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Infinite systems of stochastic differential equations for randomly perturbed particle systems in R%
with pairwise interacting are considered. For gradient systems these equations are of the form

dzi(t) = Fr(t)dt 4+ odwy(t)
and for Hamiltonian systems these equations are of the form

dii(t) = F(t)dt + odwy(t).
Here zx (%) is the position of the kth particle, & (%) is its velocity,

Fy = — 2 Us(z(t) — z5(1)),
#k

where the function U : R — Ris the potential of the system, o >0 is a constant,
{wi(t),k =1,2,...} is a sequence of independent standard Wiener processes.

Let {zx} be a sequence of different points in B¢ with |zx| — oo, and {wx} be a sequence in
R?. Let {#)(t),k < N} be the trajectories of the N-particles gradient system for which
ZN (0) = zx, k < N, and let {zx(t), k < N} be the trajectories of the N-particles Hamiltonian
system for which =2’ (0) = zy, £x(0) = vk, & < N. A system is called quasistable if for all
integers m the joint distribution of {z'(t),k < m} or {Z} (¢),k < m}has a limit as
N — oco. We investigate conditions on the potential function and on the initial conditions under
which a system possesses this property.

Key words: Configuration Space, Gradient and Hamiltonian Systems, Stochastic Differential
Equations, Weak Convergence of Measures.

AMS subject classifications: 60H10, 60G46, 60K35.

1 Introduction

We consider a finite or an infinite sequence of R%-valued stochastic processes
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:L'k(t), ke,

where Z is a finite or infinite interval of the natural numbers by which the evolution of a set of
pairwise interacting particles in the space R? is described. The interaction is determined by a
potential U () satisfying the condition

(P) U(x) = u(]z|) where the function u : (0, + co) — R is smooth, u(x) = O for
s > r, and for some ¢ < d the relation

lim s**u’”(s) =a
s|0

is fulfilled, » > 0, @ > O are constants.
The motion of a gradient system is determined by the system of the stochastic differential
equations

dzi(t) = — DO 1yenyUs(zi(t) — z;())dt + odwy(t), k € T. )
J#k

The number of equations coincides with the number of particles. wy is the sequence of
independent standard Wiener processes in R%. These equations are solved with some initial
conditions {zx(0) = zx, k € T}, where {xx}, k € T}, is a sequence of different points in
R4, for which limg|xx| = oo if Z is an infinite interval.

The motion of a Hamiltonian system is determined by the system of the stochastic
differential equations

day(t) = — D 1{j € T}, (zx(t) — x;(t))dt + odwi(t), k € T. )
J#k

Here 5 (t) = Lk (t) is the velocity of the kth particle. Equations (2) are solved with the
initial conditions

:Ek(O) = Tg, xk(O) = vg,
where {vx}, k € T is another sequence in R%.

The existence of the solution to infinite systems of kind (1) was considered for smooth
functions U (z) by J. Fritz (see [2]). Finite gradient and Hamiltonian systems with the
potentials satisfying condition (P) were considered by the author (see [5]).

Quasistability. Let sequences {xx, £ > 1} and {wvg, & = 1} be given. For any

N > 0, there exists the solution to system (1) {zX(t), k < N}, satisfying the initial
conditions

zN(0) ==z, k<N,
and the solution to system (2) {Z (T"), k < N} satisfying the initial conditions
ZN(0) =z, 22N (0) =vi, k< N.

This follows from the results of [5].
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Gradient system (1) is called quasistable if for any m the joint distribution of the
stochastic processes {Z5 (1), k < m} has as a limit N — oo in the space (Clo,00)(R%))™.
Hamiltonian system (2) is called quasistable if for any m the joint distributions of the
stochastic processes {Z} (t), k < m} has a limit N — oo in the same space. Note that the
quasistability is determined by the potential and initial conditions.

The main goal of this article is the investigation of the conditions on the potential and
initial conditions of gradient and Hamiltonian systems under which they are quasistable.

2 The Spaces I and I"2

It is convenient to consider gradient systems (1) in the configuration space I" which is the set of
locally finite counting measures « on the Borel o-algebra B(R?) of the space R%. So, a
measure v € I satisfies the property:

(LF) the support S, of the measure -y is a sequence {xx, k > 1} of different points in
Rd
for which

D Lfjanl<ny < 00
k

for all m > 0. The topology in I' is generated by the weak convergence of measures:
Yn — Yo if

J s@mdn) — [ s@rmo(ds)

for ¢ € Cy, Cy is the set of continuous functions ¢ : R? — R with bounded support. Denote

6,7 = J p@ntdn), s e c;

and for a continuous function @ : (R?)?2 — R with bounded support

@7 x ) = [ @@, ydoyds) — [, 2)vdm).

Using Ito's formula and considering the function a as a function of two variables: a(z — x),
we can rewrite system (1) using I'-valued function ~y; for which

B,y = D _(zx(2)), & €Cy, 3)
k
in the form
d{p, 1) = (B a), 1 X W)t + L (Ad, 1) + D 0(#; (w(2)), dwi(E)), @)
k
where

¢ €C?, Ap(z) = Tre" (=)
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and C}z) is the set of those ¢ € Cy for which ¢'(x) and ¢"(x) are continuous functions.
A T-valued stochastic process ;(w) is called a weak solution to equation (4) if for all
¢ € C}2) the stochastic process

o(,t) = Be) — [ 00,70 x 30) + F (G, )ds ®

is a martingale with respect to the filtration (F3)s>0 with the square characteristic

t
(tigstis) = o [ (8, 8), 7). ©

If ¢ (w) is a weak solution to system (4) and

(7)) = D d(@x(®))
k
for ¢ € Cy, then the sequence {z(t), k € N} is a weak solution to system (1).

Compacts in I'. For any «v € T" and a continuous decreasing function

A(t) : (0,00) — Ry
for which

AO0+)= +00,A(+00) >0
there exists a continuous decreasing function

®(t) : [0,00) — Ry, ®(+00) =0
such that

J [ seneqz1rdz — #vmds) < oo @

For any compact set K from I' and any function A satisfying the conditions mentioned before,
there exists a function of the form given by relation (8) for which

sup (@i, v X ) < oco.
vye K

Note that the set
{7:(®r,7x7) = ¢}

is a compact in I" for any @, of the form (8) and ¢ > 0. Denote by I'g » the set of those
~ € T for which relation (7) is fulfilled. Set

da\(71,72) =
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sup{|(¢@,71) — (@@, 12)| : ¢ € Lip"|} + [{@x, 71 X 1) — (@r, 72 X 12)|  (9)
where

Lip' = {¢ € Cy : suplg ()] < 1, sup PH=5N <1} 10)
r

b

T, with the distance dg » is a separable locally compact space.
It is convenient to consider Hamiltonian systems in the configuration space I'? which is
the subspace of those locally finite counting measures 7 in (R%)2 for which

E‘ka €T, {(zx;vk), k >0} = S5,
k

where {zx, k > 0}, {vx, k& > 0} are sequences in the space R%. Let {x%(t),k > 0} be a
solution to equation (2). Introduce a T'2-valued function

A(t,B) = z :1{(mk(t);’ik(t))eB}7 B € B((R%)?).
%
Let ¢(z,v) : (R?)?> — Rbe a function from C3((R%)?). Ito's formula implies the relations

d(#, 7)) = (L, 7(8)) + ((#v, @), 7(2) x F(2)))dt + UXk:(¢v($k(t)7 &1 (t)), dw
) (11)

where
Lo(z,v) = (¢=(x,v),v) + 56°Trdw(z,v)
and

(#0, @) = (du(z,v),a(z — '), a(z) = — Us(z).

This means that the stochastic process 7(t) is the solution to a martingale problem: for any
¢ € C((R%)?) the stochastic process

By (t,w) = (,7(2)) — j; (L&, 7(3)) + ((Pv, a),7(s) xF(s)))ds  (12)

is a continuous martingale with the square characteristic

@y = [ 6.2, 7(s)ds. 13

3 Some Properties of Solutions to Finite Systems
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Assume that d > 2 and the function U (z) satisfies the condition (P). In this section we
consider solutions to systems (1) and (2) for which

Z=1,=][1,n].

Lemma 1:a) Let {x, k < n} be different points in R%. Then the system of stochastic
differential equations

dZ(8) = D 1y<mal@r(t) — 25())dt + odw(?), (14)
J#k
with initial value Z,(0) = x, has a strong solution and this solution is unique.
b) Let {vg,k < n}be points in R%. Then system (2) with the initial conditions
zr(0) = zg, £(0) = v, k < n has a strong solution and this solution is unique.

Proof: Set

al(x) = —u’(|m|V6)|:—|, 6>0. (15)
Denote by {#4(¢), k < n} the solution to system (14) in which the function a(z) is changed
to the function a®(z), the existence and the uniqueness of this solution is a consequence of the
Lipschitz condition of the function a®(x). Let

b =inf{|lzy — x| : k <n,j<n,k#j}
Introduce the stopping times
75 = inf{t > 0 : inf{|Z5(¢) — & ()| : k <n,j<n,j#k}, 6§ >0. (16)
Then for 0 < 82 < 61 < 8o we have
Ty = Téys
0 (t) =22(t), k<n,t<7s.

Let h(z,z) = |z — |2 and set

L) = D Lieen s<mph (@), F(E)).

k#j
Then
d20(t) = (Zsz(zz(tx B@E)+ D Sa(@(), 5 (2), fck(t))) dt + d (£)17)
i#j itk
where

SS(z1, 2) = — co|z1 — m2| (71 — T2, @° (71 — 72)), (18)



Quasistable Gradient 51

Sé(z1, 2, x3) = — 3|z — x2| " 4(z1 — x2,d° (21 — x3)), (19)

c2, c3 are positive constants, and p® (%) is a martingale with the square characteristic

W= [, c@is),...,8s))ds,
and

C(@1,--n) =42 — A2 D |D ok — 2| U — ) [2.

k=1 itk

Using formulas (18) and (19) we can prove that for some constant L(d,n) which does not
depend on 6, the inequality holds

E :Sg(wi, xz;) + E : S8 (zi, zj, zx) < L(d,n) (20)
ij it jEkA
for any set of different points
{xre R, k=1,...,n}.
Formulas (14) and (17) imply that the stochastic process

25(t) — L(d,n) (¢t — T)

is a non-negative supermartingale on the interval [0,7"]. So, for any T" > 0 we have the
relation

lim_sup P{sup 2°(t) > c} = 0.
€T% >0 t<T
This implies the relation
P{li = =1.
$limors = + oo}

Statement a) of the lemma is proved.
Let {zf(t), k < n} be the solution to the system of the stochastic differential equations

dad(t) = D 1{j < n}ad(a8(£) = 20 (t))dt + odw(t), k < n,
J#k

with the initial conditions

x9(0) = zk, £9(0) = v, k < n.
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The existence and the uniqueness of the strong solution follows from the Lipschitz property of
the function a®. Let below the stopping time 75 be determined by formula (16) with wz(t),
:1:? (t) instead of 2% (t),&5(t). Set

||
U‘S(a:)=‘l; u'(sV 6)ds,
Zs(t) = D _5L@ + D, US(i(t) — z8(E)).

k<n k<n,j<n
It is easy to calculate that

dZs(t) = no?dt + 20 E (28, dwi(t))-
k<n
So, the stochastic process
Z&(t) - naz(t - T) — NUg,
where uo = infs=ou(s), is a non-negative martingale on the interval [0, 7] for all T > O,
6 > 0. Further proof of statement b) is the same as for statement a). The lemma is proved.

Free Particles Processes

We consider now the solution to equations (1) and (2) for U(-) = 0. They are called free
particles processes. The stochastic process

X5(t) = {ai(t) =z + owi(t), k < n}

in the space (R%)™ is called an n-particles free gradient process, and the stochastic process

t
X:() ={z(t) = zr +top + o"]; wi(8)ds, k < n}
in the same space is called an n-particles free Hamiltonian process. We use the notations

for the stochastic processes introduced in Lemma 1. Let !, ml,m** be probability

measures on the space (Cpo 4 (R*))™ which are the distributions of the stochastic processes
2 Sk
Xn( ) )7 Xn( ) )a Xn( ) )7 X:z( ')
on the interval [0, ¢].
Lemma 2: a) The measure 1}, is absolutely continuous with respect to the measure
M)t and the measure mt, is absolutely continuous with respect to the measure mt for all

t>0.
b) Denote

Zo(-) = (21(-);---32n( ), 2k(-) € Clo,00) (R?), k < m,

and



Quasistable Gradient 53

I (Za(-)) = @n(t, Za(-)),

I (Zn(-)) = dn(t, Zn(-)).

Then
B ATS AT 0) (21)
exp (2D . An(s, 3 dwn(s) — 3 [, D 1An(s, 3205 Pds)
k<n k<n
where
An(s,2) = D 1 azpnmal@ — F5(s)), (22)
k<n
and
t an(t, X3(+) = p(®) (23)
exp (2D . An(o,ai(@)dwn(s) — ok [ D145, ai(s))Pds),
k<n k<n
where
A, (s,z) = El{x;(s#m}a(m‘ — z3(8)). (24)
k<n

Proof: Denote by rﬁ‘:;t the distribution of the stochastic process
~ & -
X, () ={#3(-),k <n}

in the space (Cpo 4 (R?*))™. This stochastic process was introduced in the proof of Lemma 1.
It follows from the results of [5] that 72!, < 7 and

PA(E) = I (X7(-))
t t
— e (23 [ 2,z o) dwnts) — 5 [ PDIEHEE TONZRIEY

where Ai(s, x) is calculated by formula (22) with a? instead of a. It is easy to see that

X0 () = Xa(®), PE(t) = Pn(t)

for ¢ < 75 (see formula (16)). This implies formula (21). Formula (23) is proved in the same
way. The lemma is proved.

4 Infinite Free Particles System
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Let {xr, k < 1} be a sequence in R? for which v = D> 10z, €T, and let {vg,k > 1} be an
arbitrary sequence in R%. We consider these two sequences of stochastic processes:

¢
{Z:(t) = zf + owg(t), k = 1}, {z5(t) = zr + top, + aj; wi(8)ds, k < 1}.

Lemma 3: a) The relation
P{D L 1gsi<ey <00} =1 (26)
&

is fulfilled for all t > 0, ¢ > 0 if y satisfies condition
(EGFPS) (existence of gradient free particle system) forallt > 0

Jexp{ — t|z|*}y(dz) < oco. (27)
b) The relation

P {Zk:1{|mz<t>|<c} <oo}=1 (28)

is fulfilled for all t > 0, ¢ > 0 if the sequences {x1}, {vg} satisfy the condition
(EHFPS) (existence of Hamiltonian free particle system) for allt > 0, s > 0

Eexp{ — t|lzk — svi|?} < co. (29)

k

Proof: It follows from Kolmogorov's theorem on the convergence of random series that
relation (26) is equivalent to the relation

zk:P{|x;;(t)| <} < oo. (30)

Using the inequality
|(z, k)| < Flaw|® + ||
we can prove the existence of positive continuous functions
A(t,e), B(t,c), t>0, ¢ >0,
for which the inequalities below are held

A(e,t)exp{ — lzl’} < P{lzi(t)| < c} < B(e, t)exp{ — gz |z&l’}-

This implies statement a). Statement b) can be proved in the same way. The lemma is proved.
Corollary 1: If condition (EGFPS) is fulfilled, then the relations
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(@75 (rw)) = D L b(zi(E),  €Cr,
k

determine a T'-valued continuous stochastic process 7y (7y,w) which is called a gradient free
particles process.
If condition (EHFPS) is fulfilled, then the relations

(#,7: (v, w)) = Zk)qs(x;;(t)), ¢ ey,

where 7 =37, 8(z0,) € I'? determine a T-valued stochastic process ~;(t,w) which is
called a Hamiltonian free particle process.

Remark 1: Let {z} satisfy condition (EGFPS), and

k] = o|zl), & — oo.

Then condition (EHFPS) is fulfilled.

Introduce for 1 < m < n the stopping times with respect to the filtration {F,¢ > 0}
generated by the sequence {wy (%)} :

Comp = inf{t > 0 : min{|Z}(t) — Z;(¢)| : 4 <m,k>n} <r}

Cmp =inf{t > 0: min{|z;(t) —z;(¢)| : ¢ <m,k>n} <r}

Lemma 4: a) Let condition (EGFPS) be fulfilled. Then for any t > 0, m > 1 the

relation
lirgP{Cm,n <t}=0

is held.
b) Let condition (EHFPS) be fulfilled. Then for any t > 0, m > 1 the relation

lipP{Cnn < £} =0

is held.
Proof: Let us prove statement a). It suffices to prove the relation

11111%1P{gnfS . %ni n|:’i:i (8)|<e}=0

for any t > 0, ¢ > 0. This follows from the inequality

i i T < < i T3 < .
P{int , inf |7i(s)| <c} < Zn:P{ls“% 1zl < e}
The lemma is proved.
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5 Quasistability

First, we calculate the conditional expectation E(p,,(t)/F;™*) where the filtration
{F/™,t > 0} is generated by the Wiener processes {wg (), k < m}. We use the notation

= J Dty (o(23(5) — 255D, i (4).

To simplify writing, we assume that o = 1 and = 1. It follows from formula (21) that
P (t) = exp{Bi, () — 3(Bp)e}

where (fi,,)+ is the square characteristic of the martingale f,,. This implies the representation

=142 [ an(e0).dm (o). a1
1 1<...<8g
Remark 2: Let
in® = I avien (@(@(s) — 73(9)), duwn(s)).
i

Then the density p,, () (see formula (23)) is represented by relation (31) with w,, instead fi,,
Lemma 5: Let m < n. Then

Prmn(t) = E(p,(1)/F™)
(32)

(D [, Whate). dune)) 3, s

and for k < m, the functions b,".jl,n (t) are determined by the formulas

k _ k
B, . (8) = ;;1 I £1<___<tN<th,n(N, ti,..tN)db. . dty,  (33)

where

Bfn,n(Natla .- atN)
(34)

o ok wiy (Be()) —wiy (&
= B 10y, (T L@@ 0 — 25, (2)), Palew)—valy)

21,71 I<N o~
a(Z;(ty) — Zin (tn))/F),

and k(1) = inf{l' > 1 : 3, € {iv;5r}},
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TIN5 = (G5 ---580); (G1,---53n)) € [1,7]Y x [1,n]V :
wem+1L,nNL1, .-, l<nin=k,51<n,l < N,jny € [m+1,n]}.

Proof: First note that the right-hand side of formula (32) gives the general representation
for exponential martingales with respect to the filtration {F;™,¢ > 0} with the expectation 1
If the functions bfn’n(t), k =1, ... msatisfy formula (32), then we can write the relation

Ef ~l:)<t1< <ty<t (b n(t1), dwi(t1))- - - E(bfn,n (tn), dwi(tn)

N>1 k<m k<m

Q[ dma). A/ )

N>1

—E(Z f0<t1< <tN<tZ Lz | [ (@@ 0) — 25,(t0), dwi (1) /7).

I<KN

To determine the function b,".jl,n (t), we have to collect all the terms in the right-hand side of the
last equality representing the integral

S @ (), dwi(s)).

It is easy to see these terms correspond to the sequences {4;,! < N} and {j;,! < N} which
satisfy the conditions

(G5 ---58n)5 (G5 - -5 9N)) € (L) .-

Let w( - ) be a standard Wiener process in R%, and s < u < ¢. Then the formula for
conditional expectations is valid

E(w(u) — w(s)/w(t)) = “O=2C) (y —s).

Here E( - /w(t)) is the conditional expectation with respect to give w(t). This relation and
description of b,".jl,n imply formulas (33), (34). The lemma is proved.
Let the sequences {é;,I < N} and {j;,! < N} satisfying the condition
((81;---38n); (G1; --- Gnv)) € (T )*vn

be fixed. Introduce notations
TJ={g:5>m}, F={h:5<m}, T={i1,...,in}-

Denote
Bfn,n(N;ili"'77:N;j1a"'7jn;t17"'atN)
(35)
" o o wyy (tey) —wiy (t) ~ ok m
= B (] [ (a0 — 25, (a0)), 21504 ®) 0 a3 8v) — 35, (90)/ FT).

I<N
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Here E* is the expectation with respect to the joint distribution of the Wiener processes
{w;(-),% € J}. We will use some graphs in the set X (J) = {x;, : 1 € T }-
Denote by G(J) the set of all connected graphs with the set of vertices
V(G) = X(J)
and the set of edges
E@) c {{ziy,x;}: 4, e T}
A graph G’ € G(J) is called minimal if
cardE(G') = cardJ — 1.
The set of all minimal graphs is denoted by M G(J).

Lemma 6: There exist some constants ¢ > 0, @ > 0, and a graph G' € MG(JT) for
which the inequality is valid

|Bfn,n(N;i1$"'77:N;j1a-"7jN;t17'--atN)| < CNHN(tla'--atN)
(36)

exp{ — (E :%(lmil — 2|2 — 1) VOl yer@ny + & (W) 2(B2(G))?,
where

It tn) = (L Lt — i) By — 1) =)~/

1<N

t()) = max{l! < 1: Card({ir; jr}N{é; 5}) > 0},

Ey(G) = EH Lijas (o) 25, (w)l<1}»
leAN(G)

N@G@)={l< N : {z;,z;} ¢ E(G')}.
Proof: Let
pel,d), aa>1,¢>1, s+ o+ =1
We can write the inequality

| B n (N3 41, - -5 i3 1, -, G5 B, -, B

< @ ([ T1atwi ) — wi @) + zoley/e ([ s ayi/a

tey—t
I<N I<N

(E* (H1{|wil(tl)*l{ipm}wjl(tl)"‘zﬂSl})qz)l/qzl_.[}v(tli ] tN)’
I<N
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where

T4 oo tw) = | Loy — )12

I<N

It is easy to see that for some ¢; > 0, we can write the inequality

Ela(wi(t) + 2)? < it P2, z € R4, t > 0.

So
E(|la(zi — wi,(8))|P/ Fry) < e1(t — tup)) P2/,
and
(E*(Hla(wi,(tz) —w; () + 2))?)/? < () [Ix(t1, - -, tN) (37)
I<N
where

IIa(t,---stn) = H(tl — )2

I<N
In addition, for some constant c; > 0 we can write the inequality

* |w1 (tli ) w; (t)l
E (g BV e R (38)

Now we proceed to estimation of the expectation

E= E*H 1 {lws, (&) —wj, (8) +2| <1} -
I<N

Let a minimal graph G’ be given. We call the vertex x;, , the origin of the graph and denote it

by vo. For anyv € V(G’) denote by I(v) the minimal number of edges connecting v with
vo; 80 I(vg) = 0. We call I(v) the Irvel of the vertex v. Note that if v, v/ € E(G’), then
[I(v) —I(¥) =1.

Now we construct the graph G’ for which the statement of the lemma is valid. Let

((ila .- aiN)a (jla .- aJN)) € (IJ)?V,m7 CardJ =r.

Denote by G’ = G (41, ---,%nN; J1, - - - , jn) the minimal graph with the edges {{xs,,x;, },
uw=1,...r} where

l, =max{l < N : Card{ji,---,jn}[m+1,n] =7r+1—u}.

It is easy to see that the inequality is valid
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E< B ] 14y 2=} E2(G))} (39)
IeA(G)

where
AG@)—{l<N:iu,5€ T, {zi,z;} € E(G')}, N(G) =[1, N\A(G').
Denote
AN (G)={l<N:i,je T, {zyx;} € E(G),v(z;) Vv(z;) =v},

and
AO(G/) — U A2k(G,),A1(G/) — U A2k+1(G’).
k>0 k>0

Introduce the r.v.
& = Lz -z, )<, E < N, EN = 1w, (tx) +2nl<1}-

It is easy to see that the sets of r.v. {&,1 € A?*}(G") are independent for different & as well
as the sets {&;,1 € A%**1(G"). Using the Cauchy inequality we can write

B<@en [ eyeE [ e

1eAo(GY) 1eA(GY)

— (B*¢n HE* H £)1/2.

r>1  leA™(G)
Note that

AY(G') = LkJAZ(G’),

where the sets AY(G") are determined by the sets

Xy = U {xinle}’
le AL(G)

which are determined by their properties;
a) U Xk = X(9),
b)) XYNXYy =0if |k — K|+ |v—|>0,
¢) ecardXp>1l,v—1<l(z) <vifz e X},
d)  the set X} contains only one element z for which the relation (z) = v — 11is
fulfilled.
Property b) implies the relation

zIl a=I1I=11 &
)

leA™(GY IeAL ()
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Let w(t) be the Wiener process in R%, and z € R?. Then for any € (0,1/2), there exists
a constant ¢ > 1 for which the inequality is held

E1{ju)—s<1y < cexp{ — £(|2|> — 1) v 0}.

So

B (L Ty 00 om0 113 /000 ()

i<k

< cFexp{ — D L (|di + wny(s:)[2 — 1) V 03,

where d; = x,, — z,,. This implies the inequality

K(no,...,ma;s1,-..,81) < chexp{ — > 2(|dif? — 1) v 0}

i<k
with some ¢ > 1 and @ > 0. This inequality and the following one

|2n]? = |wi (En) + iy — @iy |> = Alziy — 25 |> — 725 |wiy (E)
imply the relation

B < cgmexp{ — D & (Imi, — z4f2 — 1) V 0+ & i, (8 [PH(E2(G) 2.
leA(G")
(40)

with some @ > 0. This formula and formulas (37),(38) imply the proof of the lemma.

The Condition of the Quasistability of Gradient Systems

Consider the graph G’(%1,---,%n);J1,---Jn) introduced in the proof of Lemma 6. Let
J = {4, ! < N}\[1,m], and r = card T .

Set zx =@y, ,k =1,...7. Denote by MOG(z,---,2-)the set of minimal ordered
graphs G with V(@) = Z and the origin z,. Let P, be the set of invertible mapping

U : Z — Z for which U(2,) = 2,. For G, G” € MOG(Z; z,) we write G’ ~ G" if
the relation G” = U (@’) is fulfilled for some U € P,.. For G’ € MOG(Z; z,), we set
v(G') =card{U(G"):U € P,,.

It is evident that v(G’) = v(G") if G' ~ G".
Introduce the functions

WT(GI; Aaf 3Rl --- 7z7')
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—oxp{ ~ A7 —2 |2+ D | 2 — 2 | Lamen@)H [1ans}-
i<j
Lemma 7: Let a sequence of ordered graphs {G;,i < L} from MOG(z1,-..,2r)
satisfy the conditions
a) GitGifi<j,
b) forany graph G' € MOG(2, ..., 2), the relation is true

i<L
Let ~§ be the configuration with the support {xx:k € [m + 1,n]}. Then the inequality is
held

: : |Bk(N;i1’."’iN;jl,""jN;tl""’tN)lSE”‘H(tl""7tN)
i1, 5, l€A(GY)

sup E5)V2exp{(6/tn)(|lwi(tn)2 — 1) Vv 0}
&' € MOG(Z,2)

’/ n 7
> S oo oo WG 0t e, 9 ) 3 ).
The proof follows from Lemma 6, and the formula

: : |Bfn,,n(N;7:17"')iN;j17"')jN;t1)"'7tN)|
i,5,1€T (G")

=§ :E :|B7’31,n(N;i1,~--,iN;J'l,u-,jN;tl,-~,tN)|1{G(z'1,...,z'N;jl,...,jN)NG;}~

i<L

We use the notation

AT(A7 E’ zl’ M z'r) = Sup{ZWT(G:(A’ E’ Uzl’ M) Uz’r) : U G ’Pz,.}, (41)

i<L

AT(Av x, Z) = \].Z. - LAT(Av Z,,21,---, zr)’yo(dzl)- -- ’YO(dzT) (42)

where Z C S, CardZ =r.

Theorem 1: Assume the value o in condition (P) satisfies the inequality o« < 1, and the
initial configuration ~o € ' for a gradient system satisfy condition (EGFPS) and the
conditions:

1) for any X > 0 there exists constant a(\) > 0 for which the inequalities are
fulfilled

Jent 2@ )0 + 1y ) 10(aw)
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< (a(N)*((log(k + 1))*** + (log(1 + | y | ))*+1),

2)  Denote

An(X) = sup{ E A(\NZ,Z2): Z C{z1;...;2Nn}, T < N}
zeZ
then for all X > O the relation is valid

11%71‘)%1;‘;;\(,” =0.

Under these conditions the gradient system is quasistable.
Proof: It suffices to prove the existence of a limit in probability

limpp, m(2),
and the relation
Eli,l,:npn,m(t) =1

forallt > 0.

Note that for any sequences

{{o1, -, in}s {1, -+, dn}} € [Im +1,00)Y x [1,00)V
there exists a limit in probability
lirlanfn,n(N; i1,y N3 J1y - NS L, - oo, EN)
which we denote by
BE (Njin, .. iN; 515+, IN3 E1, -+ 5 EN),
represented by the right part of equality (35). Introduce the stochastic process in (R?)™
X)) = @i F @),

and functions

Qf(manaN; EERRRE] -),@f(m,N; EERRRE] '):(((Rd)m)N_)Rd
by the relations

@k (m,n, N; X |, (t1), ..., X, (tn))

= E : B, o (Nsir, . in; 1, -, N3 1, - EN), (43)
card{ji,....in}\[1,m]=r

F(m, N; X, (t1), - -, X mo(t))
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=§ : Bf:n(N;i17"')7:N;j17"')jN;tlj"'7tN)' (44)
card{ji,....in}\[1,m]=r

It follows from Lemma 7 that
| Qf(manaN;%m(tl)a'“ 35J(m(tN)) | \% | q)f(m3N;5€vm(t1)a .- 735m(tN)) |

<cIln(ts,...,tn)( sup E5)'2exp{(6/tn) (lwr (tn)|* — 1) V 0}(45)
G’ € MOG(Z, z,)

S S WGl 0/t v v vo(dan)- o).
i<L
It follows from Lemma 5 that

= S [ [ e MR, R ()t dn.

N>1 r<n—m o<t 1 <...<ty<t
(46)
Set
Bh) =D, D ff OF(m, N; X (t1),..., X . (tn))dts. .. dty.
N>1 r<n—m o<t <...<ty<t
47)

Investigate the convergence of the series in formula (47). First we note that for some
B > 0 and C > 0, the inequality is valid

f' h «l:J<t1<...<tN<tHN(t1’ o t)db, .ty < CEV(T(BN))

Now we obtain a proper estimation for £5. Note that it depends on {(4s; 5;), I € A'(G")},
so we will write

Ey(G') = Ey(G'51,---,in3 1, --- 5 IN),

the function in the right-hand side of the equality depends only of those (;; ;) for which
l € A’(G"). Introduce the subsets of the set A'(G”’) : {A4, 7 < s} satisfying the conditions

U a=n@), U afNas=0, CardAs =7, i < s, CardA, <,
1< s 1< g

and min A; > max A;;1. Set

m = Hl{lf:,(toff;,(t:nsu.
leA;

For some C7 > 0, § > 0 we can write the inequality
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By < o[ Ty

i<s

Let G’ be a minimal ordered graph with the vertices {1, - - . , ¥} and the origin y,..
It follows from condition 1) of the theorem that

S W@ nz 5w o) < @) AL, @)
where
() = log(1+7) +log(L + | |).

Using Lemmas 6 and 7 for the estimation of E*7); we can obtain the inequality

D D Bx(Glin, - inidu - s IN)L{(ir,. o in), (G- i) €TV oCard T}

i<L
80Y\\s
< (An(%))*-
These inequalities and formula (45) imply the inequality

ff | &5 (m, N:X | (t1),..., X ..(tn) | dt1...dtxy < L(T'(BN)) !

o<t;<...<tp
ST (AN (up A (@) sup exp{(0/5) (wr()P —DVO}  @9)

where €7 is a constant, and L was introduced in Lemma 7. It can be shown that
Aim__(log L/rlog r = 0).

This implies the local uniform convergence in ¢ of the series in formula (47).

—k
This implies the continuity of the functions b,,(r,t) for all r and continuity of the

function b (). Introduce the function
¢

20 =exp( Y f o s)awn(s) — 3 [ 195,(5) 1 2as). 50)

k<m 0o 0
Inequality (50) implies the relation
Pmn(t) = P(2)

in probability as m — oo. Introduce the stopping time

= inf{t: Y, f | % (s) | 2ds > T'.

k<m ¢
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Then the stochastic process (¢t A 7r) is a martingale, and
Ep(t ATr)=1.
The proof of the theorem is a consequence of the relation
P{T li_r)noo'rT =oo} =1.
5.2 The Condition of Quasistability of Hamiltonian Systems
Let {z%(t), k < n} be the solution to system (2) with the initial condition
z?2(0) + zx, € R?, £7(0) = v;, € R?,

where {x, k < n} is the set of different points from R,
Denote by p,, () the density of the distribution of the stochastic process

{Xn(s),s <t} Xn(s) = {=f(s), k < n}

with respect to the distribution of the stochastic process

{X*(s),s < t}, X*(s) = {zf + sv +ur(8),k < n},ur(s) = f'wk(t)dt,k =1,2,...

This density is determined by formula (23).
Let m < n, set

Pr.m(t) = E(pn(t)/F7").-

Lemma 8: a) The formula is fulfilled
¢ ¢

pnm(®) = exp{ I @ (o) dun(s) =1 [ 15 () 1245}, (52)

k<m 0 0

where the function Zz’m(t) is determined by formula (33) with the functions Bz’m( )

instead of the functions BE ., and the function B:,m( -) are determined by formula (34)

with the functions {z} (t), 4 < n} instead of the functions {Z} (t),i < n}.
b) Let
{{7:1) .- 77:N}; {jl) .- 7jN}} € (IJ)é:V)

where the set (IJ)X; is determined by Lemma 5, and the functions

=k . . . .
B, ;n(N31,-..,iN3 41, -+, IN3 1, - -+, EN)
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are determined by formula (35) with {Z}(t),% < n} instead of {x}(t),% < n}. Then there
exist some constants ¢ > 0, @ > 0, and a graph G' € M G(J) for which the inequality is
fulfilled

=k . . . . . . =
|Bn,m(N;Zla"'77'N;.71a"'7.7N;t17"'atN) | < HN(’Ll’"'a’LN; (E2(G,))l/2

W, (G,0/t3, z5(tn), 21, -- - » 2r),
where ]._.[N and Ez where introduced in Lemma 6, {21, ..., z.} are the vertices of the graph
G', and the function W, were introduced before Lemma 7.
The proof can be performed in the same way as for Lemmas 5 and 6.
Introduce the function

o(t, R) =inf{% :s<t,|zi| <R, |zj| <ri#j},t>0R>0.

Theorem 2: Let o < 1 and the initial condition 4y € T'? of a Hamiltonian system
satisfy condition p(t,R) = O(log R) for allt > 0. Let the configuration ~o € I with
support S, = {xr, k > 1} satisfies conditions 1), 2) of Theorem 1. Then the Hamiltonian
system is quasistable.

The proof is very similar to the proof of Theorem 1.
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