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Sufficient conditions are established for the oscillation of systems of neutral delay parabolic
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1 Introduction

During the past decade, considerable attention has been given to boundary value problems and
initial value problems for partial differential equations with piecewise constant delay by several
authors including Wiener and Debnath [9-11]. In all of these papers, the major focus was to
investigate the influence of certain piecewise constant time delays, continuous time delays and
discontinuous time delays on the solutions of partial differential equations. These results have
also been extended to equations with positive definite operators in Hilbert spaces. A class of
initial value problems for partial differential equations with piecewise constant argument
(EPCA) in partial derivatives. A class of loaded partial differential equations that arise in
solving certain inverse problems has been studied within the general framework with piecewise
constant delay. An abstract Cauchy problem for partial differential equations with time delays
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in a Banach space has also been examined by Wiener and Debnath [11]. Subsequently, Wiener
and Debnath [12] have studied boundary value problems for the diffusion equation with
piecewise continuous time delay. This study included boundary value problems for three types
of equations: delayed, alternately advanced, and retarded type and most importantly, equations
of neutral type. These equation included loaded and impulsive equations as special cases and
hence their importance arises in control theory and in certain biomedical models. Recently,
Wiener and Heller [13] have made a detailed study of diffusion equations of neutral type with
piecewise constant time delay. This study reveals many interesting features including os-
cillatory and periodic properties of the solutions. On the other hand, Wiener and Debnath [12]
have examined the oscillatory properties of the wave equation with discontinuous time delay.

In addition, several authors including Mishev and Bainov [8], Fu and Zhuang [4], Cui et
al [2], Bainov et al [1], Li and Cui [6], Debnath and Li [3] have studied the oscillation
problems for the partial differential equations of different types. Very recently, Li and Debnath
[7] have investigated the theory of oscillations of a system of hyperbolic partial differential
equations with continuous distributed deviating arguments. They have obtained sufficient
conditions for the oscillation of the system of delay hyperbolic partial differential equations
with examples. In spite of the above studies, hardly any attention was given to the problem of
oscillation of a system of certain neutral delay parabolic differential equations. The main
objective of this paper is to study this problem. Sufficient condition are proved for the
oscillation of systems of neutral delay parabolic equations with some examples.

2 Formulation of the Problem

In this paper, we study the oscillation of systems of neutral delay parabolic differential
equations of the form

ISH

%[ui(:z:,t) - i)\s(t)ui(x,t — ps)] — a; () Au(z, t) + Z Zaikj(t)Auk(:z:,t —Tj)

s=1 k=1 j=1
(2.1)
l

_pt(x t u1 x, t Z f q1kh x, t 5 Uk(.’IJ gh(t 5))d0(€)

k=1 h=1

S)

(z,t) €A x[0,00) =G, i=1,2,...,m,

where (2 is a bounded domain in R™ with a piecewise smooth boundary 02,

Aui(z,t) =", 62%’;?;’”, i=1,2,...,m, and the integral in (2.1) is the Riemann-Stieltjes

integral.
In this paper, we always suppose that the following conditions hold:
(H1) a; € C(]0,00); [0,00)), aix; € C([0,00); R), asi5(t) > 0, and

Aj(t)l—n%igm{aiij(t)z |ak7;]-(t)|}>0, i=1,2,...m; j=1,2,....d:

k=1 k#i

(H2) A\s € C*([0,00);[0,00)),8 = 1,2,...,73
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(H3) pi € C(G;[0,00)), pi(t) = inf ( pi(,t), p(t) = inficicn{pi(t)}, i =1,2,...,m;
(H4) qikh € C(G [ ]7R)7 11/L( 7 ) > 0’ and

qin(t,§) = mf Qiin (7,1, €),q (8, ) = Su% | girn(z,t,€) |,
S

Qn(t,€) = min {Qiih(taf) - Z q kih(taf)} >0

<i<m
Isism k=1 keti

where i,k =1,2,....m;h=1,2,...,1;
(H5) gn € O([Ov OO) x [av b]7 R)v gh(ta g) <t § € [a’a b] and gh(ta g) is a non-
decreasing function with respect to ¢ and &, respectively,

t1—1>mOC fgl[llgb]{gh(t,é-)} =00, h= 1727 7l7

(H6) o € ([a,b]; R) and o(§) is nondecreasing in &;
(H7) ps, 7j are positive constants, s = 1,2,...,r; j=1,2,...,d.
We consider two kinds of boundary conditions:

Qulel) o f(w, tyug(w, 1) = 0, (2,1) € I x [0,00), i =1,2,...,m, (2.2)

where N is the unit exterior normal vector to 9 and f;(x,t) is a nonnegative continuous
function on 99 x [0,00),4 = 1,2,...,m, and

ui(z,t) =0, (x,t) € 0N x [0,00),i =1,2,...,m. (2.3)

Definition 2.1: The vector function u(x,t) = {uj(z,t), us(x,t), ..., un(z, )}’ is said
to be a solution of the problem (2.1), (2.2) (or (2.1), (2.3)) if it satisfies (2.1) in G =
Q x [0, c0) and boundary condition (2.2) (or (2.3)).

Definition 2.2: The vector solution u(z,t) = {ui(z,t), uz(x,t), ..., un(z,t)}7 of the
problem (2.1), (2.2) (or (2.1), (2.3)) is said to be oscillatory in the domain G = Q x [0, 00) if
at least one of its nontrivial component is oscillatory in G. Otherwise, the vector solution
u(z, t) is said to be nonoscillatory.

3 Oscillation of the Problem (2.1), (2.2)

Theorem 3.1: If the neutral differential inequality
ZA o)l + +Z f ULVt o) <0, (3.)

has no eventually positive solution, then every solution of the problem (2.1), (2.2) is os-
cillatory in G.

Proof: Suppose to the contrary that there is a nonoscillatory solution u(z,t) =
{ui(z,t)ua(z,t), ..., upm(x, )} of the problem (2.1), (2.2). We assume that | u;(z,t) | >0
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fort >t >0,i=1,2,...,m. Let § = sgnu;(x,t), Z;(x,t) = diu;(x,t), then Z;(x,t) > 0,
(x,t) € Q X [tg,00), i =1,2,...,m. From (H5) and (H7) there exists a number ¢; > t; such
that Z;(z,t) > 0, Z;(z,t — ps) > 0, Z;j(xz,t — 7j) > 0 and Z;(x, gn(t,£)) > 0 in Q X [t1,00),
i=1,2,....om; s=1,2,...,r; 7=1,2,...,d; h=1,2,...,1.

Integrating (2.1) with respect to = over the domain 2, we have

% [fuq;(x,t)dx - Z)\S(t)fuq;(,r,t - ps)dx] = aq;(t)fAui(x,t)d,r
QO s=1 QO Q

m d

+ Z Zaikj(t)fAuk(z,thj)d:z:f fpi(x,t)ui(z,t)dx (3.2)

k=1 j=1 Q Q

o~
Il
—
>
Il
—
=
)

wheret > t1,i=1,2,...,m
It is easy to see that

b
[ [ i, st n(t,€))do(€)d (33)

Q a

b
- [ Jantet 0wt gt dadotc).
a

Therefore,

4 f Zy(x, t)dx — st(t) f Zi(x,t — ps)dx] - ai(t) f AZi(z, t)dz
Q 5= Q

Q
d m
+ Zaﬁ]‘(t)fAZi(Jf, t— Tj)dl‘ + Z am fAZk dSL‘
j=1 Q k=1,k#i

1 b
- qu;(:t t)Zi(z,t)dx — Zf fq”h (x,t,8)Zi(z, gi(t, &))dzdo(€) (3.4)
h=1g

[
C 3 8 [ [ et 0t s
Q

h=1 k=1 k;ﬂ a

wheret > t1,i=1,2,...,m
The Green's formula and (2.2) yield
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fAZi(x,t)dx - f“’Z @) go ffl (z,8)Zi(z,1)dS <0, (3.5)
Q (291

fAZk 7)dx = f%ds
o0

and

(3.6)

- ffk(x,t = 7j) Zk(x,t — 7)dS,
oN

where t > t1,i,k=1,2,...,m;j=1,2,...,d, and dS is the surface element on 0f2.
Combining (3.4)-(3.6), we get

it fZi(ZL‘,t)dl‘* st(t)fzi(xatps)dx]
Q pu P
d

_ Z;amtj(t)ffq:(:t,t — 7)) Zi(x,t — 7;)dS

o0

(3.7)

d m
303 Jan® [ ot - Zilet - m)as - po) [ 2ot
' Q

j=1 k=1,k#i 90

72 f ain(t,6) [ 7o, 01(,))drdo(€)
a Q

I m b

+Z Z fﬁmh(t,£)ka(a:,gh(t,g))dxda(g),

h=1 k=1k#i q
where t > t1,1=1,2,...,m.

Setting
fZ x,t)dx, W;(t ffq,rt Zi(z,t)dS,t > t1,i =1,2,...,m,
a0
we obtain
T / d
Y NVl - p)| + D anOWilt — )
=1 =1

m

d
ST e | Watt - ) + mVice)

=1 k=1 k#i

(3.8)
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l
+ Z f Qiin(t, §)Vilgn(t, €))do (&)

h=1 ¢

i )
o Z f q 7lsh(t7§)‘/k(gh(t7§))da(§) S 0,

h=1  k=lk#l

wheret > t1,1=1,2,...m.
Let V(1) = Y0, Vi(t), W(t) = > Wi(t) for t > ¢1. It follows from (3.8) that

/

T d m m
_ Z)\s(t)V(t — ) + Z{ Z |‘aq‘,qjj(t)VV7j(t — Tj) - Z?é | aik‘j(t) | Wk(t — TJ)] }
s=1 =1 { =1 k=1k#i
1
H+ ) Zf g (£, ) Vit (8, ©))do (©) (3.9)
h=1 =1 ¢
Z f WL OVilant, 5))da<§)]} <otz
1,k
Noting that

Zf |f]11h t 5 gh t 5 Z q 1/ch t 5 V}f(gh(t 5)) dO’(g)

i=1 ¢ k=1,k#i

- [ st Vi) O3 Vi1, 6)]| oo

a k=1,k#1

" f ot VA1)~ D T ot Vil 5)) 4o (¢)

k=1k#2

+ ...

b

a

qmmh(t 5) m(gh t 5 Z q mkh t 5)%(9}1(75 5))] dU(é-)
k=1,k#m

b

f lCInh (t,6) — Z 7 an(t,€)

a k=1,k#1

Vilgn(t,€))do(§)
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o

Va(gn(t,€))do(§)

qaan(t,€) — Z T jan(t,€)

k=1,k+£2

+ ...

ernh t 5) m(gh t 5 Z q /gmh t 5) m(gh(t 5))] dO’(g)
k=1,k#m

+f
b
> 1Sn}12 {q”h t 5 Z q ]“;l t 5 }ZV gh t 5 dg- )

a k=1k#i

= f Qh(tag)v(gh(ta5))d0(£)7t Z tla h = 17 27 ceey .
Similarly, '

m

|f1w t—T] Z |aLkJ |VV/g t—Tj)]
1 k=

1,ki

1=

21<n%i% [a“]() Z|akw|]ZWtTJ

k=1,ki

=AW (t—1),t>t,j=1,2,...,d.

Then, from (3.9), we have

ZA Vit = ps)

(3.10)

. b
[ @t v endoe <otz
h=1 g

It is easy to see that

m

W(t—Tj)ZZWi(t—Tj)ZO,tZtl,j:].,Q,...,d.

i=1

Therefore,
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!

V(E) = D MOVt p) | +p0)V ()
s=1

; b
3 [ o evint oo <o, 12,
h=1 q

which contradicts the assumption that (3.1) has no eventually positive solution. This completes
the proof. O
Theorem 3.2: Suppose there exists some hy € {1,2,...,1} such that
(B1) there exists a function my, € C([0,00) X [a, b]; (0,00)) such that

T (77h0 (ta 5)7 5) = Ghy (ta 5)7

Mh, (L, &) is a nondecreasing function with respect to t and &, and

t> nhn(tag) > ghn(tag)atl_iploo ¢ én[i;lb]n}m(t?g) = 005

(B2) liminfioc f; . [, @na(s, O)do(€)ds > L;

(B3) liminf o [}, [y Qno(s5:€)do(€)ds > 0;

(B4) limy_ooy i As(t) = Aand 0 < X < 1;

(B5) there exists a constant m > 0 such that Qp,(t,€) > m, (¢,€) € [0,00) X [a, b].

Then every solution of the problem (2.1), (2.2) is oscillatory in G.

Proof: We prove that inequality (3.1) has no eventually positive solution if the conditions
of Theorem 3.2 hold. Suppose V(T') is an eventually positive solution of inequality (3.1).
Then there exists a number ¢; > 0 such that V' (g,,(¢,€)) >0, h = 1,2,...,1, for t > t;. Thus

we have
i

VD) = 2 AOV(E-p)| +pOV(D)

(3.11)

b
[ Qut OV ne)doe) <0, 121,

By Theorem 2 of Fu and Zhang [4], we obtain that inequality (3.11) has no eventually
solution, which contradicts the fact that V'(¢) > 0 is a solution of inequality (3.11). O
The proof of the following theorem is similar to that of Theorem 3.2 by using Theorem 3
of Fu and Zhang [4].
Theorem 3.3: Suppose that conditions (B1), (B2), (B3) and (BS) hold. If
(B4 Y As(t) <1,
then every solution of the problem (2.1), (2.2) is oscillatory in G.
Example 3.1: Consider the system of parabolic differential equations
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%[ul(x,t) —ui(z,t — )] = Aug(z,t) + 2Au (x,t — 37”)
+ %AUQ(ZE,t - 37”) - %ul(z,t)
[ Bt + &g — [ uale,t 4 )de,
%[Ug({ﬂ,t) ug(z,t — m)) = 2Au2(x t) — Auy(z,t — 37”)
+ Aug(x,t — ) dus(z,t)
- f w(o,t + €)dE f duis(z,  + €)dE,
\ T @ eOmx 000,

(3.12)
with the boundary condition

2 i(0,) = Luy(m,t) = 0,6 > 0,i = 1,2, (3.13)
Here n=1, m=2,r=1,d=1,1=1, (t) =1, pr=m, a1(t) =1, a11(t) =2,

a(t) = 5.1 =3, pi(a,t) = 3, (e, 1,8) = 3, g (2, £,€) = L g1 (£,€) =t +&,
az(t) =2, asn1(t) = 1, aom(t) = 1, po(@,t) = 4, g1 (2, £,€) = 1, goma (z, ¢ 5) =4,

a=—mb= —7. Itlseasytoseethath(t &) =2, 171(75 {“)—t—&-f t> 3
lim mff fQ135d5d3—11m mff f 2d§ds—— >4,
qi(t,b) a
and
hm 1nffols£d§dS—hm mff f 2d§ds:—>0
m(t,b) -

Hence all the conditions of Theorem 3.3 are fulfilled. Then every solution of problem
(3.12), (3.13) is oscillatory in (0, 7) X [0, 00). In fact, such a solution is u;(z,t) = cosz sint,
ug(x,t) = cosx cost.

4 Oscillation of the Problem (2.1), (2.3)

In the domain €2, we consider the following Dirichlet problem
Aw(z) + aw(z) = 0in £, (1)
w(z) = 0on 09, ‘

where « is a constant. It is well known that the least eigenvalue o of problem (4.1) is positive
and the corresponding eigenfunction () is positive on 2.
Theorem 4.1: If the differential inequality
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+aoZA )+ p(V(2)

- ZT:)\s(t)V(t - s

(4.2)

! b
T Z f Qn(t, )V (gn(t,€))do(£) <0,
h=1 q

has no eventually positive solution, then every solution of problem (2.1), (2.3) is oscillatory in
G.

Proof: Suppose to the contrary that there is a nonoscillatory solution wu(z,t) =
{ui(z,t), us(w,t),...,um(z,t)}’ of problem (2.1), (2.3). We assume that |wu;(z,t) | >0
fort >t)>0,i=1,2,...,m. Let & = sgnu;(z,t), Z;(z,t) = bju;(x,t), then Z;(x,t) > 0,
(x,t) € Q X [tg,00), i =1,2,...,m. From (H5) and (H7), there exists a number ¢; > t; such
that Z;(z,t) > 0, Z;(z,t — ps) > 0, Z;j(xz,t — 7j) > 0 and Z;(x, gn(t,£)) > 0 in Q X [t1,00),
i=1,2,....om;s=1,2,...,m; 5=1,2,...,d; h=1,2,...,1L

Multiplying both sides of (2.1) by ¢(«) and integrating with respect to « over the domain
(), we obtain

% lfui(x,t)go(z)dz — Zx\s(t)fui(x,t ps)ap(x)dx] = ai(t)fAui(x,t)gp(x)dx
5= Q Q

Q

m d
+Z Zaqk, fAuk t—Tj)p(x)dr — fpi(x,t)uq;(x,t)go(x)dx (4.3)

k=1 j=1 Q

k=1

. b
S [ aunlotueto gt )p@)do€)da
h=1 Q a

where t > t1,1=1,2,...,m.
Therefore, we have

% qu;(:t,t)go(x)dx— Z)\S(t)qu;(,r,t—ps)cp(x)d,r] = aq;(t)fAZi(x,t)cp(x)dx
QO s=1 QO Q
] m
+ Zalw(t)fAZ7(li, t— TJ)QO(I')dl’ =+ Z aM] fAZk ( )dZL'
=1 a "

Q

! b
~ [n@nzene@ie -3 [ [antet 0706 0)0@dndoe) @1
h=1 ¢ Q

- Z (fs—kf fth (z,t,8) Zi(x, gn(t, €))p(x)dzdo(§),

h=1 kuc;éf a
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wheret > t1,1=1,2,...,m
Using Green's formula and (2.3), we have

fAth dx—fotAgo z—aonxt x)dx <0, (4.5)

and

(4.6)
= —ao [ Zulat — ()i,
Q
wheret > t1,k=1,2,....,m;j=1,2,...,d.
It follows from (4.4)-(4.6) that
d
T fZi(x,t)cp(x)d,r - z;)\s(t)fZi(x,t - ps)go(x)dx]
Q 5= Q
S — Qi 5 )fZ )dZL'
Q
d
—I—ozoz | air;(t) | ka(x t—7; dz — p fZ x,t
j=1 k=1,k#i Q
1 b
=S S Ziean ) (@) dado(€) (4.7)
h=1 g Q

1 b

m

S0 [ 108 [ 20t 0)p@)izdo )
Q

h=1 k=Lk#i 4

wheret > t1,i=1,2,...,m
Setting

Vi(t) = fZi(x,t)go(z)d:E, t>t,1=1,2,...,m,
Q
we have

ZA Vi(t = ps)




92 W.N. LI, B.T. CUI and L. DEBNATH

_0‘02 Z | airg () | Vit — 1)

=1 k=1k#i
(4.8)

1 b
Vi) + [ ant OVilon(t, €)do(a)
h=1 ¢

- Z Z f 7 i () Vi(gn(t, §))do(€) <0,

h=1 k:1 757 a

where t > t1,1=1,2,...,m.
Let V() = >, Vi(¢) for t > t;. It follows from (4.8) that

ZA t—pa]/

=1

+any {Z [am(t)Vi(t T2 | airi(t) | Vi(t — Tj)] }

+Z Zf [gin(t, E)Vi(an(t, ©))do(€) (4.9)

=1 ¢

DS f (b OVilgn(t,€)do() | b < 0.t > 1.

k=1k#i q

As in the proof of Theorem 3.1, with (4.9), we obtain
! d
)| + a0 AV (E—7) + POV ()

Z)\ V(t— ps
J=1

+ Zf Qh(t7£)v(gh(t7€))da(£) < 0’ t> tl;
h=1 ¢

which shows that V () = 7" V;(¢) > 0 is a positive solution of the inequality (4.2). This is a
contradiction.

By using Theorem 4.1, we have the following theorems.

Theorem 4.2: [f all conditions of Theorem 3.1 hold, then every solution of problem
(2.1), (2.3) is oscillatory in G.

Theorem 4.3: If all conditions of Theorem 3.2 hold, then every solution of problem
(2.1), (2.3) is oscillatory in G.
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Theorem 4.4: If all conditions of Theorem 3.3 hold, then every solution of problem
(2.1), (2.3) is oscillatory in G.
Example 4.1: Consider the system of parabolic differential equations

%[ul(x,t) —uy(z,t — )] = Auy(z,t) + Aug(x,t — %ﬂ)
— Aug(z,t — 37”) — Tuy(z, 1)

ff5u1(x,t+§)d§ff2u2($7t+§)d§,

%[ug(x,t) —ug(x,t —m)] = %Aw(l‘,t) + %Aul(x,t — 37”)
+ 2Auy(z, t — %ﬂ) — ug(z,t)

_T —
2

- u1($,t+§)d§— f3UQ($,t+§)d§,

—T

ol

(z,t) € (0,m) x [0, 00),

(4.10)
with boundary condition
u;(0,t) = u;(m,t) =0,t > 0,i =1,2. (4.11)
Heren=1,m=2,r=1,d=1L1l=1LM{t)=Lp=ma(t) =1, a111(t) =1,
a(t) = —1Ln =%, pe,t) =7 qu(z,t,§) =5, qu(z,t,8) =2, gt =1t+¢
as(t) = 3, a1 (t) = 3. asa1(t) = 2, pa(,t) = 1, qoni(w,£,€) = 1, g (w0, £, ) = 3,
a= —m b= — % It is easy to see that all the conditions of Theorem 4.4 are met. Thus, all

the solutions of the problem (4.10), (4.11) are oscillatory in (0,7) X [0,00). For instance,
u(x,t) = sinx cost, uz(x,t) = sinx sint is such a solution.
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