0~ f(z) #0} are the
domains of f and 07 f respectively. For every z € dom(0~ f), we denote by
grad ~ f(z) the element of minimal norm of = f(z). Recall that the values of 9~ f
are closed and convex.

If f:Q—RU{+ o0} is a lower semicontinuous function, we say that f has a ¢-

monotone subdifferential of order two if there exists a continuous map
¢:[dom(f)]?x R?>->R* such that

for every z,y € dom(0~ f) and for every o € 9~ f(z) and B € 8~ f(y), (2.1)

we have (@ — f,2—y) > —o(z,y,f(2), f(¥)(1+ ||« || 2+ [| B D) [z —y || %
In the following, we consider the multivalued Cauchy problem:

z'(t)e — 07 f(x(t F(t, z(1)), a.e. on I,
{ (t) € =07 F(a(t) + F(t,2(1)) "

z(0) = x,, z, € dom(f).

By a “strong solution” of (1), we mean a function z € C(I,{) such that z(-) is
absolutely continuous on any compact subset of (0,7") and with the property

(1)  =z(t) € dom(f), a.e. on I;

(2) 3k € L%(I,H) such that

h(t) € F(t,z(t)) and z'(t) € — 0~ f(z(t)) + h(t) a.e. on I;

(3)  z(0) = x,.

Recall that an absolutely continuous function z:[0,T]—H is differentiable almost
everywhere (see [3], Theorem 2.1) and so in problem (1) the derivative z'(-) is a
strong derivative.

We make the following hypothesis on the function f:

H(f)y: [f:Q—=RU{+ o0} is a function with the properties:
(%) f has a p-monotone subdifferential of order two;
(¥1) 3 > 0 such that cIB(zg,r) C Q and the set L(c) = {z € clB(zg,r):
[l I 24 f(z)<c}is compact in H, Vc € R,
(t17)  Fk,7 >0 such that f(z) <k, Ve € dom(f) N B(zy,T );

(7v) 3N >0 and ' > 0 such that || grad ™ f(z)|| < N,
Ve € dom(0~ f)N B(zg,r').
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Moreover, we will need the following hypothesis on the orientor field F:
H(F)y: F:1xQ—Py (H)is a multifunction such that
(j) Vee Q t—F(t,z) is measurable;
(jj) for ae. tel, GrF(t,-) is sequentially closed in Qx H, (here H
stands for the Hilbert space H equipped with the weak topology);
(337) Fv € (I, R* )i || F(t,o) || =sup{ || 2| :2 € F(t,2)} < 7(t),
a.e.in I, Vr € Q.
H(F);: F:IxQ—Py(H) is a multifunction with properties (j), (jjj) and the
following hypothesis
(jj) 3K € LMI,R*): h(F(t,z),F(t,y)) < k(t) ||z —y]||, ae. in
I, Vz,y € Q.
H(F)y: FIx Q—>Pfc(H) is a multifunction with properties (j), (jjJj) and the
following hypothesis
- (45)" Vtel, z—F(t,z)is (us.c.),, on Q.
H(F)s: FIXQ—>Pf(H) is a multifunction with property (jjj) and the following
hypotheses:
(7)"  (t,z)—F(t,x) has measurable graph,
(79)" Vtel, z—F(t,z)is (ls.c.), on Q.
First, if o
k = max{ || v || 2)k h (2.2)

we observe that from our hypotheses on f, it is possible go find the following positive
numbers:

37 >0 such that f(x) > f(x,) — 1, Vz € clB(x,7 ), (2.3)
Ir* > 0 such that ¢ is bounded in the set

{elB(zg,r*)? Ndom(f)2} x [ () — 1,k + k*/2]; (24)
so, we put
R* = min{r,7 ,r*,7,r'} (2.5)

(cf. H(f), (2.3) and (2.4)). Now, we take the following version of Theorem 3.6 of
Tosques (cf. [20], p. 82) into account:

Proposition 1: Let f:Q—RU{+ oo} be a function with a p-monotone subdifferen-
tial of order two. Then, Vo € dom(f), VM >0 3T >0, 37 > 0 with the property:

Vu € clB(zy, ) N dom(f) with f(u) < M,

VT* >0 and Yhe L([0, T*|,H) with ||h||, < M, there exists a unique function
uy: [0, Tl—dom(f), where T = min{T* ,T'}, that is a strong solution of the Cauchy

problem
e -0 f(z)+h
(Pu)h
z(0) = u,
with the properties R
() uy, € HYV2([0,T), H) s _continuous on [0,T] and absolutely continuous on the

compact subsets of (0,T);
(17)  up(t) € dom(0~ f) and up(t) € — 0~ f(uy(t)) + h(t) a.e. in [0, T);



56 TIZIANA CARDINALI

(1i1)  up(0) =u;
(iv) up, € Lz([O’T]’H);

) SEllup(s) [ %ds <2(f(w) = (f oup)(t) + [§ 1 A(s) || *ds, Ve € [0,T];
(vi)  fouy is absolutely continuous on [O,T]; R

(vid)  (f ouy)'(t) = (A(t) — up(t), up(t)) a.e. an [0,T];

(viit) (F oup)(ty) = (F o)) = [ {orad™ F(up(t),uh(D)dt, ¥y, 1, € [0, 7).

Remark 1: In [20], the author observed that, if hy,hy, € L%([0,T], H) and u,,u, are
strong solutions of u,€ —07~ f(u)+h; (i =1,2 respectively) on [0,7], then Vi,
t €[0,T] with t; <t we have

()  lug(t) —ua(®) || < ([l ug(to) —ua(to) Il + fﬁo Il hy(s) = ho(s) || ds)

t
-exp/ o (uy(5), ug(s), (f 0 uy)(5), (f 0 ug)(8))(1 + || uy(s) —hy(s) || 2
t
0

+ || uy(s) = hy(s) || 2)ds (where we put 0.00 = co).
Fixed z, € dom(f), k as in (2.2) and T* = T, we can say that there exist
T =T(zg,k) >0 and p = p(zg,k) > 0

such that VYu € clB(zy,p)Ndom(f) with f(u) <k, and Vh e L%[0,T],H) with

|| A || 3 <k, there exists a unique function u: [O,j\"]—>dom(f), where T = min{T, T},
that is a strong solution of the Cauchy problem (P,), with the properties (7)-(viii) of
Proposition 1.

Therefore, if we fix (cf. (2.5))

R = min{ p, &7}, 2.7)
we can say that, Yu € cIB(zy, R) Ndom(f) and Vh € L2([0,T],H) with || k]|, <k,
there exists a unique strong solution of the problem (P,),, with the properties
mentioned in Proposition 1 and, moreover, we have that the following conditions are
satisfied:

f(z) > f(xy) — 1, Vz € clB(xy,2R) Ndom(f), (2.8)
L(c) = {z € cIB(zq,2R): || z || >+ f(z) < ¢} is compact in H, Ve € R,  (2.9)

L = sup{p(zy,9,Y1,Ys): &1, 24 € clB(zy,2R) Ndom(f),

(2.10)
Y1 Yo € [f(.’L‘O) - 17k + k2/2]}’
f(x) <k, Vze€clB(zy R)Ndom(f), (2.11)
|| grad = f(z) || <N, V& € clB(zy,2R)Ndom(d ™ f), (2.12)

(where p:[dom(f)]*x R2Z—R ' is the mentioned continuous map that verifies (2.1)).



Structure of the Solution Set of Evolution Inclusions o7

2
Now, we choose T’ such that T'= R 5 and we define Ty =
N 2(k+1 - f(zg)) + &
min{T,T'}. Then we can consider the solution of the problem (P,),, Yue€
clB(zy, R) Ndom(f), defined in [0,T] (cf. H(f)).

Next let V' be the following set:
V = {he 130, T}, H): || A1) || < (1) acc. in [0,T,]} (2.13)

and, Vu € clB(xz,, R) Ndom(f), we consider the function:

5,:V—C([0,T,],Q)
(2.14)
h—s,(h) = up

where u, is the unique solution of the problem (P,),.

3. Topological Structure of the Solution Set

In order to prove the nonemptiness and the topological structure of the solution set
S(xy) CC(1,9) of (1), we will need some auxiliary results. The first is an approxima-
tion lemma which can be proved as Lemma 1 of [9] with some appropriate
modifications (here the multifunction is defined in I x €2, where 2 is an open subset of
the Hilbert space H).

Lemma 1: Let F: I xQ——»PfC(H) be a multifunction satisfying the hypothesis
H(F),, then there exists a sequence of multifunction Fn:IxQ—anC(H), n>1, with
the properties:

(1)  VYn>1 and Yz € Q there exist k() >0 and ¢, =€, (x) >0 such that if
Ty,%y € CIB(x?En) = {y € “ -y ” < En}’ then h(Fn(t’ml)’Fn(t’a:Z)) <
k,(z)y(t)|| zy — x5 ||, a.e. on I (i.e., a.e. on I, F (t,-) is locally h-Lip-
schitz);

(i) F(t,x)C...CF (t,z)CF,  ((t,z)C..., Y(t,z) € I xQ;

(7ie) || F,(t,z)|| <7(t) a.e.in I, V2 € Q;

(iv) F,(t,x)—F(t,z) as n—oo for every (t,z) € I xQ

and finally there exist maps u,: I xQ—H, n > 1, measurable in I, locally-Lipschitz in
x (as F (t,-)) and u,(t,z) € F,(t,x) for every (t,z) € I xQ.

Now, we prove the following result concerning the solution map p:(u,h)—p(u,h),
where p(u,h) is the unique strong solution of the above Cauchy problem (P,);.

Lemma 2: If hypothesis H(f) holds and R is the positive number defined in (2.7),
then the solution map p:[cIB(xy, R) N dom(f)]xV—C([0,T,],Q) is sequentially con-
tinuous by considering on Lz([O,TO],H) the weak topology.

Proof: First, we will show that if u € c/B(z,, R) Ndom(f), then Vh € V, we have
(cf. (2.13))

p(u, h)(t) = up(t) € clB(u, R), Yt € [0,T]. (3.1)

Indeed, if t € [0, 7], from (v) of Proposition 1, it follows

¢ t 1/2
lut) =l < | uu;xs)ndssﬁ( / Iqu(s)lVds)
0

0 (3.2)
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< VAU2(f(w)) = Flup(t)]+ k)2,

where k is defined as in (2.2).

Let T =sup{t € [0,Ty]: || up(s) —u|| <R, Vs €[0,t]}, by the continuity of u, we
have that T > 0. Therefore, to obtain (3.1) it is sufficient to prove that T' =T,
~ 2
Indeed, if T < T, by (2.14), (2.8) and by recalling that T R , it

o by (2:14), (25) and by recalling that. T < oy
follows that || up(T) —ul| < /To[2(k+1 - f(zo)) + k112 < R.
But this inequality, being u; continuous in T', contradicts the definition of T.
Now, by (3.1) and by (ii) of Proposition 1, we deduce that w,(t) € cIB(zy,2R) N
dom(f), and therefore, by using (2.8), (3.2) and (2.11), we obtain that

fup(t)) € [f(zo) — 1, M,],Vt €[0,Tp), VRV, (3.3)

2
where M, =k +k7.
Moreover, using (3.1), we claim that s (V) (cf. (2.14)) is a subset of the closed and
convex set

(= {z € C([0,Ty),Q):2(t) € clB(u, R),Vt € [0, T,]}. (3.4)

Next, we are able to prove that p is sequentially continuous by considering on
L¥([o, To] H) the weak topology. Indeed, we consider a sequence (u,,h,), C
[c!B(zg, R)Ndom(f)]xV such that (u,), converges to u in H (where ue€
clB(zy, R) Ndom(f)) and (h,,), weakly converges to h in L*([0,T,], H). In order to
prove that p(u,,h,) converges to p(u,h) in C([0,T],Q), we set z, = p(u,,h,),
Vn€ N, and z = p(u, h). Taking Remark 1 into account, we have

t
l2,(t) —z(@) | < (1] 2,(0) —2(0) | +/ Il hn(s) = h(s) || ds) 655)
0 .

t

exp / (@ (5),2(5), (f 0 2,)(5), (f 0 2)(5))

0
(U lzp(s) = ha(s) (121 [2(s) = h(s) [ 2)ds

and so, being z_(t), z(t) € B(zy,2R) Ndom(d ~ f), from (vii), (viii) and (2.12), we
can say that

lzn@ 1] < llgrad ™ f(z, (D) || + | ho(t) | <N +5(t), ae. in [0,To],  (3.6)
Izl < llgrad ™ fz@) || + [[A@) | <N +7(t), ae. on [0,Tg].  (3.6)

Then, we have
| 2(8) = h(t) [| 2 < N?+ 49%(1) + 4N (1)

and, therefore taking (2.2) and (2.10) into account, we can deduce that
t

exp/ (2 (5),2(5), (F 02 )(5), (F 0 2)())(1 + | 2(s) = hyi(s) || 2

0
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+ || 2'(5) = h(s) || )ds < exp(L(Ty + 2N?Ty + 8k? + 8Nk, /Ty)) = C.
Then, it follows that
2,1l < |2l oo +2C(R+ky/Ty) = My <00, VE€[0,Ty), (3.7)
taking the properties (3.3) and (3.7) into account, we deduce that

(o)}, 51 Sy e H: ||yl|2+f(y) < M+ My = M3} = L(My) (38)
vt €[0,T). .

Also, if s,t € [0,T], s <t, n € N, we have (cf. (3.6))

t
[EXOEENON s/ | ,(T) | dr < \/t—s(N*T + k* + 2Nk /Tq) = M4/t —s

from which we can say that (z,), is equi-H6lder continuous in [0,T,]. Moreover, by
(3.8), we have that {z,()},, 5 is included in the compact set L(Mj), Vt € [0,T].
Thus, by using the Arzela-Ascoli Theorem, it follows that the set {xz_}, - ; is relative-
ly compact in C([0,T,],€2). Therefore, we may assume that, by passing to a sub-
sequence if it is necessary, z,—y in C([0,T,],Q). Finally, applying the lemma of [7],
we have that y = p(u,h), so we can conclude that the solution map p is sequentially
continuous by considering on LZ([O,TO], H), the weak topology.

We also need the following two existence theorems for the problem (1).

Theorem 1: Let Q be an open subset of a (real) separable Hilbert space H,
f: Q> RU{+ oo} be a function satisfying H(f) and F:IxQ—»PfC(H) be a multi-
function satisfying the hypothesis H(F'),, then we can choose Ty >0 and R >0 as in
Remark 1 such that Yu € clB(z,, R) N dom(f) the set S(u) is nonempty and compact
in C([Oa TO]’ Q)

Proof: First, we observe that the set
V = {he L(0,To) H): || h(t) || < (1) ace. in [0,T,]}

is bounded, convex, closed and weakly compact in L2([0,T0],H ). Using analogous
considerations made in the first part of the proof of Lemma 2, we can say:

by which we deduce that w,(t) € cIB(zy,2R) Ndom(f), Vt € [0,T], Vh €V, and so
2
we can write that f(u,(t)) € [f(zy)— 1,k —l—%], VheV,Vtel0,T,].
Now, denoted with
K,={zeC([0,Ty],Q):x(t) € c!B(u, R),Vt € [0, T,]},

we have that K is closed and convex and s,(V)C K,. Moreover, we claim that
5,(V) is relatively compact. Indeed, if u;, € s,(V), taking the property (v) of Proposi-
tion 1 into account, we obtain that
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1
[l uf Il 5 < [2(k +1 = f(zo)) + K712

Therefore, it is possible to write the following inequality
1 1
[l up(t) = up() | 120k +1 = f(zg)) + k22| ¢* — 1|2, ¥t*, £ € [0, T],

from which it is easy to see that s, (V') is uniformly equicontinuous. Moreover, for
every t € [0,T], the set W(t) = {uy(t) € Q:uy, € 5,(V)} is relatively compact in H.
Therefore, from the Arzela-Ascoli Theorem, it follows that s, (V) is relatively com-
pact in C([0, T,], Q).

Now, we want to show that function s, is continuous from V' with the weak topo-
logy on L*([0,T,), H) into K, with the topology of C([0,T], ).

First we observe that, since s,(V) is relatively compact in the space C([0,T],2),
it is sufficient to prove that Gr(s,) is sequentially closed in V xs,(V). Then let
(R ) € Gr(sy), (hyyz,)—(h,z) in L2([0,T]H),, x C([0,T(],Q). By the lemma of
[7] we deduce that x =s,(h). Therefore, the function s, is continuous. Then, by
Mazur’s Theorem we can say that the set M = clconvs, (V) is convex and compact.

2
Now, let L: V—-—>2L (0. Tol H) be the multifunction defined by

_ Q2

It is possible to prove that the multifunction L has nonempty values. To this end
with fixed h, there exists (v,),, where v, is a simple function, such that
v,(t)—s,(R)(t) a.e. in [0,T] as n—oo. Since, for a.e. t€[0,T], GrF(t, ) is
sequentially closed in Q@ x H,, we have that

Wl F(t0,(0)) C F(t,5,(R)(1))

Since for every n > 1, v, () is a simple function and F(-,z) is measurable, we can
easily check that t—F(t,v,(t)) is measurable. Applying Aumann’s selection theorem
we can get a measurable selection g, () of F(-,v,(+)) such that || g,.(¢)| <7(t) a.e.
on [0,T], for n > 1. By passing to a subsequence if necessary, we may assume that
9,,—¢ weakly in L([0,T,], H).
From Theorem 3.1 of [16] we have that g € S%( s (R)(-)) Then we can say that
u

L has nonempty values. Moreover, it is easy to see that for every h € V, we have
L(h) is a closed and convex subset of V. Now, if we consider in V the weak topology,
we claim that L:V,,—P; (V) is (us.c.),. Recalling that V' is compact and metriz-
able, to show the upper semicontinuity of L(-), it is enough to show that GrL is se-
quentially closed in V' x V. To this end, let (h,,, f,.),., (h,, f,) € GrL, with the pro-
perty (h,, f,)—(h,f) in V  xV . Then, for each n > 1, we have s (h,) € M and we
know that M is compact in C([0,T,], H). So by passing to a subsequence if neces-
sary, we may assume that s (h,)—q¢ in C([0,T,],Q). Now taking that h,—h in V
into account, from the proposition of [7], we conclude that ¢ = s (k). Using again
Theorem 3.1 of [16], we have that f(t)€ clconv tg-_)lir_}_looF(t,su(hn)(t)) -

F(t,s,(h)(t)), a.e. on [0,T,]. Therefore, f € S%(. s (B)(-))" Then we can conclude
that (h, f) € GrL. So L is (us.c.), as claimed. T
By the fixed point theorem (see [11]), we obtain there exists h € V such that
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h € L(h). Clearly, u, is the desired solution of the Cauchy problem (1) (satisfying
the mentioned properties of Proposition 1).

From the above proof, we see that the solution set of (1) is a subset of M, which
we know is a compact subset of C([0,7],€2). So to prove the compactness of the
solution set of (1) in C([0,7],Q), it is enough to show that it is closed in
C([0,Ty],Q). So let (z,),, where x_ is the solution of (1) such that z,—z in
C([0,T],©2). We have:

F(1) € =0 Flan(D) + hy(t) ae
:L‘n(O) =1,
with h, € V. By passing to a subsequence if necessary, we may assume that h, —h
weakly in V. Again from the lemma in [7], we deduce that z = s (k). Now, using
Theorem 3.1 of [16], we have that h € S%( o)) Therefore, the solution set S(u) is
compact in C([0, T,], ).

Theorem 2: Let Q be an open subset of a (real) separable Hilbert space H,
f:Q— RU{+oo} be a function satisfying H(f) and F:IxQ—Py(H) be a
multifunction satisfying the hypothesis H(F)s, then we can choose Ty >0 and R >0
as in Remark 1 such that Yu € clB(xy, R)Ndom(f), S(u) is a nonempty subset of
C([0,T,], Q).

Proof: Using analogous considerations made in the first part of the proof of
Theorem 1, we can say that the set

V = (he [0, Tol H): || h(1) | < 7(t) ace. in [0,T,])

is bounded, convex, closed and weakly compact in Lz([O,TO],H). Moreover, if u is
the unique solution of the problem (P,);, we have:

uy(t) € clB(u, R), YVt €[0,T], YheV,
up(t) € clB(zy, 2R)Ndom(f), Vte€[0,T,], VheV,
Fluy(t)) € [f(:co) -1,k +k72], VheV, Vte[0,T,]

and additionally, the set s,(V) is compact in C([0,7,],©2) and the set M =
clconvs, (V) is convex and compact in C([0,T],2). Now, let R:M—»Pf(Ll(H)) be
defined by R(z) ZS},—'(. () Ve € M. From Theorem 4.1 of [16], we have that
R(-)is (Ls.c.);. Since the va?ues of R are nonempty (cf. Theorem 4.1 of [21]), closed
and decomposable, we can apply Fryszkowski’s selection theorem [12] and we get a
continuous function r: M—L!(H) such that r(z) € R(z) for every z € M. Then we
can observe that the function n=s,0r:M—M has a fixed point, i.e. there exists
z € M such that n(z) = . Then z is solution for the following problem

#(t) € =07 f(z) +r(x)
z(0) = u,

and so, being r(z)(t) € F(t,z(t)) a.e. on [0,T], we can conclude that z € S(u).
Moreover, we need to prove the following:
Lemma 3: Let Q be an open subset of a (real) separable Hilbert space H,
[iQ—=RU{+ 00} be a function satisfying H(f), xy € dom(f), and g:I xQ—H be a



62 TIZIANA CARDINALI

function such that:
(@) VzeQ, t—yg(t,x) is measurable in I;
(ea) Fye L} (I,RT): || g(t,z) || <7(t), a-e. on I; Yz € Q,
(eaa) a.e. t €1, w—g(t,z) is locally Lipschitz (i.e., Yz € Q, there exists k(z) > 0
and €, >0 such that if xy,zy € clB(z,e,), then || g(t,z;)—g(t,zy)] <

k(z)y(t) || 2y —zy ||, a.e. on I).
Under these assumptions we can say that Vu € clB(xy, R)N dom(f) the following
Cauchy problem:

S ——8‘f($)+g(t,:c)
(PU)Q{ z(0)=u

has a unique strong solution defined on [0,T).

Proof: Fix u € clB(xy, R)Ndom(f). From (aaca), we deduce that there exists a
Lebesgue null-set M C I such that V¢ € I\M the function z—g(t,z) is locally Lips-
chitz.

Now, we consider the multifunction F:I x Q"‘)ch(H)’ where

{9(t,z)}, (t,z) € (I - M)xQ

F(t,z) = .
{0}, otherwise.

Using Theorem 2, we have that there exists a solution of the problem (P,) g defined
on [0,T,]. Now, we prove that there exists an interval [0,b], where b € ]0,T], such
that the solution of the problem (P,) ¢ is unique in this interval. In fact, if
z,:(0,Ty]—Q and z,:[0,T,] - are two strong solutions of the problem (Pu)g, then
we find two functions 3, and §, with the properties:

B1(t) €07 F(z,(1)), By(t) € 0™ f(ay(1)) ace. on [0, )
Z4(t) € — By (1) + a(t,z,(1)), ace. on [0, T,
z(t) € — By(t) + g(t,2,(t)), ace. on [0,T,].
Therefore, taking H(f)(i) into account, we have
(24(8) = 25(0), 23 (1) — 25(D) = — (By(8) = By(8), 2y (8) — (1))
(gt 24(0)) = gt 25(0)), 2y (8) — (1)
<L (| By 1124 11 850 [12) ] 24(8) = 20 2

+{9(t, 2, (1)) = g(t, 25(1)), 21 (1) — 2y(1))-

(3.10)

Now, using analogous considerations made previously in Lemma 2, we can say
1Bt I” < N? +49%(t) + 4N(1), ae. on [0,T), i = 1,2,

and so, by (3.10), let §(-) = L(1 + 2N +8y%(- )+ 8N~y(-)) € L}([0, Ty}, R t), we get
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t

[ (@6 = a3 (5) - ma(o))ds

0

t

< [ 86} ll(9) = ) ) %o

0
t

+ [ (0021 = 906, 25(6))s 1 (5) — 2o, VEE[O,TGL (1)
0

Now, we can observe that z,(t),z,(t) € cIB(u, R), Vt € [0,T] and, recalling the hypo-
thesis (aaa), we can find k(u) > 0 and €, > 0 such that then || g(¢,y;) — g(¢,y5) || <
k(w)y(t) |l yy —vs9 |+ YY1, Y, € clB(u,€,), a.e. on I. By continuity of functions z;, z,
in the point 0, we can say that there exists b € 0,T',] with the property z,(t),z4(t) €
clB(u,¢,), Vt € [0,b]. Therefore, we deduce that

I 9(ts 2, (1)) = 9(t, zo() || < k(u)y(D) [ 2, (1) =25 (D) ||, VE€[0,0].  (3.12)

Then, by (3.11) and (3.12) we obtain

t
[ 21(8) — z5(t) || * < 2/ [6(s) + k(u)y(s)] | 21 () — 2a(s) || *ds, ¥ € [0,0], (3.13)
0

and thus, using Gronwall’s inequality, we deduce that z; =z, in [0,b]. In order to
prove the uniqueness in the interval [0,7], we set T* = sup{t € [0,T]: z,(s) = z4(s)
Vs €[0,t]}. Clearly, T* >0 and T* =max{t €[0,Ty]:z,(s) = z4(s) Vs €[0,t]}.
Finally, we can show that T* = T\,. In fact, if by contradiction, T* < Ty we can say
that the functions z;:[0,7T,]—=Q and z,:[0,T;]—Q are solutions of the following pro-
blem

z€ —07 f(x)+g(t,2)
e(T*)=7 (where T =z (T") = z,(T")).

Then, thanks to the analogous argument made in order to obtain (3.13), we can show
that there exists o > 0 such that

[EXOREAOIK
t
<2 [ [66)+ Kn ()l 1(5) —2y(s) | %ds VeE[T7,T" +a) (314
T*
Therefore we can deduce that x; =z, in [T™,T* + o], which is absurd by the defini-
tion of T™. Consequently, we have that 7" = T,. Hence the problem (Pu)g has a

unique strong solution defined [0, 7).
Now, we are ready for the result on the topological structure of the solution set

S(xy)-
Theorem 3: Let Q be an open subset of a (real) separable Hilbert space H,
[:Q—>RU{+ 00} be a function satisfying H(f) and F:IxQ—»PfC(H) be a multi-



64 TIZIANA CARDINALI

function satisfying the hypothesis H(F)y, then we can choose Ty >0 as in Remark 1
such that S(xy) is nonempty and it is an Rg-set in C([0,T], ).

Proof: First, by applying Lemma 1, we can choose a sequence of multifunction
(Fo)p Fpil xQ—»PfC(H), n > 1 be as postulated by Lemma 1. For fixed n > 1, we
consider the following multivalued Cauchy problem

z'(t) € —07 f(x(t)) + F,(t,z(t)), a.e. on I,

15

z(0) = z,. (3.15)

Moreover, by Lemma 1, we can see that, for every n € N, there exists a selection u,;:
I xQ—H of the multifunction F', with the properties mentioned in the Lemma 1.
So, using analogous considerations made in the first part of the proof of Lemma 3, we
deduce that the problem, similar to the problem (3.15), which possesses the perturba-
tion wu,, has a solution (cf. Lemma 3). Hence, we can say that the set of solutions
S,(zg) of the problem (3.15) is nonempty. Now, we note that S (zy) Cs, (V)
where V is defined as in (2.13), and s, = p(zg, - ):V—C([0,T), Q). Easﬂy (cf.
Theorem 1), we can observe that the set s, (V) is compact in C([0,T'y],©2). Hence,
in order to prove that S, (z,) is compact, We consider (Zr)my T € Splg), m>1,
and z_,—z in C([0,T,),Q) as m—oo. We have that T = 5y (f ) with f_ €
SF oz () We may assume that f_—f* weakly in L*([0, Tg],H) and f*eV,

being V weakly closed in L%([0,T,],H). Moreover, f*¢ S% (- a(-) In fact,
n y
Lemma 2 provides that mm—>szo(f*) =z in C([0,T,), ), so applying the convergence

theorem (cf. [1]), we have that f*(t) € F, (t,z(t)), a.e. in [0,T]. Thus S, (z,) is
closed, hence compact in C([0, 7], ).

We also claim that, for every n>1, S (z,) is contractible. To check this
property, we consider, given r € [0,T) and z € S, (), the following problem

Z'e —07 f(z)+u,(t,2), a.e. on [r,T],

(3.16)

2(r) = z(r),
where u,, is the mentioned selector of F,. The problem (3.16) has a unique solution.
In fact, by denoting with g :IxQ—H the function defined g, (7,2) =u, (7+r,2)
(=wu,(t,2), VT €[0,T —r], Vz € Q, the problem (3.16) can be rewritten in this way:

2'€ =07 f(z)+ g,(7,2), a.e. on [0,T —r],

(3.16)
2(0) = z(0) = z,.

By Lemma 3, we can deduce that this problem has a unique solution defined in the
interval [0, TO], where T0 =min{T —r,T,T'}. Therefore, since Ty—r < TO, the
problem (3.16)' has a unique solution Z deﬁned in [0,T,—r]. Now setting  (t) =
T(t—r)=2(7), t€[r,Ty] (r €[0,Tq—r]), we have that T :[r,Tj]— is the unique
solution of the problem (3.16) such that

u, (4, % (1)) € F (1,7 (1)), a.e. in [r, T); (8.17)
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Z is continuous on [r,T)] and absolutely continuous on the
compact subsets of ]r, T'y[; (3.18)

¥ (1) € clB(xy,2R), Vi€ [r,T,] (3.19)
(where R is chosen as in Remark 1)
FE @) e [f(xo) ~1k+ ’“72] vVt e r,Ty); (3.20)
1Z ()12 < |lgrad = f@ (t =) || + [[up(t=r,E(t=1)) |
<N +7(t), Vte[r,Ty) (3.21)

Now, we denote with z(r,z)(-) € C([r,T],Q) the unique solution of the problem
(3.16). For r=T, we set z(Tyx)==2. So, we can define the function

h:[0,Ty] x S,(xq)—S,(zy) by

z(t) for0 <t <r
z(r,z)(t) forr <t <T,.

h(r,z)(t) =
Evidently, h(r,z)(0) = z(0) = 5. On the other hand, h(0,z) = 2z(0,z) = z,, with
zy € C([0,T,],9) being the unique solution of

2e -0~ f(z) + un(t,z) a.e. on [O,To]a
2(0) = 2(0) = ;.

Moreover, h(Ty,z) = 2(Ty, z) = .

If we can show that h( -, -) is continuous, we will have established the contractibili-
ty of S,(zg) in C([0,T],Q). To this end, let {(r,,z,,)},, C[0,Ty]xS,(zy), with
(P Tp)—(r,2) in [0,T] x S, (2,). We consider two distinct cases:

Case 1: r_, > r, for every m > 1:

Let
z,.(t) for0<t<r,

R(7 (1) :{

2(7 T ) (1) forr, <t<T,,

we put v, = h(r .,z ). Evidently, v, € S, (z,), m > 1, and so by passing to a sub-
sequence if necessary, ew may assume that v, —v in C([0,7],Q). From the defini-
tion of h(-, -), we see that, for ¢ € [0,7], we have v(t) = z(t). Let y € C([0,T],Q) be
the unique solution of

V(1) € =07 F(y(t)) +un(t, (1)), aue. on [r, Ty,
y(r) = 2(r) (= o(r).

Let N > 1, we can say that there exists mp € N such that for all m >my we
have r_ <ryn. Then, for all m>my we obtain that v, (t)€ —07 f(v,, (1)) +
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u,,(t,v,,(t)) a.e. on [rp, Ty] (where [rp, T(] C [r,,,Tol).- Then, we find two functions
a,, and o with the properties:

a,,(t) €07 f(v,,(1)), at) € 0 f(y(t)), a.e. on [rp, T]
a,,(t) = — v, (t) +u(t,v,,(1), a(t) = —y'(t) +u,(t,v()), a.e. on [rp, Tg].
By (iz) of Remark 1, we deduce
19(t) —va(D) |l

t
<| Ty(rn) =v(ra) |l +/ [l un(s, v(s)) = (8, v,5(5)) || ds
"N

t
exp/ P(Y(8)s0,n(8), (f 0 9)(5), (F 0 v())(L + [l () [| 2+ [ a(s) | *)ds.
N
Now, taking wv,,(t),y(t) € ciB(xy,2R), and f(v, (1)), f(y(t)) €[f(zg)—1,k+ %2]’

Vt € [rp, T,] into account, using analogous considerations made previously in Lemma

2, we have
t

exp/,Nw(y(S),vm(S),(fOy)(S),(f°vm(8)))(1 + la(s) 112+ lap(s) | 2)ds

< exp(LTo(1+2N?) +8k*L + 8N Lk\/T,) = C,

then, we can say that

9(t) = vu(®)
t
<O Ny(rn) =vm(r) |l +/ | uls, v(s)) = up(s,v,0(s)) [ ds |, VT € [rpy, T
N

Applying the limit m—oo, we get that

ly() =v(@ || <Clly(rn) —vlry) Il for t € [ry, Tol.

Note that as N—oo we have y(rp)—z(r) and v(ry)—v(r) = z(r). Since N >1
was arbitrary, we conclude that y(t) = v(t) for t € [r,T,]. Hence v = h(r,z) and so
h(7 s ) —h(r, ) in C([0,T,], Q) as m—oo.

Case 2: r <, for every m>1. Now, for all t€[0,7], there exists a natural
number m such that for all m > m we have r_, > t. Keeping the notation introduced
in the analysis of Case 1, we see that v(t) = z(t) for t € [0,7].

Moreover, the same arguments as in Case 1 give us that

t
ly(1) = v |l SC{IIy(T)—vm(T)II +/ Il un(s,v(5)) = up(s,v() |l dS}

for t € [r,T],

and by applying the limit m—oo, we obtain
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ly(@)—o(@) | <Clly(r)—v(r) || for t €[r,Tg)].

But y(r) = z(r) = v(r). So y(t) = v(t) for t € [r,T,]. Hence, v = h(r,z) and so again
we have h(r,,,z,.)—h(r,z) in C([0,7T],Q) as m—oo.

In general, we can always find a subsequence {r,},, - ; satisfying Case 1 or Case
2. Thus we have proved the continuity of the map A(-, ). So, for every n>1,
S ,(y) is compact and contractible in C([0,7,],€2). To finish the proof we show that
S(xy) = ﬂNS (zg). Clearly S(zg) C ﬂNS (zg). Let z E ﬂ S,.(zy). Then by defini-

n

n e
tion z =s, (h ) with h ESF (ha( =l Ev1dently {h I >1 is bounded in

L2([0 T, H ) So, by passing to a subsequence if necessary, we may assume that
h,,—h weakly in L%([0,T], H). From Theorem 3.1 of [16], we have that

h(t) € conv w;ﬁa F,(t,z(t)) C F(t,2(t)), a.e. on [0,T],

and therefore we can say that h € 5’ «(.))- Finally, by Lemma 2 we conclude that
z = p(zy,h). So z € S(z,) and theref(ore we have S(zg) = (] S,(zy). Using a result
N

of [15], we conclude that S(z) is a Rg-set in C([O,TO],Q).

Being the evolution map “e” defined by e(z,t) = z(t), VY(z,t) € C([0,T,)],Q)x
[0,T,], a continuous function, we have as an immediate consequence of Theorem 3
above, the following Kneser-type theorem for (1).

Corollary 1: If hypotheses H(f) and H(F'), hold, then for every t € [0,T,], the set
R(t) = S(zp)(t) = {x(t):z € S(x()} (the reachable set at time t € I) is compact and
connected in H.

In what follows we obtain, as a consequence of Theorem 1 and Lemma 2, a contin-
uity result about the solution-multifunction zS(z).

Theorem 4: If hypotheses H(f) and H(F), hold, then there exist Ty >0 and
R >0, chosen as in Remark 1, such that the multifunction S:dom(f)N clB(zy, R)—
P(C([0,T),Q)) is (u.s.c.),.

Proof: The set S(x) is nonempty and compact in C([0,7],§2) for every
z € dom(f)NeclB(zy, R) (see, Theorem 1). Now we need to show that given C C
C([0,T(),©)) nonempty and closed the set, S~ (C)={z € dom(f)NclB(zy, R):
S(z)NC # 0} is closed in dom(f)ﬂclB(a:O, R)C Q. To this end, let u, € S~ (C),
n>1. For each n > 1, let z, = p(u,,h,), h, € SF( L)) Since {h,,},, is bounded

in L%([0, T,), H) (cf. hypothesis ( 739, by passing to a subsequence if necessary, we
may assume that h,—h weakly in V C L*([0,7,), H). From Lemma 2 we have that
p(u,, h,)—p(u,h) in C([0,T,],2)). Now let z = p(u,h), from hypothesis H(F")y(jJ)
and (jjj) and Theorem 3.1 (cf. [16]), we have that h € SF( 2(+)) Soz e S(u)nC.

Since u € dom(f)NclB(xy, R), we can conclude that u € S~ (C). Therefore S(-) is
(us.c.),.

Next we will generate a continuous selector for the multifunction z—S(z). For
this we will need the hypothesis H(F"); on the orientor field F.

Theorem 5: If hypotheses H(f) and H(F), hold and the set dom(f) is a closed sub-
set of Q, then, for all n > 0 such that clB(zy,n) C B(xy, R) there exists
u: dom(f)NclB(zg,m) —C([0,T,],Q) a continuous map such that u(€) € S(&) for
every £ € dom(f) N clB(xy,n).

Proof: Let zy(¢)(-) € C([0,T,],©2) be the unique solution of the evolution
equation (cf. Proposition 1)
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' e —07 f(=),
z(0) = € € dom(f) NelB(zy, 7).

Let Ry:dom(f) N clB(zg,n)—P((L'([0,T,], H)) be defined Ry(€) = S ay(€)())

for every € € dom(f)NeclB(xzy,n). Now we can observe, using analogous considera-
tions made in the first part of Lemma 2, that R(-) is h-Lipschitz and, moreover,
that its values are nonempty, closed and decomposable. So we can apply Theorem 3
of [4] and we obtain ry:dom(f) N clB(zg,n)—L*([0,T,),H) a continuous map such
that ry(§) € Ry(€), for every & € dom(f) N clB(zy,n).

Let z,(£)(-) € C([0,T,),Q2) be the unique solution of

'€ =907 f(z) +ro(6),
z(0) = € € dom(f) NelB(zg, 7).

We claim that, for every fixed £ € dom(f) N clB(zg,n), by induction we can gener-

ate two sequences {z,(£)(*)},>0CC([0,T¢), ) and {r (§)(*)},.>0C
L%([0,T,], H) satisfying the following properties: -
(a) =z,(8)(-)€C([0,T,],9) is the unique solution of

z'(t) € =07 f(x(t)) +r, _1(£)(t) ae. in [0,T],
2(0)=¢, Vn 2 1;

(b)  &€—r (&) is continuous from dom(f) N clB(zy,n) into L'([0,T,], H), ¥n > 0;

(¢) r.(€)(t) € F(t,z,(€)()) a.e. on [0,T], for every £ € dom(f) N clB(xzy,n),
Vn > 0;

't(ﬁl) | 72 (E)(t) =7 _ 1 (E)() || < k(1B (1) ae. on [0,Ty), Y > 1,
t
0 —0(s)" 1 n ] n—1
o [ oo} (t)(n ~(1))3 el (k;ﬂki 1) ((S)j 0!

with € > 0 and 6(t) = [ Lk(s)ds.

Our first purpose is to prove that we are able to find the functions z,(£)(-) and
ro(€)(-) satisfying the properties (a)-(d). Evidently the fixed function z;(£)(-) has
the property (a). Moreover, we can define the multifunction

1
Rlzdom(f) N CIB(:L'O, 77)___.)2L ([OvTolyH) as

R,(¢) = {z € S};( S (6)(- ) I 2(t) = o)) | < k(t)B,(t) a.e. on [O’TO]}
for every ¢ € dom(f) N clB(xy,7),

where

t
810 = C [ 2()ds + To§+5), Vi€ 0,7,
0

First, we observe that R (¢) # 0, V¢ € dom(f) NelB(zy,n). In fact, using hypothesis
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H(F)(jj) and the property (:z) of Remark 1, we have

d(rg(§)(1), F(t,2,(£)(2))) < k(t)B,(1), ae. on [0,T¢].
Therefore, we can say that the multifunction I';(§): [O,TO]—>2H, defined by

[()(#) = {ve F(t,z,(E)(1)): [lv—ro()@) || < k(B)B1(D)}, VE € [0, T),

has, for a.e. t € [0,7y], nonempty values and thus, without any loss of generality, we
can assume that I'; has nonempty values. Moreover, I';(£)(-) has measurable graph
and so we are ready to apply theorem of [21] and we can deduce that there exists a
measurable selection 2:[0,7y]—H of the multifunction I';(€)(-). So, we conclude that

z € Ry(§).

On the other hand, with analogous considerations made in order to obtain the
function ry(€)(-), we can get the function r,(£)( ), selection of the multifunction

t=el Ry (€)(t) = {2 € Sh. 4 o).y 112(0) = o) || < k)81 (1)}-

Easily, we can observe that r,(£)(-) also satisfies the properties (b), (¢) and (d).

Now, we suppose that we were able to produce {z.(£)};—o and {ri(£)}c=o
satisfying (a)—(d) above.

Let z, , 1(€)(-) € C([0,T,],2) be the unique solution of

T'e -0~ f(.’L‘) + Tn(é), a.e. [0, TO]
£(0) = € € dom(f) NclB(xqy,7).

Therefore, obviously, this function satisfies the condition (a). As before, we get

I, 4 1(E)(®)

t t
<C [ 1rO@) = ra 1O 15 < [ k)8, (s)ds
0 0
s )
/ s)/ y(r )C’n(a( )( (1;) drds
n n—l
o () [t

t s —o(r n—1
= / C™+ k(s) ( / 7(7)(3(8)(n6l(1;!) dr)ds
0

S O(s)"
+T°(k;12 )/ (s )( )

t — ()" n+1 n
< /C"’+1'y(7')(—0‘(t)—nf(‘—))—d7+To <22k6+1) M_ﬁn—{—l(t)
A k=0
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a.e. in [0,T].
Therefore, using hypothesis H(F),(jj)', we have
d(r(&)(1), F(t, 2, 1 1(E)(1) < k(1) || 2,(E)(8) — 2, 4 1(E)(D) ]

<k(t)B, 4 1(1), a.e. on [0,T].

1
:dom(f) N el B(x, 17)—>2L (0. 7o) H) be the multifunction defined by

(3.23)

Now let R

R, 11(8)
= {Z € S}r( SERMGLE ) | 2(t) = rp(E)(O) | < k()B4 1(2) ace. in [O»To]}-

From (3.23) above, we know that the multifunction T, | ;(¢): [O,TO]—>2H, defined by

L 1O = {ve F(ta, 1(®)): [[v—rn(O)@) || <k(B)B, 1 1()}

is such that T, , 1(€)(t) # 0 a.e. on [0, T].

By modifying the above multifunction on a Lebesgue-null subset of [0,T';], we may
assume without any loss of generality that T, , ;(£)(t) # 0 for every t € [0,T]. Also
from Theorem 3.3 of [17], we know that t—F(t,z, , ((£)(t)) is measurable (hence

graph measurable), while (t,v)—|v—r (&)(t)] — k(t)ﬁn+1(t) =Y 41Ot v) is
clearly jointly measurable. So,

n+1

Ly 11(6) = {(v,1) € GrF (- 2, 4 1(E)(-): 7 4 1(E)(80) <0} € £([0,T] x B(H)

with £([0,T,]) being the Lebesgue o-field of [0, 7).

Applying Aumann’s selection theorem, we get a measurable function % :[0,T(]—H
such that 7 (t) €T, (&), Vte€[0,Ty), so Z €R, (f), for every
€ € dom(f)NclB(zg,n). Moreover, é—R, | 1(€) is (Ls.c.); with decomposable values.
Therefore, applying Theorem 3 of [4] to the multifunction ¢/R, | {(-), we can get a
continuous map T 4 1:dom(f) NelB(zg,n)—L ([0, T), H) such that
Tn1(8) €EclR,, | 1(€), for every &€ dom(f)NclB(zy,n). Hencee r, . (€)(t)€

F(t,z, 1(€)(t)) a.e. on [0,Tg] and ||,  1(E)(t) —r (E)@) | < K(1)B n+1(1) a.e. on
[0,T,]. Thus, by induction, we have produced the two sequences

{zn(f)}n >0 g C([O’ TO]’ Q) and {T’n(é)}n >0 g Lz([o, TO]’ H)
satisfying (a)—(d) above.
Then, using (3.22) we have

Ty Ty

[ Ir©0-ra_©wldacs [ ks,
0 0
To

< [ oI gy T

0

< QT om ) 4 7).
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So, from the above inequality, we deduce that {r (£)}, >, is a Ll([O,TO],H)-
Cauchy sequence, uniformly in £ € dom(f) N clB(xy,n). Also from (a) we have

Il +1(8) —2,(E) |l c([0,Ty) Q) SC|rp41(O=r (&) |l LY((0, Ty}, H)

and, therefore, we can say that {z_(£)}, s o is a Cauchy sequence in C([0,T,],),
uniformly in € € dom(f) N clB(zy,n). -

Let n—oo we have z, , ((§)—z(¢) in C([0,7,],Q), r,(£)—r(§) in LM[0,T,), H)
and both limits are continuous in dom(f)NelB(xzy,n). Now let y(€) € C([0,T,],9)
be the unique solution of the problem

2€ —07 f(z)+r(€) ae. in [0,T]
2(0) = € € dom(f) NelB(zgy, ).

By the property (c), we have r(&)(t) € F(t,z(€)(t)) a.e. As before, we have
t
2O -u W I <C [ lr, (€6 =r(©)s) 1 ds, Ve E[0,T,)
0

by which we deduce that z,(&)—y(¢) in C([0,T],2). Hence we have z(¢) = y(¢),
V¢ € dom(f) NelB(xy,n).
Therefore, the function wu:&—z(€) is the desired selector of the multifunction

§—5(§).

4. An Application: Existence of Periodic Solutions

An immediate consequence of Theorem 5 is the following corollary:

Corollary 2: If hypotheses H(f), H(F'); hold, dom(f) is a closed subset of Q and
if there exists a compact and conver subset of dom(f)NclB(xy,7n) such that
S(K)(Ty) C K, where 1) is fized as in Theorem 5, then there exists a solution z(-) €
C([0,T),Q) for the problem

'€ =07 f(z)+ F(t,x) a.e. on [0,T],
2(0) = z(T).

Proof: Let u:dom(f) N clB(zy,n)—C([0,T,],2) be the continuous selector of the
multifunction {—S(€) guaranteed by Theorem 5. Let ep :C([0,T(],Q2)—H be the
evaluation map, i.e. ep () = (7). 0

Let 4 =ep ou:domo(f)ﬂclB(mO, n)—H. we observe that the restriction of u to
the set K assumes values in the set K, and moreover, 4: K—K is a continuous and
compact map. So Schauder’s fixed point theorem gives us £ € K such that £ = u(¢).

Then u(€)(-) € C([0,T,)],9) is the desired periodic trajectory.
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